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In our previous studies, we calculated the cross section for the pro-
duction of free u* ™ pairs using a probability function dependent on the
impact parameter, and also, we computed bound-free eTe™ pair production
cross section. In this study, unlike the others, we obtained the cross section
for the production of bound-free ete™ pairs using the probability function
dependent on the impact parameter. Here also, we simultaneously cal-
culated the cross sections for producing free u™p~ with bound-free ete™
pairs in relativistic Pb+Pb collisions at the LHC using Lorentz factors
~v = 1500 and « = 3000 reported in the literature. Our calculation is based
on second-order perturbation theory, implemented by using Monte Carlo
integration techniques. We present impact-parameter-dependent pair pro-
duction probabilities for free p+ = and bound-free ete™ pair production
processes. Notably, the bound-free ete™ pair production was evaluated by
using a formalism adapted from that of free u*u~ pair production. Our
results obtained here for the free ™~ with bound-free eTe™ pair produc-
tion cross sections are compared with those from other theoretical methods
available in the literature. This study aims to provide predictions that can
be tested against future experimental data, thereby offering a valuable test
of quantum electrodynamics (QED) in strong electromagnetic fields.
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1. Introduction

In ultra-peripheral heavy-ion collisions at the LHC, free lepton pairs are
produced via the intense electromagnetic fields of the colliding nuclei. The
corresponding cross sections scale as (Za)* In3(y), where « is the fine struc-
ture constant and +y is the Lorentz factor [1-3]. In a subset of these processes,
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the produced negatively charged lepton can be captured by one of the ions.
This capture process leads to beam depletion, alters the ion charge state, and
ultimately causes the affected ion to be lost from the beam pipe. The cross
section for this bound-free pair production (BFPP) scales as (Za)®In(y)
[3-6]. Comparing the scaling behaviors, the additional factor of an extra
third power of heavy ion for BFPP relative to free pair production origi-
nates from the bound-state wave function of the captured electron, while
the remaining power of heavy-ion factor arises from the normalization con-
stant of the positron wave function.

In order to represent a final-state pair-production cross section, the cross-
section integral can be expressed over the “photon fluxes” of each of the ions
times the on-shell two photon to the final cross section [7].

In this study, we investigate two types of particle creation that occur
when ultra-fast lead ions collide. We focus on the production of free pu™* ™
and bound-free e*e™ pairs. We calculated the probability (cross section) for
these processes to occur in Pb+Pb collisions at the LHC. Specifically, we an-
alyzed collisions at two different, ultra-relativistic velocities, corresponding
to Lorentz factors of v = 1500 and vy = 3000.

This work investigates a combined theoretical approach to two quantum
electrodynamic (QED) processes occurring in the strong electromagnetic
fields of ultra-relativistic heavy-ion collisions: bound-free eTe™ pair produc-
tion and free u™p~ pair production. We present the cross section of the
production of free u™p~ and bound-free eTe™ pairs in relativistic Pb+Pb
collisions at the LHC moving with Lorentz factors v = 1500 and v = 3000.
In the context of the LHC, these specific final states can be generated via
two fundamental interaction mechanisms. The electrons may be captured
by the same ions as in Egs. (1) and (2)

Zot+ Zy— (Zot+e s + Zy + p7 + p” + ef (1)

or
Zo+Zy— Zp +put + - + et + (Zy+e s- (2)

By performing these calculations, we are trying to take a new point of
view on the strong field in QED.

In our analysis, we employ natural units (where i = ¢ = m = e = 1),
a standard convention for ultra-relativistic systems. The separation between
the centers of the colliding nuclei is defined as the impact parameter, denoted
by .

2. Formalism

In this study, we present a detailed analysis of multiple pair production,
including both capture and free lepton pair production. Our calculations
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are performed within the framework of quantum electrodynamics (QED)
using lowest-order perturbation theory [8]. To calculate the cross sections
for the production of free u*p~ pairs and bound-free eTe™ pairs, we first
characterized the pair production dynamics for each process individually.
Subsequently, using Eq. (3) provided below, we computed the simultaneous

production of free ™~ pairs alongside bound-free ete™ pairs
oo
OBFPP4ptpu— = /PBFPP(b)PMW—(b)%bdb, (3)
2R

where 2R represents the minimum impact parameter for the ultra-peripheral
heavy-ion collisions and R is the radius of the Pb ion that is approximately
equal to 6.62 fm [9, 10]. First, we present the detailed calculations for the
probability of free u*u~ pair production in relativistic Pb+Pb collisions at
the LHC, with Lorentz factors of v = 1500 and v = 3000. We employ
a methodology similar to that used in our previous work [9] to derive the
probability expression for these different energy regimes.

