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In our previous studies, we calculated the cross section for the pro-
duction of free µ+µ− pairs using a probability function dependent on the
impact parameter, and also, we computed bound-free e+e− pair production
cross section. In this study, unlike the others, we obtained the cross section
for the production of bound-free e+e− pairs using the probability function
dependent on the impact parameter. Here also, we simultaneously cal-
culated the cross sections for producing free µ+µ− with bound-free e+e−

pairs in relativistic Pb+Pb collisions at the LHC using Lorentz factors
γ = 1500 and γ = 3000 reported in the literature. Our calculation is based
on second-order perturbation theory, implemented by using Monte Carlo
integration techniques. We present impact-parameter-dependent pair pro-
duction probabilities for free µ+µ− and bound-free e+e− pair production
processes. Notably, the bound-free e+e− pair production was evaluated by
using a formalism adapted from that of free µ+µ− pair production. Our
results obtained here for the free µ+µ− with bound-free e+e− pair produc-
tion cross sections are compared with those from other theoretical methods
available in the literature. This study aims to provide predictions that can
be tested against future experimental data, thereby offering a valuable test
of quantum electrodynamics (QED) in strong electromagnetic fields.

DOI:10.5506/APhysPolB.57.10-A5

1. Introduction

In ultra-peripheral heavy-ion collisions at the LHC, free lepton pairs are
produced via the intense electromagnetic fields of the colliding nuclei. The
corresponding cross sections scale as (Zα)4 ln3(γ), where α is the fine struc-
ture constant and γ is the Lorentz factor [1–3]. In a subset of these processes,
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the produced negatively charged lepton can be captured by one of the ions.
This capture process leads to beam depletion, alters the ion charge state, and
ultimately causes the affected ion to be lost from the beam pipe. The cross
section for this bound-free pair production (BFPP) scales as (Zα)8 ln(γ)
[3–6]. Comparing the scaling behaviors, the additional factor of an extra
third power of heavy ion for BFPP relative to free pair production origi-
nates from the bound-state wave function of the captured electron, while
the remaining power of heavy-ion factor arises from the normalization con-
stant of the positron wave function.

In order to represent a final-state pair-production cross section, the cross-
section integral can be expressed over the “photon fluxes” of each of the ions
times the on-shell two photon to the final cross section [7].

In this study, we investigate two types of particle creation that occur
when ultra-fast lead ions collide. We focus on the production of free µ+µ−

and bound-free e+e− pairs. We calculated the probability (cross section) for
these processes to occur in Pb+Pb collisions at the LHC. Specifically, we an-
alyzed collisions at two different, ultra-relativistic velocities, corresponding
to Lorentz factors of γ = 1500 and γ = 3000.

This work investigates a combined theoretical approach to two quantum
electrodynamic (QED) processes occurring in the strong electromagnetic
fields of ultra-relativistic heavy-ion collisions: bound-free e+e− pair produc-
tion and free µ+µ− pair production. We present the cross section of the
production of free µ+µ− and bound-free e+e− pairs in relativistic Pb+Pb
collisions at the LHC moving with Lorentz factors γ = 1500 and γ = 3000.
In the context of the LHC, these specific final states can be generated via
two fundamental interaction mechanisms. The electrons may be captured
by the same ions as in Eqs. (1) and (2)

Zx + Zy → (Zx + e−)1s + Zy + µ+ + µ− + e+ (1)

or
Zx + Zy → Zx + µ+ + µ− + e+ + (Zy + e−)1s . (2)

By performing these calculations, we are trying to take a new point of
view on the strong field in QED.

In our analysis, we employ natural units (where ℏ = c = m = e = 1),
a standard convention for ultra-relativistic systems. The separation between
the centers of the colliding nuclei is defined as the impact parameter, denoted
by b.

