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We develop a unified microcanonical formulation for N noninteract-
ing particles with an arbitrary number p of equally spaced local energy
levels, 0,¢,2¢,...,(p — 1)e. The exact microcanonical multiplicity is ex-
pressed as a coefficient of a local generating function, providing a finite- N
representation that can also be systematically analyzed in the thermody-
namic limit. By converting this coefficient extraction into a contour inte-
gral and applying saddle-point analysis, we obtain analytical expressions
for the entropy per particle s(u,p) and the inverse temperature S(u,p),
where u = E/(Ne) € [0,p —1]. The main result is a single arbitrary-p
solution that contains the two-level and three-level systems as special cases
and connects them continuously to the unbounded limit p — oco. For ev-
ery finite p, the upper spectral bound produces an entropy maximum at
u. = (p — 1)/2, where the inverse temperature vanishes and the positive-
temperature branch changes into a negative-temperature branch. As p
increases, this characteristic energy is displaced toward higher values, and
in the limit p — oo the upper bound is removed, the finite-energy entropy
maximum disappears, and only positive temperatures remain. The for-
mulation therefore provides an analytically controlled description of the
crossover between bounded- and unbounded-spectrum thermodynamics.
Beyond the present model, the method supplies an exact microcanonical
template for discrete additive systems whose local spectra can be encoded
by generating functions, including finite-level quantum and spin systems.

DOI:10.5506/ APhysPolB.57.11-A3

1. Introduction

The microcanonical thermodynamics of finite-level systems provides
a simple and useful route for discussing one of the distinctive features of
bounded spectra: the possible emergence of negative absolute temperatures.
In an unbounded spectrum, increasing the energy generally opens access to
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a larger number of states, and the entropy is expected to grow monotonically.
In a finite spectrum, by contrast, the number of accessible configurations
may increase only up to an intermediate energy and then decrease as the
upper spectral edge is approached. The entropy can therefore attain a maxi-
mum at a finite energy. At this point, the inverse temperature vanishes, and
beyond this point, the microcanonical temperature becomes negative [1, 2].
This mechanism is well known in principle and has long been associated with
bounded-spectrum systems, including the classic nuclear-spin experiment of
Purcell and Pound [3].

Despite this general understanding, it is useful to have explicit micro-
canonical solutions in which the whole entropy curve and the corresponding
inverse temperature can be obtained analytically. Such examples make it
possible to follow, in a controlled way, how the entropy maximum appears,
how the point 5 = 0 depends on the number of accessible levels, and how the
negative-temperature branch disappears when the upper bound of the spec-
trum is removed. This is also relevant more broadly because the definition
and interpretation of entropy and temperature in isolated finite or bounded
systems remain topics of continuing interest in statistical mechanics [4, 5].

In this work, we consider a minimal model in which the microcanonical
thermodynamics of bounded spectra can be treated exactly in the thermo-
dynamic limit. The system consists of N noninteracting particles, each of
which can occupy one of p equally spaced local energy levels,

{0,e,2¢,...,(p— 1)}, (1)

where € > 0. Equivalently, the Hamiltonian can be written as

N
H=c) oi, 0;=012...,p-1. (2)
=1

For every finite value of p, the many-body spectrum is bounded from above.
Consequently, the microcanonical entropy may attain a maximum at a fi-
nite energy, separating positive- and negative-temperature branches. In
the limit p — oo, the upper spectral bound is removed and the negative-
temperature branch disappears. The model therefore provides an analyt-
ically controlled setting in which the passage from bounded-spectrum to
unbounded-spectrum thermodynamics can be followed continuously through
the local dimension p.

Several special or limiting cases are already known. The two-level system,
corresponding to p = 2, is a standard example of negative-temperature ther-
modynamics. The three-level case, p = 3, was analyzed microcanonically in
Ref. [6], while the limit p — oo is related to the familiar unbounded equally
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spaced spectrum. These cases, however, do not by themselves provide a gen-
eral description of how the microcanonical thermodynamics depends on the
number of accessible local levels. To the best of our knowledge, an exact
thermodynamic-limit microcanonical solution valid for arbitrary finite p, to-
gether with a unified analysis of its bounded and unbounded limits, has not
previously been presented.

