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Calculating the properties of baryon resonances from quantum chromo-
dynamics requires evaluating the temporal correlations between hadronic
operators using integrations over field configurations weighted by a phase
associated with the action. By formulating quantum chromodynamics on
a space-time lattice in imaginary time, such integrations can be carried out
non-perturbatively using a Markov-chain Monte Carlo method with impor-
tance sampling. The energies of stationary states in the finite volume of
the lattice can be extracted from the temporal correlations. A quantization
condition involving the scatteringK-matrix and a complicated “box matrix”
also yields a finite-volume energy spectrum. By appropriately parametriz-
ing the scattering K-matrix, the best-fit values of the K-matrix param-
eters are those that produce a finite-volume spectrum which most closely
matches that obtained from the Monte Carlo computations. Results for the
∆ resonance are presented, and a study of scattering for energies near the
Λ(1405) resonance is outlined, showing a two-pole structure. The prospects
for applying this methodology to the Roper resonance are discussed.
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1. Introduction

The interactions between quarks and gluons are described by quantum
chromodynamics (QCD) [1], a quantum field theory based on a non-Abelian
local SU(3) gauge symmetry. Quarks and gluons are not directly observable,
but they bind to form composite particles known as hadrons, such as protons,
neutrons, and pions, which can be observed in experiments. The majority
of hadrons are scattering resonances, unstable short-lived particles. The
famous Roper resonance [2] is the lightest excitation of the proton.

The interactions between hadrons and the formation of hadron resonan-
ces are also described by QCD. Unfortunately, extracting the properties of
bound states and resonances is difficult in relativistic quantum field theories,
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and the strong coupling nature of QCD much exacerbates this difficulty. Cal-
culating the properties of hadron resonances from quantum chromodynamics
requires evaluating the temporal correlations between hadronic operators us-
ing integrations over field configurations weighted by a phase associated with
the action. Standard perturbative techniques which work well in quantum
electrodynamics for performing such integrals are nearly useless for the in-
tegrals which must be evaluated in QCD. By formulating QCD on a space-
time lattice in imaginary time, such integrations can be carried out non-
perturbatively using a Markov-chain Monte Carlo method with importance
sampling. The use of such techniques is broadly known as lattice QCD.

In recent years, lattice QCD has advanced to the point where it can now
determine the masses and decay widths of unstable hadronic resonances,
such as the ρ and Λ(1405). These calculations begin by evaluating the finite-
volume energy levels of the multi-hadron states into which the resonances
decay, using Markov-chain Monte Carlo techniques for the integration over
the fields. Next, parametrized models of the scattering amplitudes are con-
structed and inserted into a well-established quantization condition. This
condition involves the scattering K-matrix and a complicated “box matrix”,
which together produce a finite-volume spectrum that depends on the scat-
tering parameters. By adjusting these parameters to best reproduce the
energy levels obtained from lattice QCD, the properties of the resonances
can be extracted from the resulting scattering amplitudes.

A critical component of these calculations is determining the energies
of stationary states in a finite volume, particularly those involving multi-
hadron contributions. These energies are obtained from Monte Carlo esti-
mates of time-dependent correlation functions built from carefully designed
quantum field operators that generate the desired states. To compute these
correlators, quark propagators from various lattice source points must be
contracted together. These propagators are inverses of extremely large ma-
trices, but only their products with specific source vectors are required. For
single-hadron operators, translational symmetry allows the use of a limited
number of source sites. However, multi-hadron operators necessitate the
inclusion of all spatial sites on a given source time slice, making reliable
estimates difficult. This challenge has been overcome with new methods,
such as the Laplacian–Heaviside (LapH) quark-field smearing. The LapH
smearing reduces the computational burden by projecting the quark propa-
gators into a smaller subspace defined by eigenvectors of the gauge-covariant
Laplacian, enabling feasible use of all spatial sites.

This report showcases some of our recent lattice QCD results on baryon
resonances. The results from a study of the ∆ resonance are presented, and
an investigation into the two-pole structure near the Λ(1405) is described.
The feasibility of studying the famous Roper resonance in the near future is
discussed.
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2. Outline of methodology

To study resonance and scattering properties in lattice QCD, one first
evaluates the finite-volume energies of stationary states corresponding to
the relevant decay products for a variety of total momenta and symmetry
representations. The first step in determining these stationary-state ener-
gies is to evaluate an N × N Hermitian matrix of temporal correlations
Cij(t) = ⟨0|Oi(t + t0) Ōj(t0) |0⟩ for each total momentum and symmetry
representation. These correlations involve judiciously designed operators
Oj(t) = Oj [ψ̄, ψ, U ] comprised of quark ψ, ψ̄, and gluon U field operators
which create the states of interest. Each temporal correlator can be ex-
pressed as a ratio of path integrals over the fields

