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To investigate the role of surface energy coefficients, we perform a com-
parative study of heavy-ion fusion and quasi-elastic scattering reactions
simultaneously. The results show that the surface energy coefficient sig-
nificantly influences both fusion and quasi-elastic reactions. Our findings
reveal that proximity potential based on the 1977 version, with parameters
Yo = 1.08948 MeV/ fm? and ks = 1.9830, successfully reproduces the exper-
imental measurements of fusion and quasi-elastic scattering. The average
relative errors for the fusion cross section and quasi-elastic scattering data
for selected reactions are 0.0558 and 0.0826, respectively.
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1. Introduction

In recent years, extensive experimental and theoretical efforts have been
made to study the synthesis of superheavy nuclei through heavy-ion reac-
tions. For this purpose, numerous theoretical and experimental studies have
been performed on fusion and quasi-elastic scattering reactions [1, 2|. De-
termining the exact interaction potential between two nuclei is challenging
and requires ongoing research in this area.

From the perspective of quantum tunneling, quasi-elastic scattering
(a process that includes non-elastic scattering, transfer a small number of
nucleons, and energy exchange) is a suitable counterpart to heavy-ion fu-
sion reactions [3—5]. This is because quasi-elastic scattering depends on the
probability of reflection from the potential barrier, while fusion depends
on the probability of penetration through it. Furthermore, using experi-
mental values of the fusion excitation function and larg-angle quasi-elastic
scattering data, a similar barrier distribution (resulting from the coupling
of internal degrees of freedom with the relative motion of the projectile
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and target system) can be achieved [6]. Therefore, a unified description
of these cross sections near the Coulomb barrier is expected when using
the same nucleon-nucleon potential. In 2008, Wang and Scheid [7] showed
that using the Woods—Saxon potential and considering the experimental
fusion barrier distribution for spherical nuclear reactions, both fusion and
quasi-elastic scattering can be explained simultaneously; this potential also
predicts quasi-elastic cross sections for reactions lacking experimental data.

In recent years, the surface diffuseness anomaly has attracted consider-
able attention in heavy-ion fusion and scattering research [8, 9]. However,
the effects of nuclear matter incompressibility, which are crucial in fusion
reactions, are not accounted for in this potential [10]. In many studies
on nuclear reactions, the proximity potential has been employed, providing
a robust test and support for microscopic and macroscopic models of fusion
reactions [11-14].

In our previous work [15], we evaluated the performance of fourteen dif-
ferent proximity model versions in simultaneously reproducing fusion and
quasi-elastic cross sections. That study demonstrated that the proximity
potential 1977 (Prox77) and its modified version (Mod. Prox77) can accu-
rately estimate the cross sections of both phenomena. In this paper, we ex-
tend our previous work to simultaneously calculate fusion and quasi-elastic
scattering for different values of the surface energy constant and surface
asymmetry constant parameters, investigating the influence of these param-
eters with greater precision. For this purpose, we will examine the role of
the surface energy constant and the surface asymmetry constant.

The article is structured as follows. Section 2 reviews the proximity po-
tential. In Section 3, we introduce the method for calculating the fusion cross
section using barrier distribution and investigate quasi-elastic scattering us-
ing the same concept. Sections 4 and 5 present the results and discussion,
and the summary and conclusions, respectively.

2. Description of the interacting potential model

The proximity potential is based on the following concept: “The force
between two slightly curved surfaces in close proximity is proportional to the
interaction potential per unit area between two flat surfaces”. According to
the original version, known as the proximity potential 1977 [10], the nuclear
interaction potential between two surfaces Vi (r) is given by

Va(r) = dmybRD (7’0202> MeV . (1)
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Here, R is the mean curvature radius, defined as

C1Cq

R= 122
C1+ Oy

(2)

where C; represents the half-density radius of curvature of the nuclei, given

by
b 2
1— (=
(Ri> -

and R; is the effective nuclear radius

Ci = R; , (3)

Ri=128A"" —076+08A4; " fm  (i=1,2). (4)