The principal contribution of the present work is therefore the derivation
of a single arbitrary-p formulation from which the entropy, inverse temper-
ature, infinite-temperature energy, and positive- and negative-temperature
branches follow systematically. This general solution does more than collect
previously known cases. It makes explicit how the thermodynamic struc-
ture changes as the local state space is enlarged and identifies the precise
manner in which the entropy maximum and the negative-temperature sector
are displaced toward progressively higher energies before disappearing in the
unbounded limit.

The three-level system plays an important methodological role in the de-
velopment of the formulation. It is not introduced merely as an elementary
illustration. Rather, it is the simplest nontrivial finite-level case in which
the energy constraint leaves an internal occupation variable to be summed
over, and it therefore exposes explicitly the combinatorial structure that
underlies the general calculation. Its direct occupation-number representa-
tion provides a transparent bridge between multinomial microstate counting
and the generating-function formulation used for arbitrary p. In addition,
the available exact result for p = 3 supplies a nontrivial benchmark against
which the general saddle-point construction can be tested.

A solution for arbitrary p is scientifically useful for two related reasons.
First, it embeds the known cases p = 2, p = 3, and p — oo within a
common microcanonical framework, thereby separating model-independent
features from properties specific to a particular number of levels. Second,
it permits a quantitative analysis of the evolution of the thermodynamic
functions with p. In particular, one can determine how the entropy profile
broadens, how its maximum shifts with the upper spectral bound, and how
the inverse-temperature curve evolves from a finite-spectrum structure with
both signs of temperature to the purely positive-temperature behavior of an
unbounded spectrum. An additional advantage of the generating-function
formulation is that the exact coefficient representation remains valid for finite
N, providing a natural basis for the analysis of finite-size microcanonical
thermodynamics.

Finite local spectra are not restricted to abstract counting models. They
arise naturally in quantum-spin systems, Zeeman multiplets, truncated local
Hilbert spaces, and effective finite-state descriptions of discrete statistical-
mechanical systems. Accordingly, the arbitrary-p solution derived here pro-
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vides an exact reference model for bounded-spectrum thermodynamics and
a transferable generating-function framework for more general discrete sys-
tems with additive energies.

The paper is organized as follows. In Section 2, we develop the micro-
canonical formulation and derive the exact multiplicity of a system with p
equally spaced levels by means of a generating-function representation.
While the model is analytically simple, the resulting formulation is not
merely pedagogical: it provides a flexible microcanonical framework that
can be adapted to other discrete systems whose multiplicities are encoded
by local generating functions. In Section 3, we analyze the thermodynamic
consequences of the solution, focusing on the role of the number of accessible
levels in shaping the entropy, locating the infinite-temperature point, and de-
termining the negative-temperature branch. Finally, Section 4 summarizes
the main results and outlines possible extensions of the method.

2. Exact finite-system formulation and
thermodynamic-limit analysis

This section develops the microcanonical formulation in four successive
steps. We first examine the three-level system using occupation numbers
and direct combinatorial counting. The purpose of this construction is not
merely illustrative: the case p = 3 is the simplest nontrivial finite-level
system in which the fixed-energy constraint leaves an internal occupation
variable to be summed over, thereby making the underlying combinatorial
structure explicit. We then reformulate the counting problem in terms of a
generating function and extend the construction to an arbitrary number p
of local energy levels. Next, we discuss the finite-system content of the
resulting exact coeflicient and contour-integral representations, emphasizing
that no large-N approximation is required at this stage. Finally, starting
from the same exact representation, we apply the saddle-point method to
obtain the entropy and inverse temperature in the thermodynamic limit.
This organization distinguishes the exact finite-system formulation from its
asymptotic analysis and clarifies the methodological role played by the three-
level case in constructing the arbitrary-p solution.