Cij(t) =

∫
D
(
ψ̄, ψ, U

)
Oi(t+ t0) Ōj(t0) exp

(
−S

[
ψ̄, ψ, U

])
∫
D
(
ψ̄, ψ, U

)
exp

(
−S

[
ψ̄, ψ, U

]) , (1)

where the action in imaginary time has the form

S
[
ψ̄, ψ, U

]
= ψ̄ K[U ] ψ + SG[U ] , (2)

and where K[U ] is the fermion Dirac matrix and SG[U ] is the gluon action.
The integrals over the Grassmann-valued quark/antiquark fields can be done
exactly, leaving expressions of the form

Cij(t) =

∫
DU detK[U ]

(
K−1[U ] . . .K−1[U ] + . . .

)
exp (−SG[U ])∫

DU detK[U ] exp (−SG[U ])
. (3)

For the remaining integrations over the gluon fields, the Monte Carlo method
is used. This requires formulating QCD on a space-time lattice (usually hy-
percubic), with quark fields residing on the sites and the gluon field residing
on the links between lattice sites. The lattice QCD action is formulated in
such a way so as to maintain local gauge invariance [3]. A Markov chain is
used to generate a sequence of gauge-field configurations U1, U2, . . . , UN us-
ing the Metropolis method [4] with a complicated global updating proposal,
such as RHMC [5], which proposes a new gauge field by selecting conjugate
momenta randomly chosen with Gaussian distributions and evolving the
fields in a fictitious time variable using Hamilton equations. The proposed
field differs globally from the current field, but the value of its action is very
near that of the current field, ensuring a high acceptance rate. The fermionic
determinants detK are usually estimated using a multivariate Gaussian inte-
gral over so-called pseudo-fermion fields. The correlators are then estimated
using the ensemble of gauge configurations generated by the above proce-
dure. Systematic errors include discretization and finite-volume effects. To
speed up computations, unphysically large quark masses are often used.
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An efficient way to construct single-hadron operators is to assemble them
using covariantly-displaced smeared quark fields as building blocks. Stout
link smearing [6] is used for the gauge field links Ũj(x), and the Laplacian–
Heaviside (LapH) [7, 8] smearing is used for the quark fields

ψ̃aα(x) = Sab(x, y) ψbα(y) , S = Θ
(
σ2s + ∆̃

)
, (4)

where ∆̃ denotes a 3-dimensional gauge-covariant Laplacian defined in terms
of the stout links Ũ and σs is the smearing cutoff. Displaced quark fields are
defined by

qAaαj = D(j)ψ̃(A)
aα , q̄Aaαj =

˜̄ψ
(A)

aα γ4D
(j)† , (5)

where the displacement D(j) is a product of smeared links

D(j)
(
x, x′

)
= Ũj1(x) Ũj2(x+d2) Ũj3(x+d3) . . . Ũjp(x+dp)δx′, x+dp+1 . (6)

In the above equations, a, b are color indices, α is a Dirac spin index, and
j labels a displacement path of gauge links in directions j1, j2, . . . A variety
of displacements can be used to build up the needed orbital and radial
structure, as shown in Fig. 1. So-called elemental quark–antiquark and
three-quark operators which create a definite momentum p are defined by

Φ̄AB
αβ (p, t) =

∑

x

eip·(x+
1
2(dα+dβ))δab q̄

B
bβ(x, t) q

A
aα(x, t) , (7)

Φ̄ABC
αβγ (p, t) =

∑

x

eip·xεabc q̄
C
cγ(x, t) q̄

B
bβ(x, t) q̄

A
aα(x, t) . (8)

Fig. 1. The spatial arrangements of the quark–antiquark meson operators (top) and
the three-quark baryon operators (bottom) that we use. Smeared quark fields are
shown as solid circles, each hollow circle indicates a smeared antiquark field, the
solid line segments indicate covariant displacements, and each hollow box indicates
the location of a Levi-Civita color coupling.
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In these operators, A,B,C are quark flavor indices, a, b, c are color indices,
dα,dβ are the spatial displacements of the q, q̄ fields, respectively, from
site x, and α, β, γ denote compound indices incorporating both a Dirac
spin index and a displacement path. Group theoretical projections onto the
irreducible representations (irreps) of the lattice symmetry group are then
employed to create the final single meson and single baryon operators

M̄l(t) = c
(l)∗
αβ Φ̄AB

αβ (t) , B̄l(t) = c
(l)∗
αβγ Φ̄

ABC
αβγ (t) . (9)

In the above, α, β, γ again indicate compound indices incorporating both
a Dirac spin index and a displacement path, and l is the final index which
labels the hadron operator.