The cross section for free up~ pair production, which depends on the
impact parameter and includes contributions from both direct and crossed
terms in second-order perturbation theory, can be represented as

Tptp= = /d2b Z Z ‘<X§;1r) ’S’Xt(n_)>’2 : (4)

k1>0 ¢1<0

Here, the summation over k; and g corresponds to states outside and
inside the Dirac sea, respectively. Anti-particle states are denoted by | X;E;r)%

and particle states by ’X((JI)>' The scattering matrix S = Sy + Spq, which
includes both direct and crossed terms, is expressed as a series expansion.

Muons, being heavy leptons, have a Compton wavelength that is smaller
than the radii of heavy ions (Au, Pb). Therefore, in such collisions, the
Wood-Saxon form factor of nucleons cannot be neglected [11, 12]. In our
calculations, we employed the two-parameter Fermi (2pF) function — also
known as the Wood—Saxon distribution — to model the nuclear charge den-
sity [13]. This functional form is given by

_ P0
o) = 1 (B (5)

where R is the nuclear radius, a is the surface diffuseness (related to the
thickness of the nuclear surface), and pg is determined through normaliza-
tion.
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As detailed in our previous work [9], the total cross section for p*pu~
pair production is given by

1 d%ky, dk1, d*qry dgr, dp1y
O'H-Fu— = 4762 E E / (27T)8
2

X ’Afr (k1,q1;011) +A§_)(/€1,Q1; kii+q, —p11)| » (6)

where

Aﬁ”(kb q1;p11) = Fi(kir — pysw014) PP — @1105018) Trag (P11 +(5))
Ta

and

A (k1 quipy 1) = Fi(kis — Py wis) Fi(pr . — 411914 g (1 —(57)})-)

In the equations above, the functions 7Ty, ,, represent the reduced Feyn-
man amplitudes, while Fi(ki. — p;wia,18) and Fi(p;| — qq;wi4,18)
correspond to the scalar components of the electromagnetic fields generated
by the heavy ions, expressed in momentum space. Here, k1, and g, de-
note the transverse momenta, and k1, and ¢, the longitudinal momenta, of
the produced lepton pairs, whereas p; | is the transverse momentum of the
intermediate states. The frequencies of the colliding heavy ions are denoted
by wig and wig.

The explicit form of these scalar fields in momentum space can be ex-
pressed as

A Z~?B?
Fi(kil —pswia) = (8a)
! (w? 4 +928%(k1L — p11)?)
and
A Z~?B?
Fi(p1, —qi;wiB) = 7 (8b)

(wizg +72B%(P1L —q11)?)
The reduced Feynman amplitude is

Opy

1
7791111 (le_;+ﬁ ZZ E(+)+E< ) i
< <> +ﬂ< 1z (I1z>>

< (b |1 = o) ul) ) (ul) 1(1+ Baz)|wl)) - (9)

a1

It depends explicitly on the velocity of the heavy ions 3, the transverse mo-
mentum pq |, the longitudinal momentum p;, of the intermediate states, and

(s)

anti-muon momentum q;. U, represents the spinor part of the intermediate
states |7, 14].
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When describing the impact-parameter-dependent cross section for p*pu~
pair production in relativistic heavy-ion collisions, the Bessel functions in-
volved are highly oscillatory, particularly for large impact parameters. This
behavior presents significant challenges for the numerical evaluation of the
cross section. To address this, the expression in Eq. (10) can be separated
into two parts

/(I1 dgq1 bJo(q1b) Fi(qr) - (10)
0

Here, Fi(q1) is a nine-dimensional integral. For a fixed value of g1, it was
evaluated using the Monte Carlo integration method |7, 14]

dky. dq1, A%k, d? K4 d%2Q
) =g 3 / a0 | @

Oky Ta1 |

X {Fl (QIQ_I;W1A> Fi (-K;wiB) Teg <ku - Ql;ql;ﬁ>
Q, —qq . .