2.1. Three-level system and combinatorial structure

To introduce the method in its simplest nontrivial finite setting, and to
provide a direct benchmark against the available three-level solution, we first
consider the case p = 3, with single-particle spectrum

{0,¢,2¢}. (3)
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Let N1, No, and N3 denote the occupation numbers of the three levels. For
a macrostate with N particles and total energy F, these variables satisfy

N:Nl—l-NQ—I—Ng, EZE(N2+2N3). (4)
Writing ¢ = E/e, one may take N3 as the independent variable, so that
Ngzq—QNg, N1:N—q+N3. (5)

For each allowed value of N3, the corresponding number of configurations is
given by the multinomial factor

N!
N1INy!IN3!- (©)

Summing over all admissible values of N3, one obtains

la/2] NI
BEN = D N =g =2 "

r=rQ

where r = N3 and 79 = max (0,q — N).

Although the thermodynamics of the three-level system has been dis-
cussed previously [6], the present treatment serves a distinct methodologi-
cal purpose. The occupation-number calculation displays explicitly how the
fixed-energy constraint organizes the admissible configurations and leads to
the sum of multinomial contributions. This structure can be expressed more
compactly through the generating function

2(E,N) =[] (142 +2%)" (8)

where ¢ = E/e =0,1,2,...,2N. Here, [29] f(x) denotes the coefficient of

2? in the expansion of f(z), so that the coefficient of 29 in (14 z + x2)N
gives the number of configurations with total energy E = qe.

The importance of Eq. (8) is that it replaces the explicit summation over
occupation numbers by a coefficient-extraction problem. The local energy
spectrum is encoded in a single polynomial, and the fixed-energy condition is
imposed by selecting the appropriate power of . This observation provides
the structural link between the direct combinatorial calculation for p = 3
and the general finite-level formulation developed below.

2.2. Ezxact formulation for arbitrary p

The generating-function representation obtained for the three-level sys-
tem does not rely on any property specific to p = 3, apart from the form of
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the corresponding local polynomial. For a particle with the p equally spaced
energy levels defined in Eq. (1), the single-particle generating polynomial is

gp() =1+a+a’ -l (9)

Because the particles are independent and their energies are additive, the
generating function for N particles is [g,(z)]". The exact number of mi-
crostates with total energy E = ge is therefore

Q(EN) = (1+z+22+ 27 )Y (10)
with ¢ =0,1,2,...,(p—1)N.

Since the single-particle polynomial in Eq. (10) is a finite geometric series,
the exact microcanonical multiplicity can be written as

(5, 3) = ] (1 I”)N . ()

— X

Equation (11) is a central result of the present formulation. It gives the
complete microstate counting for arbitrary finite N and p, without requir-
ing an explicit summation over the occupation numbers of the individual
levels. All information concerning the local spectrum is contained in the
polynomial (1 — zP) /(1 — z), while the coefficient extraction imposes the
fixed total-energy condition E = ge. In particular, the numerator (1 — zP)
encodes the upper bound of the local spectrum and therefore distinguishes
the finite-p problem from the unbounded limit. When p — oo, this trun-
cation factor disappears on the physical positive-temperature branch, pro-
viding a direct algebraic representation of the crossover from bounded- to
unbounded-spectrum thermodynamics.

The significance of Eq. (11) is not limited to its compact form. For fi-
nite N, it provides an exact starting point for coefficient extraction and for
the analysis of finite-size microcanonical properties. In the thermodynamic
limit, the same expression can be converted into a contour integral and eval-
uated systematically by complex-analytic and saddle-point methods. Thus,
the finite-system formulation and the thermodynamic-limit solution are ob-
tained from a single microcanonical representation rather than from separate
calculations.

The local generating polynomial,

_1—:/57’

golw) = T (12

formally coincides with the one-particle canonical partition sum after the
identification x = exp(—/¢). Its role in the present derivation, however, is
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fundamentally different. In the canonical ensemble, x is fixed by the temper-
ature and the partition function sums over all possible energies. Here, x is
an auxiliary generating variable, and the operation [z9] selects exactly those
configurations having the prescribed energy F = ge. The fixed-energy con-
straint is therefore maintained throughout the derivation, and the canonical
relation emerges only later, in the thermodynamic limit, through the saddle-
point condition. More generally, this construction illustrates how local gen-
erating functions can be used to obtain exact microcanonical multiplicities
for discrete systems with additive energies.