Implementing two- and three-hadron operators as appropriate superpo-
sitions of products of the single-hadron operators of definite momenta is
straightforward

cI3aI3bpaλa; pbλb
BIaI3aSa

paΛaλaia
BIbI3bSb

pbΛbλbib
(10)

for the fixed total momentum p = pa + pb and fixed Λa, ia, Λb, ib. Group
theory projections onto the little group of p and isospin irreps are then
carried out. It is very important to specify all phases of the single-hadron
operators for all momenta, and this is generally done by selecting a reference
momentum direction pref , then for each momentum p, selecting one reference
rotation Rp

ref that transforms pref into p. This method creates large numbers
of multi-hadron operators very efficiently.

Once the temporal correlations are obtained, their spectral representa-
tions can be used to extract the stationary-state energies

Cij(t) =
∑

n

Z
(n)
i Z

(n)∗
j e−Ent , Z

(n)
j = ⟨0| Oj |n⟩ , (11)

which neglects small temporal wrap-around contributions, where the ener-
gies En are discrete in a finite volume. Given the large number of complex
parameters in Eq. (11), it is not feasible to fit the entire correlation ma-
trix using Eq. (11). Some method of rotating or diagonalizing the matrix is
needed to make the extraction of the energies and overlap factors by least-
squares fitting practical. The use of variational techniques to assist with this
dates back to Refs. [9–12]. The way we proceed is to define a new correlation
matrix C̃(t) using a single rotation

C̃(t) = U † C(τ0)
−1/2 C(t) C(τ0)

−1/2 U , (12)

where the columns of U are the eigenvectors of C(τ0)−1/2C(τD)C(τ0)
−1/2.

One then chooses τ0 and τD large enough so C̃(t) remains diagonal for t > τD
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within statistical errors. Two-exponential fits to the diagonal rotated cor-
relators C̃αα(t) then yield the energies Eα and overlaps Z(n)

j . Energy shifts
from non-interacting values can also be obtained from single exponential fits
to a suitable ratio of correlators, but such fits must be cautiously done in
combination with fits to correlators that are not ratios.

The usefulness of Eq. (12) can be demonstrated using a simple toy model
example. In this example, there are Neig = 200 eigenstates |n⟩ for n =
0, 1, . . . , Neig − 1, and the energies are taken to be

E0 = 0.20 , En = En−1 +
0.08√
n
, n = 1, 2, . . . , Neig − 1 . (13)

This example studies an N ×N correlator matrix, where N = 12. A set of
operators is selected such that each operator is expected to predominantly
create a different eigenstate, so the overlaps of the jth operator onto the
eigenstates is taken to be

Z
(n)
j =

(−1)j+n

1 + 0.05(j − n)2
. (14)

The so-called “effective energies” associated with the diagonal elements of
the original raw correlator matrix of this toy model are shown in Fig. 2 (a).
Each effective energy is defined by

E
(n)
eff (t) = ln

(
Cnn(t)

Cnn(t+ 1)

)
. (15)

Each of these effective energies eventually tends down to E0 = 0.20 since
the state created by each operator has some overlap with the lowest-lying
eigenstate |0⟩. As the operator index increases, the couplings to higher-lying
eigenstates get larger, so one sees that the effective energies associated with
those operators have higher values at smaller times.

The effective energies associated with the eigenvalues λn(t) of C(t) are
shown in Fig. 2 (b). Each of these effective energies is defined by

E
eig(n)
eff (t) = ln

(
λn(t)

λn(t+ 1)

)
. (16)

To order the eigenvalues for different t values, eigenvector “pinning” has been
used. For one reference value of time tref , a particular order of the eigenvalues
has been chosen, and the eigenvectors associated with these eigenvalues are
used as references. For a different value of time t ̸= tref , the inner products of
the eigenvectors at t are taken with those at the reference time tref , and the
eigenvalue associated with the eigenvector at time t with maximal overlap
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Fig. 2. (a) Effective energies associated with the diagonal elements of the original
raw correlator matrix C(t) of the toy model, whose energies are defined in Eq. (13)
and the overlaps in Eq. (14). (b) Effective energies associated with the eigenvalues
of the original correlator matrix C(t) with eigenvector pinning used to label or
order the eigenvalues. (c) Effective energies associated with the eigenvalues of
C(τ0)

−1/2C(t)C(τ0)
−1/2 with eigenvector pinning, for τ0 = 10.

onto the reference eigenvector n is identified as λn(t). The dashed blue
lines indicate the lowest 12 exact energies. These effective energies will
eventually tend toward the horizontal dashed blue lines, but certainly by
t = 30, most of these effective energies still significantly disagree with their
expected large-t values. Also, many of the curves cross each other, and the
curves are very close to one another for small and moderate t values. Clearly,
trying to extract the spectrum of energies from the eigenvalues of C(t) will
be a difficult task.