2. Formalism

In this study, we present a detailed analysis of multiple pair production,
including both capture and free lepton pair production. Our calculations
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are performed within the framework of quantum electrodynamics (QED)
using lowest-order perturbation theory [8]. To calculate the cross sections
for the production of free µ+µ− pairs and bound-free e+e− pairs, we first
characterized the pair production dynamics for each process individually.
Subsequently, using Eq. (3) provided below, we computed the simultaneous
production of free µ+µ− pairs alongside bound-free e+e− pairs

σBFPP+µ+µ− =

∞∫
2R

PBFPP(b)Pµ+µ−(b)2π b db , (3)

where 2R represents the minimum impact parameter for the ultra-peripheral
heavy-ion collisions and R is the radius of the Pb ion that is approximately
equal to 6.62 fm [9, 10]. First, we present the detailed calculations for the
probability of free µ+µ− pair production in relativistic Pb+Pb collisions at
the LHC, with Lorentz factors of γ = 1500 and γ = 3000. We employ
a methodology similar to that used in our previous work [9] to derive the
probability expression for these different energy regimes.

The cross section for free µ+µ− pair production, which depends on the
impact parameter and includes contributions from both direct and crossed
terms in second-order perturbation theory, can be represented as

σµ+µ− =

∫
d2b

∑
k1>0

∑
q1<0

∣∣∣〈χ(+)
k1

|S|χ(−)
q1

〉∣∣∣2 . (4)

Here, the summation over k1 and q1 corresponds to states outside and
inside the Dirac sea, respectively. Anti-particle states are denoted by |χ(+)

k1
⟩,

and particle states by |χ(−)
q1 ⟩. The scattering matrix S = Sab + Sba, which

includes both direct and crossed terms, is expressed as a series expansion.
Muons, being heavy leptons, have a Compton wavelength that is smaller

than the radii of heavy ions (Au, Pb). Therefore, in such collisions, the
Wood–Saxon form factor of nucleons cannot be neglected [11, 12]. In our
calculations, we employed the two-parameter Fermi (2pF) function — also
known as the Wood–Saxon distribution — to model the nuclear charge den-
sity [13]. This functional form is given by

ρ(r) =
ρ0

1 + exp
(
r−R
a

) , (5)

where R is the nuclear radius, a is the surface diffuseness (related to the
thickness of the nuclear surface), and ρ0 is determined through normaliza-
tion.
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As detailed in our previous work [9], the total cross section for µ+µ−

pair production is given by

σµ+µ− =
1

4β2

∑
σk1

∑
σp1

∫
d2k1⊥ dk1z d

2q1⊥ dq1z d
2p1⊥

(2π)8

×
∣∣∣A(+)

1 (k1, q1;p1⊥) + A(−)
1 (k1, q1;k1⊥ + q1⊥ − p1⊥)

∣∣∣2 , (6)

where

A(+)
1 (k1, q1;p1⊥) = F1(k1⊥ − p1⊥;ω1A)F1(p1⊥ − q1⊥;ω1B)Tk1q1(p1⊥; +β)

(7a)
and

A(−)
1 (k1, q1;p1⊥) = F1(k1⊥ − p1⊥;ω1B)F1(p1⊥ − q1⊥;ω1A)Tk1q1(p1⊥;−β) .

(7b)
In the equations above, the functions Tk1q1 represent the reduced Feyn-

man amplitudes, while F1(k1⊥ − p1⊥;ω1A,1B) and F1(p1⊥ − q1⊥;ω1A,1B)
correspond to the scalar components of the electromagnetic fields generated
by the heavy ions, expressed in momentum space. Here, k1⊥ and q1⊥ de-
note the transverse momenta, and k1z and q1z the longitudinal momenta, of
the produced lepton pairs, whereas p1⊥ is the transverse momentum of the
intermediate states. The frequencies of the colliding heavy ions are denoted
by ω1A and ω1B.

The explicit form of these scalar fields in momentum space can be ex-
pressed as

F1(k1⊥ − p1⊥;ω1A) =
4πZγ2β2(

ω2
1A + γ2β2(k1⊥ − p1⊥)

2
) (8a)

and

F1(p1⊥ − q1⊥;ω1B) =
4πZγ2β2(

ω2
1B + γ2β2(p1⊥ − q1⊥)

2
) . (8b)

The reduced Feynman amplitude is

Tk1q1(p1⊥; +β) =
∑
s

∑
σp1

1(
E

(s)
p1 −

(
E

(+)
k1

+E
(−)
q1

2

)
+ β

(
k1z−q1z

2

))
×
〈
u(+)
σk1

|(1− βαz)|u(s)
σp1

〉〈
u(s)
σp1

|(1 + βαz)|u(−)
σq1

〉
. (9)

It depends explicitly on the velocity of the heavy ions β, the transverse mo-
mentum p1⊥, the longitudinal momentum p1z of the intermediate states, and
anti-muon momentum q1. u

(s)
σp1 represents the spinor part of the intermediate

states [7, 14].