2.8. Finite-system content of the exact representation

Although the main objective of the present work is the thermodynamic-
limit solution, the exact generating-function representation also provides di-
rect access to systems with finite N. Indeed, Eq. (11) gives the microcanon-
ical multiplicity for arbitrary finite values of N and p, without requiring any
asymptotic approximation. The corresponding finite-system entropy is

S,(E,N) = kg In £2,(E, N). (13)

A detailed finite-size analysis lies outside the scope of the present paper.
Nevertheless, it can be carried out within the same framework by extracting
the coefficients of the generating polynomial exactly, either analytically for
sufficiently small systems or numerically for larger values of N and p. The
resulting entropy can then be compared with its thermodynamic-limit form
in order to determine finite-size corrections and to investigate how the en-
tropy maximum and the positive- and negative-temperature sectors develop
as N increases.

At finite N, the allowed energies form a discrete set. Consequently, the
microcanonical inverse temperature must be defined through an appropri-
ate finite-difference prescription or through a suitable interpolation of the
entropy, rather than by an ordinary derivative. These issues are part of the
broader discussion of thermodynamics in finite isolated systems considered
in Ref. [4]. Thus, although finite-system thermodynamics is not pursued
here, Eq. (11) provides an exact and readily implementable starting point
for such an analysis. In the following subsection, we restrict attention to
the thermodynamic limit and derive the leading large-N behavior from the
same exact representation.

2.4. Thermodynamic-limit solution

Having established the exact finite-system representation, we now turn
to its thermodynamic-limit evaluation. The objective is to determine the
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leading exponential behavior of the multiplicity when N — oo, with the
reduced energy per particle held fixed. For this purpose, the coefficient-
extraction formula is particularly suitable, since it can be converted into
a contour integral whose asymptotic behavior is governed by a saddle point.
This procedure provides a direct connection between the exact combinato-
rial multiplicity and the thermodynamic functions of the model, without
abandoning the fixed-energy formulation.

The coefficient extraction in Eq. (11) can be expressed as a contour
integral by means of Cauchy’s coefficient formula. If

F2) = ans, (14)
n=0

then

IRENeOM

omi | gt
C

(15)

Qn

where the contour C encircles the origin counterclockwise and lies within a
domain in which f(z) is analytic.
Applying this result to Eq. (11), we obtain

1 dz [1—2P\V

Equation (16) may therefore be regarded as the corresponding discrete in-
version formula, recovering the microcanonical multiplicities at fixed energy
from the generating function.

To extract the thermodynamic behavior, it is convenient to introduce
the reduced energy per particle,

E q

= — = — 1
US o = (17)

so that ¢ = Nu. Equation (16) can then be cast in the exponential form

Y Qe
2,(E,N) = 27”% —e (18)
where
1—2P
gbp(z):ln(l_z)—ulnz. (19)

Equation (18) is the central representation of the problem, since it gives
direct access to the thermodynamic limit N — oo. Its contour-integral form



Ezact Microcanonical Formulation and Thermodynamics . . . 11-A3.9

and asymptotic evaluation follow standard methods of coefficient extraction
and saddle-point analysis |7, 8]. In this limit, the dominant contribution is
determined by the saddle-point condition

Qﬁ;)(Z(]) =0, (20)

which yields
20 pzh

u = — .
1—20 1-2F

(21)

If + = x(u) denotes the physically relevant solution of Eq. (21), the Boltz-
mann entropy per particle in the thermodynamic limit is given by

s(u,p) = lim [SP(;EVN)] ~ ks {m <11_ xp> - uln(m)] ()

N—o0 — X

Equation (22) provides the fundamental thermodynamic relation of the model
for arbitrary p in the limit N — oo. Thus, the generating-function approach
combined with saddle-point analysis yields an exact microcanonical expres-
sion for the entropy, from which the remaining thermodynamic quantities
follow directly. In particular, the inverse temperature is

1 ds(up) 1

Blup) = 5= = ). (23)

This relation also makes transparent the connection with the canonical treat-
ment, under the formal identification = e, In this way, the present
microcanonical formulation recovers the corresponding canonical thermody-
namic structure in the thermodynamic limit.