In Eq. (1), &(x; = #) is a universal function that depends on the
separation distance between the surfaces of the two interacting nuclei. Unlike
R and ¢, which are independent of isospin, the surface energy coefficient ~y

in Eq. (2) is related to the neutron and proton excess through

N — Z\?2
= 1—
Y '70[ ks(N—i—Z)

where N and Z are the total numbers of neutrons and protons, ks is the sur-
face asymmetry constant, and g is the surface energy constant. In this ver-
sion, 7o and ks are 0.9517 MeV/ fm? and 1.7826, respectively. For a symmet-
rically interacting pair of nuclei (i.e., N = Z), v = 79 = 0.9517 MeV /fm?.
When (%—;g) = 0.5, v reduces to 0.5276 MeV /fm?. Defining the asym-
N1+N2—(Z1+Z2)

Ni1+Nao+(Z1+22)
is observed for asymmetric colliding pairs. Different versions of the prox-

imity potential are obtained by using various surface tension parameters ~y
[16, 17]. Assuming & as the minimum separation distance in units of the
surface width, the universal function @(§) in Prox77 is parameterized as

: (5)

metry parameter A; = | ], a sharp decrease in the potential

(€)= { —1(&—2.54)> —0.0852 (¢ —2.54)° for ¢ <1.2511, ©)

—3.437exp (—£/0.75) for € >1.2511.

Using the above equations, the nuclear part of the interaction potential Vi (r)
can be calculated. This model is referred to as Prox77.

Modified versions of Prox77 were introduced based on adjustments to the
surface energy coefficient [15]. Table 1 presents the 12 different subversions
of Prox77 used in this work.
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Table 1. The modified versions of the Prox77.

Yo [MeV /fm?| ks Ref.
Subversion 1 1.01734 1.79 [31]
Subversion 2 1.460734 4.0 [32]
Subversion 3 1.2402 3.0 [33]
Subversion 4 1.1756 2.2 [34]
Subversion 5 1.27326 2.5 [34]
Subversion 6 1.2502 2.4 [34]
Subversion 7 0.9517 2.6 [35]
Subversion 8 1.2496 2.3 [36]
Subversion 9 1.25284 2.345 [37]
Subversion 10 1.08948 1.9830 [38]
Subversion 11 |  0.9180 0.7546  [38]
Subversion 12 | 0.911445 2.2938  [3§]

Another version, called the Generalized Proximity 1977 (Gen. Prox77),
was introduced by defining the universal function as:

o(s) = —1.7817 4+ 0.927 5 4+ 0.0169 s* — 0.05148 s> for 0 < s < 1.9475,
7 —4.41 exp (—5/0.7176) for s> 1.9475
(7)

using the same constants as in Prox77. In this version, the radii Ry; are

defined as

b2
Roi:Ti—ffm, (8)
g
where r; = 1.284}% +0.84; /% —0.76 and b = 0.99 fm.

Other versions of the proximity potential can be found in Refs. [18-30)].

3. Calculation of fusion and quasi-elastic cross sections
considering barrier distribution

For spherical interacting nuclei, only a single potential barrier is encoun-
tered (the SBPM model). However, if we consider more realistic, deformed
nuclei, interacting nuclei collide with a distribution of potential barriers.
Deformed nuclei experience a broader barrier distribution due to additional
degrees of freedom, such as vibration and rotation.
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By obtaining the experimental barrier distribution, virtually all degrees
of freedom are accounted for, providing an accurate representation of the
nuclear potential. The experimental barrier distribution, obtained by tak-
ing the second numerical derivative of the product of the cross section and
energy with respect to the center-of-mass energy, serves as a reliable met-
ric for assessing the accuracy of theoretical methods and potentials. Here,
we compare the accuracy of different proximity potential versions by ex-
amining their predicted barrier distributions against experimental data. In
this method, the fusion cross section is calculated based on the penetration
model of a real multidimensional barrier using the following relation [41, 42]:

0tus(Bem) = | D(B)o},(Eem, B)AB, (9)

where aflus is the well-known Wong model

hwR? 2
Jflus(ECmvB) = Wﬁls In (1 + exp |:7;LC7: (Ecm - B):|> . (10)

cm

In the above equation, FE., denotes the center-of-mass energy, while B,
Rys, and Aw represent the barrier height, radius, and curvature, respectively.
These quantities can be calculated by fitting the fusion barrier to a parabolic
approximation. A decrease in barrier curvature increases the fusion cross
section, whereas an increase in barrier height reduces the probability of
tunneling, thereby decreasing the fusion cross section. D(B) is a normalized
weight function describing the barrier height distribution. Here, D(B) is
derived directly from fusion excitation functions using the second derivative
of Foyg,s with respect to energy