The effective energies associated with the eigenvalues λn(t, τ0) of the
modified correlator matrix C(τ0)

−1/2C(t)C(τ0)
−1/2 are shown in Fig. 2 (c)

for τ0 = 10. Each of these effective energies is defined by

E
eig(n)
eff (t, τ0) = ln

(
λn(t, τ0)

λn(t+ 1, τ0)

)
. (17)

To order the eigenvalues, eigenvector “pinning” has again been used. The
dashed blue lines indicate the lowest 12 exact energies. These effective en-
ergies look dramatically different from those in Fig. 2 (b). The approach of
these effective energies to the dashed blue lines is dramatically faster, and
no crossings of the curves are observed. By time t = 30, the lower-lying
levels already agree with their expected large-t values, and only a few of the
levels near N still exhibit a significant difference from its limiting blue line.
These results clearly show the great superiority of using the eigenvalues of
C(τ0)

−1/2C(t)C(τ0)
−1/2 instead of C(t). If one varies τ0, one finds that the



2-A10.8 C. Morningstar

results are insensitive to the value of τ0. One also sees that if N levels are
desired, then a correlator matrix larger than N ×N should be used, such as
3
2N × 3

2N .
The relationship of the finite-volume energies obtained in lattice QCD

and the infinite-volume scattering S-matrix was first studied in detail in
Refs. [13, 14], but lattice QCD computations at that time could not deter-
mine the energies of multi-hadron states reliably and accurately enough to
take advantage of this relationship. As the lattice QCD methodology im-
proved for multi-hadron operators, the relationship between scattering am-
plitudes and finite-volume stationary-state energies was revisited in Refs. [15,
16], limiting attention to a single channel of identical spinless particles. Later
works generalized their results to treat multi-channels with different parti-
cle masses and non-zero spins [17]. Our procedure for evaluating scattering
phase shifts from lattice QCD energies is presented in Ref. [18] and is sum-
marized below.

Instead of the unitary S-matrix, the real and symmetric K-matrix [19,
20], defined using the S-matrix by

S = (1 + iK)(1− iK)−1 = (1− iK)−1(1 + iK) , (18)

is usually used in the quantization condition that relates the scattering am-
plitudes and the finite-volume energies since it is easier to parametrize a real
symmetric matrix than a unitary matrix. Rotational invariance implies that

〈
J ′mJ ′L′S′a′| K |JmJLSa

〉
= δJ ′JδmJ′mJ K

(J)
L′S′a′; LSa(Ecm) . (19)

We use an orthonormal basis of states, each labeled |JmJLSa⟩, where J is
the total angular momentum of the two particles in the center-of-momentum
frame, mJ is the projection of the total angular momentum onto the z-axis,
L is the orbital angular momentum of the two particles in the center-of-
momentum frame (not to be confused with the lattice length Lb here), and
S in the basis vector is the total spin of the two particles (not the scatter-
ing matrix). The multichannel generalization [21–23] of the effective range
expansion (ERE) is

K
−1(J)
L′S′a′; LSa(Ecm) = q

−L′− 1
2

cm,a′ K̃
−1(J)
L′S′a′; LSa(Ecm) q

−L− 1
2

cm,a , (20)

where K̃−1(J)
L′S′a′; LSa(Ecm) is a real, symmetric, and often analytic function

of the center-of-momentum energy Ecm. For a given total momentum P =
(2π/Lb)d in a spatial L3

b volume with periodic boundary conditions, where
d is a vector of integers, we determine the total lab-frame energy E for
a two-particle interacting state in our lattice QCD simulations. If the masses
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of the two particles in the decay channel a are m1a and m2a, we boost to
the center-of-mass frame and define

Ecm =
√
E2 − P 2 , γ =

E

Ecm
, (21)

q2cm,a =
1

4
E2

cm − 1

2

(
m2

1a +m2
2a

)
+

(
m2

1a −m2
2a

)2

4E2
cm

,

u2a =
L2q2cm,a

(2π)2
, sa =

(
1 +

(
m2

1a −m2
2a

)

E2
cm

)
d . (22)

The total lab-frame energy E is related to the scattering K-matrix through
the quantization condition

det
(
1−B(P )K̃

)
= det

(
1− K̃B(P )

)
= 0 , det

(
K̃−1 −B(P )

)
= 0 .