Free µ+µ− and Bound-free e+e− Pair Production in Relativistic . . . 10-A5.5

When describing the impact-parameter-dependent cross section for µ+µ−

pair production in relativistic heavy-ion collisions, the Bessel functions in-
volved are highly oscillatory, particularly for large impact parameters. This
behavior presents significant challenges for the numerical evaluation of the
cross section. To address this, the expression in Eq. (10) can be separated
into two parts

dσµ+µ−

db
=

∞∫
0

q1 dq1 bJ0(q1b)F1(q1) . (10)

Here, F1(q1) is a nine-dimensional integral. For a fixed value of q1, it was
evaluated using the Monte Carlo integration method [7, 14]

F1(q1) =
π

8β2

∑
σk1

∑
σq1

2π∫
0

dϕq1

∫
dk1z dq1z d

2k1⊥ d2K1 d
2Q1

(2π)10

×
{
F1

(
Q1 − q1

2
;ω1A

)
F1 (−K1;ω1B) Tk1q1

(
k1⊥ − Q1 − q1

2
;β

)
+F1

(
Q1 − q1

2
;ω1A

)
F1 (−K1;ω1B) Tk1q1 (k1⊥ −K1;−β)

}
×
{
F1

(
Q1 + q1

2
;ω1A

)
F1 (−q1 −K1;ω1B) Tk1q1

(
k1⊥ − Q1 + q1

2
;β

)
+F1

(
Q1 + q1

2
;ω1A

)
F (−q1 −K1;ω1B) Tk1q1 (k1⊥ + q1 −K1;−β)

}
.

(11)

For these calculations, K1 and Q1 are new variables, defined as functions
of q1 and p1 [7, 14].

These new variables can be expressed as

Q1 = 2k1⊥ − p1⊥ − p′
1⊥ , (12a)

q1 = p1⊥ − p′
1⊥ , (12b)

K1 = −p1⊥ + q1⊥ . (12c)

Consequently, F1(q1) can be expressed explicitly as shown in the equa-
tion above. The cross section for free µ+µ− pair production can then be
formulated as a function of F1(q1), which encapsulates the scalar compo-
nents of the electromagnetic fields and depends on the fixed value of the
anti-muon momentum q1

F1(q1) = F1(0) e
−a1

√
q1 = σµ+µ− e−a1

√
q1 . (13)
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The function F1(q1) was computed by numerically integrating Eq. (13)
using Monte Carlo techniques for several fixed values of q1. The results
of these calculations, corresponding to different q1 values, are shown for
γ = 1500 in Fig. 1 and for γ = 3000 in Fig. 2. As shown in Figs. 1 and 2,
the resulting dependence of F1(q1) on q1 follows an exponential trend, which
is best described by the functional form e−a1

√
q1 . Utilizing this exponential

relationship for F1(q1), the probability Pµ+µ−(b) for producing a single µ+µ−

pair from second-order Feynman diagrams can be expressed as follows:

Pµ+µ−(b) =
1

2πb

dσ

db
=

1

2π
F1(0)

∞∫
0

q1 dq1 J0(q1b) e
−a1

√
q1 . (14)

The parameter a1 is a constant, found to be 7.223λµ
C at γ = 1500

and 8.4λµ
C at γ = 3000. It is proportional to the Compton wavelength

of the muon (λµ
C) and independent of both the collision energy and the

nuclear charge. Similar calculations for other energies are reported in [9].
Consequently, the function F1(q1) can be expressed in the form F1(q1) =
F1(0) e

−a1
√
q1 , where F1(0) represents the total cross section at q1 = 0. This

value, calculated via the Monte Carlo integration method, corresponds to
1.78 mbarn for σµ+µ− at γ = 1500 and 2.564 mbarn at γ = 3000.
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Fig. 1. The function F1(q1) for µ+µ− pair production is calculated as a function
of q1 for Pb+Pb collisions at γ = 1500 in the center of momentum frame. The
points give the Monte Carlo calculations results for different q1 values and the
smooth curve represents our fit function for these points.
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Fig. 2. The function F1(q1) for µ+µ− pair production is calculated as a function
of q1 for Pb+Pb collisions at γ = 3000 in the center of momentum frame. The
points give the Monte Carlo calculations results for different q1 values and the
smooth curve represents our fit function for these points.