1 d*(Eo)
TRa(B) dE® (11)

D(B) =

Substituting experimental fusion cross-section values yields the experimental
barrier distribution, which can be modeled as a sum of Gaussian functions.
Assuming the weight function is described by two Gaussians, D;(B) and
Dy (B) [41, 42]

_ 27
DA(B) = ;e [—v%bfj;) (12)
and
1 (B — By)?]
Dy(B) = 2 /7 bs exp [—(21)2)22 (13)
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with
b= ;(Bo—Bo), (14)
b = 5 (Bo— Bo), (15)
By = B.+ b1, (16)
By = B.+bs. (17)

Here, By is the fusion barrier height, and B, = f By is the effective ex-
perimental barrier height, accounting for coupling effects such as dynamic
deformation. The optimal reduction factor f is set to 0.922 for Prox77 [15].
The effective weight function Deg is defined as

| Di(B) for B < By,
Dert = { Davg(B) for B> By, (18)

where
Dy(B) + D2(B)
2 Y

and B, is the intersection point of Dy and Daye. As seen from these equa-
tions, the peak and width of Deg(B) depend primarily on the barrier height
By, except for the v factor in Dq(B), which accounts for nuclear structure
effects. In Egs. (12) and (13), D(B) are weighting functions that incorpo-
rate coupling effects such as deformation, vibration, and transfer. For fusion
reactions involving nuclei near the stability line (without closed shells) and

for energies near and above the barrier, we set v+ = 1. The average barrier
. [ BD.g(B)dB
helght Bm = W,

full width at half maximum (FWHM) can be readily obtained from Deg(B).

As previously mentioned, large-angle quasi-elastic scattering data can be
reproduced using the barrier distribution function derived for fusion reac-
tions [43, 44]. Using Deg at energies near the Coulomb barrier, we have 7]

Dan(B) =

the most probable barrier height B, and the

dogel

1 7 dog
Ecm = D B)— EcmaB dB Pcorra 19
2 Een) = 5 [ Det(B) 7 (B, BB + (19)
0

where Fj is the normalization constant given by Fy = fooo D.g(B)dB, and

ig;‘{l is the ratio of elastic to Rutherford scattering cross sections |30, 41]. At

the backward angle (f = ), this ratio is expressed within the semi-classical
perturbation method as
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doe B W(Rc) [Z1Zy7 exp | — 722 (Eem — B)|
(Ecma B) =1+ - 2 ’
dUR Ecm Ecm a 1+€Xp| _E(Ecm_B)‘
(20)

where VN (Rc) is the nuclear potential at the Coulomb turning point R¢ =

Z}EZﬁQ. The scattering parameter is ¢ = 0.75, and FE¢, and hw are the
center-of-mass energy and barrier curvature, respectlvely The correction
term Propy in Eq. (19) accounts for nucleon transfer effects in quasi-elastic
scattering [42].

4. Results and discussion

In this study, we examined different versions of the proximity potential
for the following reactions:

160 4 116SH,
160 —|—208Pb,

160 + 144811’1,
328 + 110Pd.

160+64ZI], 160 4 9221,7 160+154Sm,

160 + 186W
)
Experimental data for fusion and quasi-elastic cross sections of these

reactions are available in Refs. [48-50]. The total interaction potential is
obtained by summing the nuclear and Coulomb potentials

AV
Vier(r) = Var(r) + Vo(r) = Vi (r) + =2, (21)
where Z; and Zs are the atomic numbers of the interacting nuclei. The
barrier position Rp and height V5 are determined by the conditions
2
<th°t(r)> -0, (d Vt;)t(r)) <0. (22)
dr r=Rp d*r r=Rp

Knowledge of the potential shape and the parameters Rg and Vg allow us
to calculate theoretical fusion cross sections using Eqgs. (9)—(19). The input
parameters for calculating fusion and quasi-elastic scattering cross sections
are listed in Table 2. Since barrier height and position are not directly
measured, they are not ideal for assessing potential accuracy. Therefore, we
evaluate the accuracy using the average relative errors for fusion x% (fus)
and quasi-elastic x%(qel) cross sections

Xh (fus)

X3 (qel)

==

==

>
>

=1

N

(i
(i

theory
fus
theory
Otus

theory
qel
theory
qel

_l’_

_l’_

exp 2
~ Tfus

exp ’

Otus

exp\ 2
qul

exp ’

qel
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where N is the number of reactions. The computed average relative errors
(x?) are reported in Fig. 1. It is evident that subversion 10, with vg =
1.08948 MeV /fm? and ks = 1.9830, yields the smallest x? values among all

subversions.