+F1 Tuwlfl Fl (_KluwlB)ﬁlql (le_Kly_/B)

+ +
{7 (L D) Fi (a1 = Kios) T (k1 - D5 %56)

_|_
+F <Ql2(h;w1,4> F(—q — K1;018) Tryq, (k1L + g — K71; —5)} :
(11)
For these calculations, K1 and @ are new variables, defined as functions

of g; and p; |7, 14].
These new variables can be expressed as

Q = 2k —py *Plu, (12a)
41 = P11 _pllj_v (12b)
K, = -p, +q,- (12c)

Consequently, Fi(q1) can be expressed explicitly as shown in the equa-
tion above. The cross section for free pu*pu~ pair production can then be
formulated as a function of Fi(q1), which encapsulates the scalar compo-
nents of the electromagnetic fields and depends on the fixed value of the
anti-muon momentum q;

Fila) = Fr(0) eV = 0y eV (13)
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The function Fj(q1) was computed by numerically integrating Eq. (13)
using Monte Carlo techniques for several fixed values of ¢;. The results
of these calculations, corresponding to different ¢; values, are shown for
v = 1500 in Fig. 1 and for v = 3000 in Fig. 2. As shown in Figs. 1 and 2,
the resulting dependence of F1(q1) on ¢; follows an exponential trend, which
is best described by the functional form e~V Utilizing this exponential
relationship for 73 (q1), the probability P+ ,-(b) for producing a single upT
pair from second-order Feynman diagrams can be expressed as follows:

o0

/Ch dg1 Jo(q1b) e VT, (14)
0

1 do 1

P _(b)=—-— = —_F
= (D) onbdb  2m

The parameter a; is a constant, found to be 7.223)\‘(‘j at vy = 1500
and 8.4X\% at v = 3000. It is proportional to the Compton wavelength
of the muon (A7) and independent of both the collision energy and the
nuclear charge. Similar calculations for other energies are reported in [9].
Consequently, the function Fi(gq1) can be expressed in the form Fi(q1) =
F1(0) e~41V@  where Fi(0) represents the total cross section at g; = 0. This
value, calculated via the Monte Carlo integration method, corresponds to
1.78 mbarn for o,,+,- at v = 1500 and 2.564 mbarn at v = 3000.
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Fig. 1. The function Fi(q1) for u™pu~ pair production is calculated as a function
of ¢ for Pb+Pb collisions at v = 1500 in the center of momentum frame. The
points give the Monte Carlo calculations results for different g; values and the
smooth curve represents our fit function for these points.
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Fig.2. The function Fi(q;) for u*pu~ pair production is calculated as a function
of ¢; for Pb+Pb collisions at v = 3000 in the center of momentum frame. The
points give the Monte Carlo calculations results for different ¢; values and the
smooth curve represents our fit function for these points.

The pu*p~ pair production probability as a function of impact parame-
ter b is shown in Figs. 3 and 4 for v = 1500 and v = 3000, respectively. Its
behavior closely matches the impact-parameter-dependent probability pro-
files calculated using the Equivalent Photon Method in [15] for the same
Lorentz factors.
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Fig.3. The probability of u*u~ pair production is shown as a function of the

impact parameter for Pb+Pb collisions at v = 1500 in the center of momentum
frame.
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Fig.4. The probability of utu~ pair production is shown as a function of the

impact parameter for Pb+Pb collisions at v = 3000 in the center of momentum

frame.

In the second step, the cross section for bound-free ete™ pair produc-
tion is derived, where the direct and crossed terms are characterized by the
corresponding Feynman diagrams at the lowest order of QED

surve = [ @3 [(w 5190 (15)
q<0

To compute these terms, the free positron wave function, W¢§+), is de-
scribed by the Sommerfeld-Maue wave function, while the captured elec-
tron wave function, ¥(7), is given by the Darwin wave function. Within
second-order perturbation theory, the bound-free pair production (BFPP)
cross section can be expressed as [3]

N.?1(Z\° d3qd?
Oq

462 7w \ay (2m)
2
% [6D(g5p,) + A (@ ar —po)| (16)
with
A(H(Q;PL) =F(—p;wa) F(p, —q ;ws) Ty(p;+8), (17a)
and

A9 (g;q, —p))=F(p, —q;ws) F(-p;waA)Ty(q, —py;—8). (17b)
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In the equations above, 7, couples the intermediate photon lines to the
outgoing electron and positron lines. It depends explicitly on the velocity
of the heavy ions (3, transverse momentum of the intermediate states p |,
longitudinal momentum of the intermediate states p,, and positron momen-
tum q. ug‘;) represents the spinor part of the intermediate state |3]. The
terms F(p, — q ;wp) and F(—p ;w4) represent the scalar-field compo-
nents of the two ions in momentum space. They depend on the frequencies
w4 and wg, which correspond to the colliding heavy ions [3].

The explicit form of the scalar fields in momentum space can be expressed

in terms of the corresponding frequencies as
47rZ

( e 262 +pL> (18a)

F(_pJJWA) =

and
A Z~? B2

(wg +728%(pL —q1)?)