The µ+µ− pair production probability as a function of impact parame-
ter b is shown in Figs. 3 and 4 for γ = 1500 and γ = 3000, respectively. Its
behavior closely matches the impact-parameter-dependent probability pro-
files calculated using the Equivalent Photon Method in [15] for the same
Lorentz factors.
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Fig. 3. The probability of µ+µ− pair production is shown as a function of the
impact parameter for Pb+Pb collisions at γ = 1500 in the center of momentum
frame.
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Fig. 4. The probability of µ+µ− pair production is shown as a function of the
impact parameter for Pb+Pb collisions at γ = 3000 in the center of momentum
frame.

In the second step, the cross section for bound-free e+e− pair produc-
tion is derived, where the direct and crossed terms are characterized by the
corresponding Feynman diagrams at the lowest order of QED

σBFPP =

∫
d2b

∑
q<0

∣∣∣〈Ψ (−) |S|Ψ (+)
q

〉∣∣∣2 . (15)

To compute these terms, the free positron wave function, Ψ
(+)
q , is de-

scribed by the Sommerfeld–Maue wave function, while the captured elec-
tron wave function, Ψ (−), is given by the Darwin wave function. Within
second-order perturbation theory, the bound-free pair production (BFPP)
cross section can be expressed as [3]

σBFPP =
|N+|2

4β2

1

π

(
Z

aH

)3∑
σq

∫
d3q d2p⊥
(2π)5

×
∣∣∣A(+)(q;p⊥) + A(−)(q; q⊥ − p⊥)

∣∣∣2 , (16)

with

A(+)(q;p⊥) = F (−p⊥;ωA)F (p⊥ − q⊥;ωB) Tq(p⊥; +β) , (17a)

and

A(−)(q; q⊥ − p⊥) = F (p⊥ − q⊥;ωB)F (−p⊥;ωA)Tq(q⊥ − p⊥;−β) . (17b)
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In the equations above, Tq couples the intermediate photon lines to the
outgoing electron and positron lines. It depends explicitly on the velocity
of the heavy ions β, transverse momentum of the intermediate states p⊥,
longitudinal momentum of the intermediate states pz, and positron momen-
tum q. u

(s)
σp represents the spinor part of the intermediate state [3]. The

terms F (p⊥ − q⊥;ωB) and F (−p⊥;ωA) represent the scalar-field compo-
nents of the two ions in momentum space. They depend on the frequencies
ωA and ωB, which correspond to the colliding heavy ions [3].

The explicit form of the scalar fields in momentum space can be expressed
in terms of the corresponding frequencies as

F (−p⊥;ωA) =
4πZ(

Z2

a2H
+

ω2
A

γ2β2 + p2
⊥

) (18a)

and

F (p⊥ − q⊥;ωB) =
4πZγ2β2(

ω2
B + γ2β2(p⊥ − q⊥)

2
) . (18b)

The intermediate photon lines are as follows:

Tq(p⊥ : +β) =
∑
s

∑
σp

1(
E

(s)
p −

(
E(−)+E

(+)
q

2

)
− β qz

2

) [
1 +

α · p
2m

]

×
〈
u |(1− βαz)|u(s)

σp

〉〈
u(s)
σp

|(1 + βαz)|u(+)
σq

〉
. (19)

The bound-free pair production cross section was derived as a function
of impact parameter, as shown below

dσBFPP

db
=

∞∫
0

q dqbJ0(qb)F(q) . (20)

This equation contains a highly oscillatory Bessel function of order zero.
The function F(q) is a six-dimensional integral, defined below for a fixed
value of q
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F(q) =
π

8β2
|N+|2

1

π

(
Z

aH

)3∑
σq

2π∫
0

dϕq

∫
dqz d

2K d2Q

(2π)7

×
{
F

[
1

2
(Q− q);ωA

]
F [−K;ωB] Tq

[
−1

2
(Q− q);β

]
+F [−K;ωB]F

[
1

2
(Q− q);ωA

]
Tq [K;−β]

}
×
{
F

[
1

2
(Q+ q);ωA

]
F [−K;ωB] Tq

[
−1

2
(Q+ q);β

]
+F [−K;ωB]F

[
1

2
(Q+ q);ωA

]
Tq [K;−β]

}
. (21)

For these calculations, K and Q are defined as new variables, both being
functions of q and p [3].