Table 2. The input parameters of the fusion barriers and quasi-elastic scattering

A.M. IZADPANAH, V. ZANGANEH, A. SADEGHLOO

cross section for subversion 10.
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Fig. 1. The sorted average values of x2 based on different proximity potentials and
subversions for fusion (fus.) and quasi-elastic (qel.) scattering cross sections.

Reactions By Ry hw
160 4 647Zn | 34.714  9.250 2.503
160 4+ 927r | 43.877  9.750 3.173
160 4 1165y | 52.977  10.000 3.970
160 4 1448 | 63.490 10.500 3.953
160 4 1548m | 62.606 10.500 4.316
160 4 186w | 72.397 11.0 4.194
160 4 208Pph | 78.649 11.25  4.275
329 4+ 110pq | 93.244 10.50  5.380
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According to Fig. 1, all proximity versions studied describe fusion cross
sections systematically better than quasi-elastic cross sections. Another no-
table result is that the minimum average x? values for both fusion and
quasi-elastic scattering cross sections correspond to subversion 10. To bet-
ter understand the deviations for each reaction, the x? values are provided
in Tables 3 and 4.

Table 3. The x? values of fusion cross section of each of reactions for different
theoretical models.

Model 160 4 647y 160 4 927y 160 4 1165y 16 4 144Gy, 160 4 184Gy, 16 4 186\ 160 4 208p}, 325 4 110pq
Prox00DP 0.0745 0.0388 0.0574 0.1106 0.1578 0.0451 0.005 0.0863
AW95 0.0588 0.0167 0.0173 0.0861 0.2337 0.0733 0.0071 0.2248
Bass73 0.0646 0.1983 0.2212 0.1863 0.1776 0.1131 0.0808 0.4299
Bass74 0.0122 0.0997 0.1479 0.1209 0.1578 0.0626 0.0372 0.3608
Bass77 0.0715 0.0767 0.0149 0.0317 0.268 0.1679 0.0649 0.2209
Bass80 0.0703 0.0664 0.0329 0.1106 0.2336 0.1142 0.0106 0.2717
BW91 0.1006 0.1118 0.0088 0.047 0.2391 0.1455 0.0198 0.2411
CW176 0.1497 0.0288 0.0092 0.1043 0.2301 0.0099 0.0395 0.0906
DP 0.0541 0.0523 0.0373 0.1015 0.2119 0.0733 0.0026 0.2828
Gen.prox77 0.1233 0.0436 0.0295 0.0675 0.2008 0.0307 0.0054 0.1104
Mod.prox88 0.1121 0.0459 0.0106 0.0788 0.2795 0.0862 0.016 0.2885
MWS 0.0896 0.0362 0.0355 0.0884 0.1837 0.0252 0.0106 0.2039
P00 0.4541 0.4886 0.4957 0.5186 0.6272 0.6153 0.5415 0.3286
Prox2010 0.119 0.0889 0.0163 0.0407 0.2494 0.1795 0.0678 0.1899
Prox77 0.1384 0.0153 0.035 0.0777 0.1759 0.0149 0.0168 0.0904
Prox88 0.1209 0.0212 0.0073 0.0794 0.235 0.0527 0.014 0.1972
PDP 0.1404 0.1321 0.0077 0.0587 0.2747 0.1098 0.0261 0.0895
Subversion1 0.1024 0.0106 0.0695 0.1097 0.1082 0.0025 0.0214 0.0257
Subversion2 0.0055 0.098 0.212 0.2658 0.0239 0.1214 0.1285 0.2006
Subversion3 0.0345 0.0459 0.1504 0.2081 0.0271 0.0565 0.0786 0.0596
Subversion4 0.0507 0.0238 0.1307 0.188 0.0404 0.0425 0.0697 0.0449
Subversion 0.027 0.0651 0.1658 0.2241 0.0137 0.0885 0.1013 0.0887
Subversion6 0.0318 0.055 0.1583 0.2165 0.017 0.0781 0.0946 0.0748
Subversion7 0.1395 0.0203 0.0308 0.0687 0.2019 0.0338 0.0208 0.1073
Subversion8 0.0318 0.0554 0.1588 0.2171 0.0163 0.0805 0.0964 0.0753
Subversion9 0.0312 0.0566 0.1596 0.2179 0.016 0.0812 0.0967 0.0767
Subversion10 0.0785 0.0036 0.1077 0.1485 0.0492 0.0109 0.041 0.0074
Subversion11 0.1564 0.0276 0.0276 0.0644 0.1785 0.014 0.0169 0.1144