The infinite-temperature point therefore corresponds to x = 1. Substi-
tuting this value into Eq. (21), one obtains

p—1

Ue = —5— (24)
For arbitrary finite p, this is the energy at which the entropy reaches its
maximum and the inverse temperature vanishes. At the same time, it identi-
fies the change in the physical saddle-point branch: one has 0 < z(u) < 1 for
u < Ue, z(u) =1 at u = ue, and x(u) > 1 for u > uc. Accordingly, u. sep-
arates the positive- and negative-temperature sectors of the microcanonical
description. The general solution therefore makes explicit both the location
of the entropy maximum and the way in which the thermodynamic structure

of the model depends on the number of accessible energy levels.
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3. Thermodynamic consequences and limiting cases

An important consistency test of the formulation is that it reproduces
the known limiting cases in a unified way. For p = 2, one recovers the
standard two-level expressions

x(u) = , s(u,2) = kp[—uln(u) — (1 —u)In (1 — u)] (25)

and

u

B(u,2):iln<1_u> . (26)

In this case, u. = 1/2, so that the temperature is positive for 0 < u < 1/2,

infinite at v = 1/2, and negative for 1/2 < u < 1. Thus, the general

arbitrary-p formalism correctly reduces to the textbook two-level result.
For p = 3, the saddle-point equation takes the form

oz (1+2x)

=2 7 27
14+x+ a2’ (27)
whose physically relevant solution is
u—14++v1+ 6u— 3u?
= ) 2
It follows that
s(u,3) = kg [In (1 +z+2°) —ulnz] , x=x(u), (29)
and
1 u—14++v1+ 6u— 3u?
3)=-—-=-1 . 30
flu3) =—Cln 2(2 — ) (30)

Here u. = 1, so that the temperature is positive for 0 < uw < 1, infinite
at v = 1, and negative for 1 < u < 2. This case is especially relevant
because, among finite nontrivial values of p, it is the one for which an explicit
thermodynamic treatment appears to be available in the literature [6]. Our
result coincides exactly with that case, but it is obtained here from a different
and more general perspective: rather than treating p = 3 as an isolated
problem, we derive it as a particular realization of a generating-function
formulation that extends directly to arbitrary p. The agreement with the
three-level result therefore provides a nontrivial validation of the present
approach and, at the same time, highlights its broader scope.
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The limit p — oo is particularly instructive, because it connects the
present bounded-spectrum problem to the unbounded case. In this limit,
the upper bound of the spectrum is removed, and Eq. (21) reduces to

since P — 0 for the physically relevant solution 0 < z < 1. Hence,

u

z(u) = Tra (31)
Substituting Eq. (31) into Eq. (22), one obtains
s(u,00) =kp[(1+u)ln(1+u)—ulnu], (32)
while Eq. (23) gives ' '
Bu,00) = ~In ( Z“) . (33)

Therefore, in the limit p — oo, the inverse temperature remains posi-
tive for all v > 0, and the negative-temperature branch disappears. This
behavior is fully consistent with the loss of the upper bound in the energy
spectrum. More importantly, it shows that the present formulation not only
reproduces isolated special cases, but also captures the full crossover from
finite bounded spectra, where the entropy has a maximum, to the infinite-
level limit, where this maximum is lost. This limiting behavior reinforces
the generality of the solution and clarifies the role played by the number of
accessible levels in the microcanonical thermodynamics of equispaced spec-
tra.

To illustrate the thermodynamic content of the general solution, Fig. 1
shows the dimensionless entropy per particle, s(u,p)/kp (upper panel), and
the dimensionless inverse temperature, S(u,p)e (lower panel), as functions
of the reduced energy u = E/(Ne¢), for p = 2,4,6,8, and co. For every
finite p, the entropy maximum occurs at u. = (p — 1)/2, where the inverse
temperature vanishes. As p increases, the entropy maximum shifts to higher
energies and the curve broadens, reflecting the enlargement of the accessi-
ble energy range. The figure thus makes explicit how the microcanonical
thermodynamics evolves with the number of available levels.