These new variables can be expressed as

Q = −p⊥ − p
′
⊥ , (22a)

q = p⊥ − p
′
⊥ , (22b)

K = −p⊥ + q⊥ . (22c)

Following the numerical integration of Eq. (21), a simple analytical form
for F(q) is obtained for a fixed q, as expressed in the equation below

F(q) = F(0) e−a
√
q = σBFPP e−a

√
q . (23)

In this equation, F(0) corresponds to the function’s value at q = 0, which
equals the total BFPP cross section. Unlike in our previous calculations [16],
we find here that the behavior of F(q) is best described by the functional
form e−a

√
q. The constant a is independent of both the charge and the

energy of the heavy ions. Consequently, the BFPP probability as a function
of impact parameter can be expressed as

PBFPP(b) =
1

2πb

dσBFPP

db
=

1

2π
F(0)

∞∫
0

q dq J0(qb) e
−a

√
q . (24)

For bound-free e+e− pair production, the constant a takes the values
3.468λe

C and 3.599λe
C for Pb+Pb collisions at γ = 1500 and γ = 3000, re-

spectively. It is proportional to the Compton wavelength of the electron
(λe

C) and independent of both the collision energy and the nuclear charge.
The quantity F(0) corresponds to the total cross section at q = 0. Using the
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Monte Carlo integration method, this yields σBFPP = 181 barn at γ = 1500
and 199 barn at γ = 3000. Finally, PBFPP(b) denotes the probability of pro-
ducing a single bound-free e+e− pair from second-order Feynman diagrams.

Once the free and bound-free pair production probabilities have been
formulated, the corresponding cross sections can be obtained by integrating
over the impact parameter in Eq. (3) for relativistic Pb+Pb collisions at the
LHC, with Lorentz factors of γ = 1500 and γ = 3000.

3. Results and comments

In ultra-relativistic Pb+Pb collisions at Lorentz factors of γ = 1500 and
γ = 3000, the calculated cross sections for free µ+µ− pair production and
bound-free e+e− pair production are 1.64 mbarn and 2.23 mbarn, respec-
tively. These cross sections were computed within the framework of QED
perturbation theory. The functions F1(q1) and F(q) were evaluated using
Monte Carlo integration, with the multi-dimensional integrals sampled at
approximately 10 million randomly chosen points to ensure convergence to
the theoretical values. The associated numerical uncertainty in these calcu-
lations is estimated to be 5% or less. We define the single-pair production
probabilities Pµ+µ−(b) and PBFPP(b) as functions of the impact parameter
for the free µ+µ− and bound-free e+e− pair production processes. Our cal-
culated cross sections for free µ+µ− and bound-free e+e− pair production
in Pb+Pb collisions have been compared with the results reported in [15]
and show good agreement. The values from [15] that were calculated by
using Equivalent Photon Approximation (EPA) are 1.8 mbarn at γ = 1500
and 2.1 mbarn at γ = 3000. The discrepancy between our results and those
obtained via the EPA in [15] is approximately 8% and 6% for γ = 1500
and γ = 3000, respectively. For cross sections calculated using first-order
perturbation theory, authors of [15] report values of 2.2 mbarn at γ = 1500
and 2.6 mbarn at γ = 3000. Compared to these, our results differ by about
25% and 14% for the respective Lorentz factors. Furthermore, when com-
paring our impact-parameter-dependent probability function with the ap-
proximated functions used in [15] for calculating multiple pair production,
our results align closely with both the first-order perturbative and the EPA
approaches presented there. In particular, the functional behavior of the
pair production probability versus impact parameter more closely resem-
bles the EPA approximation, which employs a more sensitive calculation.
Consequently, our final cross-section values are also in closer quantitative
agreement with the EPA results.

In the future, we hope these cross sections are expected to provide new
insights into QED in strong electromagnetic fields and to extend our under-
standing through further studies of multiple pair production.
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