Subversion12 0.1623 0.0461 0.0184 0.0448 0.2309 0.0596 0.0313 0.1578
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Table 4. The x? values of quasi-elastic scattering cross section of each of reactions
for different theoretical models.

Model 160 4 64Zn 160 4927y 160 4 1165 160 4 1449m 160 4 194gm 160 4 186\ 16 4 208pp, 325 4 110pq
Prox00DP 0.004 0.512 0.2571 0.1189 0.0686 0.0345 0.0472 0.0736
AW95 0.0357 0.5947 0.3203 0.1947 0.1878 0.0966 0.1472 0.1811
Bass73 0.3088 0.7288 0.4689 0.2965 0.2766 0.108 0.1186 0.1027
Bass74 0.106 0.5864 0.285 0.0763 0.035 0.0055 0.0368 0.002
Bass77 0.0414 0.6044 0.3291 0.2015 0.198 0.0974 0.1454 0.2449
Bass80 0.0638 0.6356 0.3732 0.2842 0.2772 0.1649 0.2747 0.2917
BW91 0.0655 0.6414 0.3703 0.2922 0.284 0.1654 0.2915 0.3216
CW76 0.1403 0.656 0.4363 0.3232 0.3472 0.1832 0.3115 0.3502
DP 0.0196 0.5605 0.2937 0.1593 0.1253 0.0624 0.0825 0.0999
Gen.prox77 0.0048 0.4266 0.1763 0.0229 0.0053 0.0025 0.0286 0.0082
Mod.prox88 0.0888 0.6418 0.3775 0.2802 0.2814 0.154 0.2732 0.2944
MWS 9E-4 0.4271 0.1776 0.0246 0.0051 0.0022 0.0298 0.0015
Prox00 0.0814 1.3546 0.1521 0.1328 0.2019 0.1269 0.2875 0.0326
Prox2010 0.0301 0.5844 0.3011 0.1868 0.1579 0.0861 0.1388 0.1727
Prox77 0.0102 0.4626 0.1404 0.0055 0.0218 0.0074 0.0626 0.004
Prox88 0.0047 0.4925 0.2464 0.0963 0.0625 0.0309 0.0503 0.0663
PDP 0.0106 0.4307 0.1969 0.0334 0.0306 0.0281 0.113 0.0202
Subversionl 0.0061 0.443 0.1501 0.0085 0.011 0.0035 0.0486 0.0027
Subversion2 0.0033 0.0086 0.0201 0.0162 0.0029 0.0041 0.0017 0.0167
Subversion3 1E-4 0.4338 0.1906 0.0376 0.0029 0.0024 0.0179 0.021
Subversion4 4E-4 0.4316 0.1811 0.028 0.0024 0.0015 0.0211 0.0163
Subversion 3E-4 0.4374 0.1992 0.0474 0.0054 0.0056 0.0115 0.0278
Subversion6 1E-4 0.4353 0.1949 0.0425 0.0043 0.0044 0.0131 0.0243
Subversion7 0.0103 0.4665 0.1388 0.0052 0.027 0.0108 0.0745 0.0046
Subversion8 1E-4 0.4354 0.1951 0.0428 0.0045 0.0046 0.0126 0.0246
Subversion9 1E-4 0.4357 0.1956 0.0434 0.0046 0.0047 0.0126 0.025
Subversion10 0.0021 0.4343 0.1631 0.0154 0.0045 0.0013 0.0345 0.0059
Subversion11 0.0124 0.4717 0.1378 0.0051 0.0223 0.0072 0.0607 0.005
Subversion12 0.0132 0.4835 0.1348 0.0054 0.0335 0.0146 0.0849 0.0071