(23)
The box matrix is given by

⟨J ′mJ ′L′S′a′| B(P ) |JmJLSa⟩ = −iδa′aδS′S q
L′+L+1
cm,a W

(P a)
L′mL′ ; LmL

×⟨J ′mJ ′ |L′mL′ , SmS⟩⟨LmL, SmS |JmJ⟩ .
(24)

This box matrix B(P ) is Hermitian for q2cm,a real, and the determinants in
Eq. (23) are real. The ⟨j1m1j2m2|JM⟩ are the familiar Clebsch–Gordan
coefficients, and the W (P a) matrix elements are given by

−iW (P a)
L′mL′ ; LmL

=
L′+L∑

l=|L′−L|

l∑

m=−l

Zlm

(
sa, γ, u

2
a

)

π3/2γul+1
a

√
(2L′ + 1) (2l + 1)

(2L+ 1)

×⟨L′0, l0|L0⟩⟨L′mL′ , lm|LmL⟩ . (25)

The Rummukainen–Gottlieb–Lüscher (RGL) shifted zeta functions are eval-
uated using

Zlm

(
s, γ, u2

)
=
∑

n∈Z3

Ylm(z)

(z2 − u2)
e−Λ(z2−u2) + δl0

γπ√
Λ
F0

(
Λu2

)

+
ilγ

Λl+1/2

1∫

0

dt
(π
t

)l+3/2
eΛtu

2
∑

n∈Z3

n̸=0

eπin·sYlm(w) e−π2w2/(tΛ) ,

(26)
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where z = n− γ−1[12 + (γ − 1)s−2n · s]s and w = n− (1− γ)s−2s ·ns, the
spherical harmonic polynomials are given by Ylm(x) = |x|l Ylm(x̂), and

F0(x) = −1 +
1

2

1∫

0

dt
etx − 1

t3/2
. (27)

We choose Λ ≈ 1 which allows for sufficient convergence speed of the sum-
mations.

To use the determinants in Eq. (23) in practice, we transform them to a
block-diagonal basis and truncate in orbital angular momentum. Matrices
corresponding to symmetry operations in the little group of P commute
with the box matrix, leading to block-diagonal basis states

|ΛλnJLSa⟩ =
∑

mJ

cJ(−1)L;Λλn
mJ

|JmJLSa⟩ , (28)

where Λ denotes an irrep of the little group, λ labels the row of the irrep,
and n is an occurrence index. The transformation coefficients depend on J
and (−1)L, but not on S, a. In this block-diagonal basis, the box matrix and
the K̃ matrix for (−1)L+L′

= 1 have the forms

⟨Λ′λ′n′J ′L′S′a′| B(P ) |ΛλnJLSa⟩ = δΛ′Λδλ′λδS′Sδa′a B
(PΛBSa)
J ′L′n′; JLn(Ecm) ,

⟨Λ′λ′n′J ′L′S′a′| K̃ |ΛλnJLSa⟩ = δΛ′Λδλ′λδn′nδJ ′J K̃
(J)
L′S′a′; LSa(Ecm) .

To eliminate any dependence on the truncation in orbital angular momen-
tum, one can keep increasing the maximum retained L until the results
converge.

The determinant in Eq. (23) is not a good quantity in which to search
for zeros since it can vary rapidly and can become very large in magnitude.
Furthermore, the box matrix is divergent at all of the non-interacting two-
particle energies. When computing bootstrap errors, some of resamplings
can cross these singularities, dramatically magnifying statistical errors. More
importantly, when interactions are fairly weak in a scattering process, the
required solutions of the quantization condition can occur uncomfortably
close to these non-interacting energies where the divergences occur, making
root finding to locate the zeros difficult.

The problem of the determinant becoming very large in magnitude is
straightforward to deal with. Expressing the quantization condition in terms
of the determinant is just a convenient way of saying that one eigenvalue
becomes zero. One obvious way to proceed is to simply search for the zeros
in each of the eigenvalues. Alternatively, consider the following function
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of matrix A which appropriately rescales the determinant using a scalar
parameter µ ̸= 0

Ω(µ,A) ≡ det(A)

det
[
(µ2 +AA†)

1/2
] . (29)

To evaluate this function, one first finds the eigenvalues λα(A) of A, then

Ω(µ,A) =
∏

k

λk(A)

(µ2 + |λk(A)|2)1/2
. (30)

Clearly, when one of the eigenvalues is zero, this function is also zero. For
eigenvalues which are much smaller than |µ|, the associated term in the
product tends towards the eigenvalue itself, divided by |µ|. However, the
key feature of this function is that for the eigenvalues which are much larger
than |µ|, the associated term in the product goes to eiθ for real θ. This
function replaces the large eigenvalues with unimodular quantities so that
the product should never overflow. This is a much better behaved function
which still reproduces the quantization condition. As far as the quantization
condition cares, the choice of µ is irrelevant.