11-A3.12 J.R. DE Sousa

I I I I I I I
3.0f A e
g R p=4 ’/_/—
25 | s p=6 ’// =
— i e (a p=8 /’/
Q i e it
320____ P=0 =" \'\~ 7]
’S.‘ ",“f ............... N
< L5k Y e 7
= i Bl b 0y
N * \
1.0} \\ % ‘\ i
0.5h \ 3 1
\ :
0.0 ' : - ' -
0 1 2 3 4 5 6 Vk 8
u
6 T T T T T T T
4 |
) |
f—’)\ Rl
S s o S R e ——
3: 0 - el _—.:: ------- Ty
Q _2’_ \\\ v ~\ -
‘ .
=4k || \. g
1
- | 1 1 1 1 ll
0 1 2 3 4 5 6 7 8
u

Fig. 1. Dimensionless entropy per particle, s(u,p)/kp (upper panel), and dimen-
sionless inverse temperature, S(u,p)e (lower panel), as functions of the reduced
energy u = E/(Ne), for p=2,4,6,8, and oo.

4. Conclusions

The principal result of this work is an exact microcanonical construc-
tion that treats an arbitrary number p of equally spaced local energy levels
within a single analytical framework. The generating-function representa-
tion retains the fixed-energy constraint explicitly and yields the complete
multiplicity for finite IV, while its contour-integral form permits a system-
atic thermodynamic-limit evaluation. The saddle-point solution then pro-
vides the entropy and inverse temperature for arbitrary p, rather than only
for isolated low-dimensional cases.

This arbitrary-p solution identifies the upper spectral bound, rather than
the equal level spacing alone, as the essential ingredient controlling the ther-
modynamic structure. For every finite p, the entropy reaches its maximum at
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where the inverse temperature vanishes and the positive-temperature sector
changes continuously into a negative-temperature sector. Increasing p shifts
this characteristic energy toward the upper part of an increasingly broad
spectrum. The limit p — oo is therefore not simply another special case:
it removes the truncation responsible for the entropy maximum and pro-
duces a qualitative change in the thermodynamics, leaving only the positive-
temperature branch. The formulation thus gives an analytically controlled
account of how bounded-spectrum thermodynamics is transformed into the
unbounded-spectrum regime.

The known results for p = 2, p = 3, and p — oo serve as consistency tests
of the general construction, but they do not exhaust its content. The main
advance is the explicit solution for arbitrary local dimension and the result-
ing ability to follow the dependence of the complete entropy and temperature
curves on p. Moreover, because the coefficient representation remains exact
before the large- N approximation is introduced, the same formalism can be
used to investigate finite-size corrections, discrete definitions of microcanon-
ical temperature, and the approach to the thermodynamic-limit entropy.
These extensions are not developed here, but they follow directly from the
exact multiplicity and constitute a natural continuation of the present anal-
ysis.

An immediate physical application is provided by a spin-S Zeeman mul-
tiplet [1]. The spectrum

E,, = —me, m=-5-S+1,...,8

is equivalent, up to an additive shift of the energy origin, to the p-level
spectrum considered here. The replacements

p—>254+1, Uu— u+S

therefore yield an exact thermodynamic-limit microcanonical description
for arbitrary S. To the best of our knowledge, the arbitrary-spin problem
has not previously been expressed in this unified analytical microcanonical
form. The present result consequently supplies a direct reference solution
for bounded magnetic multiplets and for finite-dimensional local quantum
systems.

More generally, the essential requirement of the method is not equal
level spacing, but the existence of a local generating function whose pow-
ers encode the multiplicities of additive many-body observables. Replacing
the polynomial used here by the generating function of another local spec-
trum leads to an analogous coefficient-extraction problem. This makes the
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construction relevant to finite local quantum spectra [5], as well as to dis-
crete statistical-mechanical models such as polymer and helix—coil systems
[9, 10], for which complete analytical microcanonical treatments are often
unavailable. The present solution should therefore be viewed not only as an
exactly solvable bounded-spectrum model, but also as a general analytical
template for constructing and studying the microcanonical thermodynamics
of discrete finite-state systems.

The author acknowledges the use of an Al-based language model for
assistance with language refinement. All scientific content, interpretations,
and conclusions are solely the responsibility of the author.
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