To illustrate the energy-dependent behavior of fusion and quasi-elastic
scattering cross sections based on the barrier distribution approach, we com-
pare theoretical models (Prox77, Prox2010, Prox88, PDP, CW76, Bass80,
Bass77, and subversion 10) with experimental data for the reactions 160 +
927y and 3?S + "9Pd in Fig. 2. The figure shows acceptable agreement
between our results and experimental data. However, for the 328 + 119Pd
reaction, the calculated values overestimate the experimental data, likely
due to significant nuclear transfer effects in this reaction [52].
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Fig.2. Comparison of the fusion (left) and ratio of quasi-elastic-to-Rutherford
(right) cross sections with experimental data.

Based on the above results, theoretical values of fusion and the quasi-
elastic-to-Rutherford cross-section ratio from subversion 10 are compared
with experimental data in Figs. 3 and 4. Additionally, panel (c-1) of Fig. 4
displays the fusion barrier distribution for %0 + 208Pb calculated using
the present method as an example. In Fig. 3 (b-1) for the ¢O + 1168n
reaction, a discrepancy between predictions and experimental data is ob-
served. This is because the average barrier height calculated by subversion 10
(50.573947 MeV) is lower than both the experimental value (52.977657 MeV)
and the SAGBD calculation (53.65 MeV) [53], leading to an overestimation
of the fusion cross section. Moreover, 10 +1168n are double closed-shell nu-
clei, considered stiff, which may require adjustments in the EBDM method
used for such systems.
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To demonstrate the role of the total interaction potential and the sur-
face energy coefficient, we plot the total potential for different subversions.
The results for 60 + 2%%Pb are shown in Fig. 5. As seen, increasing 7o
enhances the attractive nuclear potential component, which can dominate
the repulsive Coulomb force.
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Fig.5. Total potential as a distance for the 6O + 2%8Pb reaction using different
subversions of proximity 1977.

Figure 6 compares the total interaction potential as a function of the
internuclear distance for the 60 4 298Pb system, calculated using various
theoretical models (e.g., Prox77, Prox88, Bass80, etc.) and subversion 10
of the Prox77 potential. The subversion 10 potential exhibits a stronger
attractive nuclear component at intermediate distances compared to other
models. This enhanced attraction leads to a lower and broader barrier,
which is crucial for reproducing both fusion and quasi-elastic scattering data.
The proximity of the subversion 10 curve to the expected phenomenological
behavior underscores its suitability for a unified description of heavy-ion
reactions near the Coulomb barrier.

Finally, Fig. 7 presents fusion barrier distributions for the (a) 60+ 92Zr
and (b) 190 + 28Pb systems using subversion 10 of the Prox77 potential
compared with experimental data. The barrier distribution, extracted from
the second derivative of the excitation function, reflects the coupling of inter-
nal degrees of freedom (such as deformations and vibrations) to the relative
motion. For both systems, the subversion 10 results closely follow the exper-
imental trends, capturing the peak positions and widths of the distributions.
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Fig.6. Total potential as a radius for the %0 + 298Pb reaction using different
theoretical models and subversionl10.

The narrower distribution for 60 + 2%%Pb indicates weaker coupling effects,
whereas the broader distribution for 10 + 92Zr suggests stronger structural
couplings. The agreement demonstrates that subversion 10, with its op-
timized surface parameters, reliably accounts for the dynamic effects that
govern both fusion and quasi-elastic scattering cross sections.
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Fig. 7. The calculated barrier distributions of the (a) *0+92Zr and (b) 0 +2%Pb
systems. In these calculations, it has been assumed that AE = 2.0 MeV.
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5. Conclusions

In this work, we investigated the influence of the surface energy con-
stant () and surface asymmetry constant (ks) on fusion and quasi-elastic
scattering cross sections simultaneously. The nuclear potential was studied
using the Prox77 model with different sets of v and k parameters. This
study identifies which parameter set can most accurately describe both
fusion and quasi-elastic cross sections concurrently. Our comparison with
available experimental data indicates that subversion 10, with parameters

Yo = 1.08948 MeV/ fm? and ks = 1.9830, explains the fusion excitation func-

tion and quasi-elastic scattering with average deviation errors x? of 0.0558

and 0.0826, respectively.
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