The use of a Cayley transform solves the problem of the singularities in
the box matrix. If we introduce the following Cayley transforms:

C
(P )
B =

(
1 + iB(P )

)(
1− iB(P )

)−1
=
(
1− iB(P )

)−1 (
1 + iB(P )

)
, (31)

S̃ =
(
1 + iK̃

)(
1− iK̃

)−1
=
(
1− iK̃

)−1 (
1 + iK̃

)

= −
(
1− iK̃−1

)(
1 + iK̃−1

)−1
, (32)

then a tamed quantization condition can be obtained

det
(
1 + S̃C

(P )
B

)
= 0 , det

(
S̃−1 + C

(P )
B

)
= 0 . (33)

This determinant is no longer real, so both the real and imaginary parts
must be combed for zeros. The Ω function can still be applied.

Each quantization condition in Eqs. (23) or (33) is a single relation be-
tween an energy E determined in a finite volume and the entire K-matrix.
When multiple partial waves or multiple channels are involved, this rela-
tion is clearly not sufficient to extract all of the K-matrix elements at the
single energy E. The best way to proceed is to approximate the K-matrix
elements using physically motivated functions of the energy Ecm involving
a handful of parameters. Values of these parameters can then be estimated
by appropriate fits using a sufficiently large number of different energies.
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3. The ∆ resonance

One of the simplest baryon resonances to study in lattice QCD is the
∆ resonance, which is an important feature of nucleon–pion scattering. Our
most recent study of Nπ scattering at mπ ∼ 200 MeV was presented in
Ref. [24]. Our results were obtained using 2000 configurations with four
source times for the quark propagators of the CLS D200 ensemble, which
uses a 643 × 128 lattice with spacing a ∼ 0.065 fm and open boundary
conditions in time. The quark masses are tuned such that mπ ∼ 200 MeV
and mK ∼ 480 MeV. The results for the finite-volume energies we obtained
are shown in Fig. 3.

G1u(0) Hg(0) G1(1) G2(1) G(2) F1(3) F2(3) G(3) G1(4) G2(4)G1g(0) Hu(0)
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(a) The I = 3/2 spectrum.
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(b) The I = 1/2 spectrum.

Fig. 3. The low-lying I = 3/2 (top) and I = 1/2 (bottom) nucleon–pion spectra
in the center-of-momentum frame on the D200 ensemble as energies over the pion
mass from Ref. [24]. Each column corresponds to a particular irrep Λ of the little
group of total momentum P 2 = (2π/Lb)

2d2, denoted Λ(d2). Dashed lines indicate
the boundaries of the elastic region. Solid lines and shaded regions indicate non-
interacting Nπ levels and their associated statistical errors.
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The goal of this analysis is a parametrization of the JP = 1/2− partial
wave for both isospins, and the 3/2+ wave with I = 3/2. Each partial
wave is parametrized using the effective range expansion. For the I = 3/2,
JP = 3/2+ wave, the next-to-leading order is included

q3cm
m3

π

cot δ3/2+ =
6π

√
s

m3
πg

2
∆,BW

(
m2

∆ − s
)
, (34)

where
√
s = Ecm =

√
m2

π + q2cm +
√
m2

N + q2cm, and the effective range fit
parameters are reorganized to form the conventional Breit–Wigner proper-
ties of the ∆ resonance, denoted g2∆,BW and m∆. For the other waves, the
leading term in the effective range expansion is sufficient

q2L+1
cm

m2L+1
π

cot δIJP =

√
s

mπAI
JP

, (35)

where the overall
√
s factors are adopted from standard continuum analysis,

and the single fit parameter AI
JP is trivially related to the scattering length

m2L+1
π aIJP =

mπ

mπ +mN
AI

JP . (36)

For the (2J, L) = (3, 1) wave, energies in the Hg(0), G2(1), F1(3), G2(4)
irrep were used. In each irrep label, the integer in parentheses indicates d2,
for total momentum P = 2πd/Lb. The G1u(0) irrep gives the (1, 0) wave,
the irreps used with s- and p-wave mixing were G1(1), G(2), G1(4). The
scattering phase shifts obtained from the finite-volume energies using the
Lüscher quantization condition are shown in Fig. 4. For the ∆ mass and
Breit–Wigner width parameter g∆,BW, as well as the scattering lengths, the
following results were obtained:

m∆/mπ = 6.290(18) , g∆,BW = 14.7(7) ,

mπa
3/2
0 = −0.2735(81) , mπa

1/2
0 = 0.142(22) . (37)

The amplitudes are well-described by the effective range expansion.
A comparison to chiral perturbation theory is presented in Ref. [24]. Not

only do our results disagree with leading-order chiral perturbation theory
(LO χPT), but we find that the magnitude of mπa

3/2
0 is larger than that of

mπa
1/2
0 , in disagreement with both LO χPT and phenomenology. For more

details, see Ref. [24].
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Fig. 4. Nπ scattering phase shifts from Ref. [24] for I = 3/2 s-wave (top left)
and p-wave (top right) in their cotangent form multiplied by threshold momentum
factors. The p-wave phase shift itself is shown in the bottom left. Similarly, Nπ
scattering phase shifts for I = 1/2 s-wave (bottom right). Lower panels indicate
all of the energies used in the fits to obtain the phase shifts in the top panels.