The intermediate photon lines are as follows:

F(p, —q,;w) = (18b)

s o =
P 2 2

Tip:+0) = 3 (- (1) ") 1 5]

x (ul(t = Baz)|wl)) (uf) |1+ Bas) ull)) . (19)

The bound-free pair production cross section was derived as a function
of impact parameter, as shown below

do T
Sroeee — [ qdaban(an) o). (20)
0

This equation contains a highly oscillatory Bessel function of order zero.
The function F(q) is a six-dimensional integral, defined below for a fixed
value of ¢
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Flo) = g IN4I? W( > Z/d¢q/dqzd2Kd2
X{F B(Q—q);om} [—K;wg] T, [_(Q 9): B}

+F [-K;wp] F [;(Q — q);wA] Tq [K; —B]}
X {F E(QJrq);wA} F[-K;ws] Ty [—;(Q +Q);5}
+F (K] P 3@+ a)ioa| T (K-} 1

For these calculations, K and @ are defined as new variables, both being
functions of g and p [3].
These new variables can be expressed as

Q=-p -1, (22a)
qg=p -p, (22b)
K = —pJ_ +qL (22C)

Following the numerical integration of Eq. (21), a simple analytical form
for F(q) is obtained for a fixed ¢, as expressed in the equation below

]:(q) = .7'—(0) e” Wi = OBFPP e” W4, (23)

In this equation, F(0) corresponds to the function’s value at ¢ = 0, which
equals the total BFPP cross section. Unlike in our previous calculations [16],
we find here that the behavior of F(q) is best described by the functional
form e~%4. The constant a is independent of both the charge and the
energy of the heavy ions. Consequently, the BFPP probability as a function
of impact parameter can be expressed as

1 do T
Pgrpp(b) = b izpp =30 /qdq Jo(gb) eV, (24)
0

For bound-free eTe™ pair production, the constant a takes the values
3.468\¢ and 3.599\¢ for Pb+Pb collisions at v = 1500 and v = 3000, re-
spectively. It is proportional to the Compton wavelength of the electron
(A&) and independent of both the collision energy and the nuclear charge.
The quantity F(0) corresponds to the total cross section at ¢ = 0. Using the
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Monte Carlo integration method, this yields ogppp = 181 barn at v = 1500
and 199 barn at v = 3000. Finally, Pgrpp(b) denotes the probability of pro-
ducing a single bound-free e™e™ pair from second-order Feynman diagrams.

Once the free and bound-free pair production probabilities have been
formulated, the corresponding cross sections can be obtained by integrating
over the impact parameter in Eq. (3) for relativistic Pb+Pb collisions at the
LHC, with Lorentz factors of v = 1500 and ~ = 3000.

3. Results and comments

In ultra-relativistic Pb-+PDb collisions at Lorentz factors of v = 1500 and
~ = 3000, the calculated cross sections for free u™p~ pair production and
bound-free eTe™ pair production are 1.64 mbarn and 2.23 mbarn, respec-
tively. These cross sections were computed within the framework of QED
perturbation theory. The functions Fi(q1) and F(q) were evaluated using
Monte Carlo integration, with the multi-dimensional integrals sampled at
approximately 10 million randomly chosen points to ensure convergence to
the theoretical values. The associated numerical uncertainty in these calcu-
lations is estimated to be 5% or less. We define the single-pair production
probabilities P,+,-(b) and Pgrpp(b) as functions of the impact parameter
for the free u™p~ and bound-free ete™ pair production processes. Our cal-
culated cross sections for free u™p~ and bound-free eTe™ pair production
in Pb+PDb collisions have been compared with the results reported in [15]
and show good agreement. The values from [15] that were calculated by
using Equivalent Photon Approximation (EPA) are 1.8 mbarn at v = 1500
and 2.1 mbarn at v = 3000. The discrepancy between our results and those
obtained via the EPA in [15] is approximately 8% and 6% for v = 1500
and v = 3000, respectively. For cross sections calculated using first-order
perturbation theory, authors of [15] report values of 2.2 mbarn at v = 1500
and 2.6 mbarn at v = 3000. Compared to these, our results differ by about
25% and 14% for the respective Lorentz factors. Furthermore, when com-
paring our impact-parameter-dependent probability function with the ap-
proximated functions used in [15] for calculating multiple pair production,
our results align closely with both the first-order perturbative and the EPA
approaches presented there. In particular, the functional behavior of the
pair production probability versus impact parameter more closely resem-
bles the EPA approximation, which employs a more sensitive calculation.
Consequently, our final cross-section values are also in closer quantitative
agreement with the EPA results.

In the future, we hope these cross sections are expected to provide new
insights into QED in strong electromagnetic fields and to extend our under-
standing through further studies of multiple pair production.
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