A more recent study of the ∆ resonance at the physical point (with
quark masses set to give the physical pion and kaon masses) and lattice
spacing a = 0.08 fm was recently presented in Ref. [25]. Their finite-volume
spectrum and scattering phase shift are shown in Fig. 5. Low three-particle
thresholds were a problem in this study. The ∆ resonance mass and width
were found to be

MR = 1269 (39)stat(45)total MeV ,

ΓR = 144 (169)stat(181)total MeV .
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Fig. 5. Top: The πN interacting two-hadron energy levels obtained in Ref. [25].
Box heights indicate estimated uncertainties. Horizontal dashed/dotted lines show
various thresholds, as indicated by the legend. Non-interacting energies are shown
by the green, thicker dashed lines. Bottom: The P -wave scattering phase-shift as
a function of the invariant mass Ecm =

√
s. The error band is determined using

jackknife resampling. The points with horizontal error bars show each fitted energy
level including its jackknife error bar.

4. Two-pole nature of scattering near the Λ(1405)

An interesting energy region to probe for resonances having non-zero
strangeness is in the vicinity of the puzzling Λ(1405) resonance. Our recent
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study of Σπ and NK̄ scattering in the Λ(1405) energy region was presented
in Refs. [26, 27]. Our results, shown in Fig. 6, were obtained using the
CLS D200 ensemble with mπ ∼ 200 MeV. This was the first lattice QCD
study of this system to include both single-hadron and all needed two-hadron
operators to carry out a full coupled-channel analysis.
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0.9

1.0

η

Fig. 6. Top left: Finite volume energy spectrum involving interacting Σπ and
NK̄ states as ratios over the pion mass from Refs. [26, 27]. Green symbols are
our results, gray bands show non-interacting energies. Labels on the horizontal
axis show the irreps Λ(d2) for lab-frame total momenta P = (2π/L)d, where d is
a three-vector of integers and the lattice spatial volume is L3. Top right: Upper
panel shows the isoscalar, strangeness −1, i→ j transition amplitudes squared for
i, j = Σπ,NK̄; middle panel shows positions of the S-matrix poles in the complex
center-of-mass energy plane on the sheet closest to the physical one; bottom panel
shows the finite-volume energies used in the fit. Bottom left: Inelasticity η and
phase shifts δπΣ and δK̄N . Bottom right: Three-dimensional plot of the Σπ → Σπ

transition amplitude magnitude showing the two poles.
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The energies of the finite-volume stationary states we obtained are shown
in the upper left-hand plot of Fig. 6. An effective range expansion with
Lmax = 0 of the form

Ecm

Mπ
K̃ij = Aij +Bij∆πΣ , (38)

∆πΣ =
(
E2

cm − (Mπ +MΣ)
2
)/

(Mπ +MΣ)
2 , (39)

where Aij and Bij are symmetric and real coefficients with i and j denoting
either of the two scattering channels, provided the best description of the
data, but several other parametrizations were also used, including an ERE
for K̃−1, the form above with the outer factor of Ecm removed, and a Blatt–
Biedenharn form. The fit with the lowest AIC value is a four-parameter fit
of the form of Eq. (39), and the best-fit parameter values are

A00 = 4.2(1.8) , A11 = −10.4(1.1) ,

A01 = 10.4(1.6) , B01 = −30(18) , (40)

with fixed B00 = B11 = 0 and χ2 = 11.17 for 11 degrees of freedom. This
fit is shown in Fig. 6. All statistical uncertainties and correlations for this
fit are taken into account using the bootstrap method with 800 samples.

To study the scattering amplitudes, we define a quantity t
(JP )
ij (Ecm)

which is proportional to the scattering transition amplitude and is related
to K̃ by

t−1 = K̃−1 − ik̂ , (41)

where k̂ = diag(kπΣ , kK̄N ), with

k2πΣ =
1

4E2
cm

λK
(
E2

cm,m
2
π,m

2
Σ

)
, (42)

k2K̄N =
1

4E2
cm

λK
(
E2

cm,m
2
K̄ ,m

2
N

)
, (43)

and λK is the Källén function [28]

λK(x, y, z) = x2 + y2 + z2 − 2xy − 2xz − 2yz . (44)

The results for the scattering transition amplitudes are shown in the upper
right panel of Fig. 6, and the pole locations for each of the fits are shown in
the lower right panel of Fig. 6. Our fits to the transition amplitudes revealed
a two-pole structure, with locations

E1 = 1395(9)(2)(16) MeV , (45)
E2 = [1456(14)(2)(16)− i 11.7(4.3)(4)(0.1)] MeV , (46)
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with the first uncertainty being statistical, the second coming from our dif-
ferent parametrizations of the amplitudes, and the third arising from scale
setting. A virtual bound state below the Σπ threshold was found, as well
as a resonance pole below the NK̄ threshold. Fit forms with just one pole
were tried and all were strongly disfavored. The two-pole structure in the
Λ(1405) region was first suggested in Ref. [29]. The scattering phase shifts
δi and the inelasticity η are related to t by

t00 =
η e2iδπΣ − 1

2ik̂πΣ
, (47)

t11 =
η e2iδK̄N − 1

2ik̂K̄N

, (48)

t01 =

√
1− η2 ei(δπΣ+δK̄N )

2

√
k̂πΣ k̂K̄N

, (49)

where the indices indicate the flavor channel: 0 for πΣ and 1 for K̄N . The
results are shown in the lower left panel of Fig. 6.

The analysis above only includes S-waves and the JP = 1/2− ampli-
tudes. The energies in non-zero momentum frames, such as the G1(1), G(2),
and G(3) irreps, receive contamination from P -waves. To assess the impor-
tance of such contributions, additional fits with a very simple parametriza-
tion for the higher partial waves were done. The effects of the higher partial
waves were found to be negligible for energies below the Λππ threshold.

5. The Roper resonance

The first excitation of the proton, known as the Roper resonance, is an
important resonance. Experimentally, it is a 4-star resonance N(1440) with
I(JP ) = 1

2(
1
2

+
) and a width in the range of 250–450 MeV. It is a notoriously

difficult resonance to study in lattice QCD. Local three-quark operators have
difficulty capturing the Roper level near 1.4 GeV and instead create a state
with an energy much higher near 2.0 GeV. This fact is illustrated in the
upper plot of Fig. 7 which shows energy extractions for the proton and its
first excitation from three lattice QCD studies.

The Roper resonance was studied in Ref. [34] using only a selection
of three-quark operators with domain-wall fermions in the sea and overlap
fermions for the valence quarks. Their results, shown in the lower panel in
Fig. 7, are obtained employing a large basis of three-quark operators with
different quark-field smearings and a sequential empirical Bayesian analysis
method. The Roper mass does seem to be captured, but with very large
uncertainties.



Low-lying Baryon Resonances from Lattice QCD 2-A10.19

0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40
m2 (GeV2)

1.0

1.2

1.4

1.6

1.8

2.0

2.2

2.4

M
N

(G
eV

)

Experiment
QCD (nucleon)
QCD (Roper)
QCD (overlap + SEB)
QCD (clover + SEB)
QCD (clover + variation large)
QCD (clover + variation small)
QCD (overlap + variation)

BGR
Cyprus (twisted mass)
Cyprus (clover)
CSSM
JLab

Fig. 7. Top: Current status of positive-parity excitations of the proton from
Ref. [30] which compares results from Refs. [31–33]. Such studies which only use
three-quark operators miss the Roper and instead capture a higher lying excita-
tion. Bottom: Results for the positive-parity excitation spectrum of the proton
from Ref. [34] are shown. A large number of differently-smeared three-quark oper-
ators, combined with a domain-wall fermion sea, overlap valence fermions, and a
sequential Bayesian analysis method, seems to capture the Roper (magenta band),
but with rather large uncertainties.

It is evident that a definitive study of the Roper resonance needs multi-
hadron operators involving Nπ, Nσ, ∆π operators, as well as Nππ oper-
ators. Large volumes will be needed, as well as a three-particle amplitude
analysis, which has become available only recently [35].



2-A10.20 C. Morningstar

6. Conclusion

Recent innovations in the lattice QCD methods, such as the stochastic
LapH method and distillation, have facilitated reliable determinations of en-
ergies involving multi-hadron states. Large numbers of excited-state energy
levels can now be estimated, allowing scattering phase shifts to be computed
and hadron resonance properties, such as masses and decay widths, to be
determined. Our recent results for the ∆ and Λ(1405) resonances from lat-
tice QCD were highlighted. The famous Roper resonance is still a challenge,
but future studies involving three-particle operators may finally shed light
on this elusive hadron.
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2209167 and PHY-2514831. Computations were carried out on Frontera [36]
at the Texas Advanced Computing Center (TACC) under award PHY20009,
and at the National Energy Research Scientific Computing Center (NERSC),
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