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The internal structure of hadrons is characterized by form factors which
correspond to matrix elements of currents. Among those, the stress-energy-
momentum tensor is a universally conserved quantity providing the grav-
itational form factors, from which mechanical properties may be derived
via the response to the space-time fluctuations. They have received much
attention due to their role as moments of the Generalized Parton Distribu-
tions, where the stress-energy-momentum tensor couples to two photons,
and more recently, due to the explicit lattice QCD determination for the
pion and nucleon. In these lectures, we attempt a pedagogical review of
the topic from a purely hadronic point of view, based on the notion of
dispersion relations, meson dominance, and parton-hadron duality. We
show that despite the overwhelming simplicity of the approach, a rather
successful description of the lattice QCD data is achieved.
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1. Introduction

Hadrons are extended quantum objects which feel the strong interaction
and have a variety of properties such as mass, spin, charge, radii, magnetic
moments, etc., which ultimately characterize them. The finite extension,
typically about 0.5—1 fm, suggests that these properties actually correspond
to integrated extended distributions which certainly are not homogeneous or
isotropic. As a general principle, they become distinctly accessible by not-
ing that hadrons behave differently under different external perturbations.
These perturbations must be small enough such that the back reaction on
the external perturbation can be neglected, but simultaneously large enough
in order to provide a measurable cross section in a scattering process.

Since the discovery of the internal structure of the proton by Hofs-
tadter [1, 2|, the main source of experimental information on intrinsic prop-
erties of hadrons has been the electron scattering. This allows one to figure
out the electric and magnetic distributions under the assumption of the
one-photon exchange. Likewise, the neutrino and muon scattering makes
it possible to determine the axial and pseudoscalar distributions under the
one-Z°% or W# boson exchange. On the opposite extreme, distributions as-
sociated with strong hadronic probes, often described by the pion exchange,
are difficult to assess since they distort the probe strongly! Finally, the
gravitational interaction, characterized by the one-graviton exchange mech-
anism, would provide the energy density, pressure, and stress distributions
inside the hadron. However, the gravitational interaction, which couples to
all objects, is so small that it does not produce any measurable response,
hence a one-graviton exchange remains a gedanken process. Thus, a question
arises: how can one determine the mechanical and gravitational properties
of hadrons, such as the mass, momentum, or pressure densities, without ever
explicitly using the gravitons?!

In these lectures, we concentrate on the mechanical properties of hadrons
and the corresponding gravitational form factors (GFFs), focusing in partic-
ular on the pion and the nucleon as prominent examples. While the GFF
concept is rather old, with many notable studies done in the past [7—14], it
has until recently not been pursued quantitatively and realistically due to
the lack of experimental data for the reasons mentioned above.

However, the field experienced a renaissance after the proposals of study-
ing the deeply virtual Compton scattering (DVCS) in terms of the General-
ized Parton Distributions (GPDs), from which GFFs arise as moments |15,
16] in the Bjorken-z variable. Then, the D-term was discovered [17] and
a semiclassical interpretation was put forward [18, 19].

! We disregard here the old problem of quantizing gravity as a fundamental theory in
a consistent manner [3, 4], noting that the effective field theory (EFT) approach is
sufficient [5] (see [6] for a recent overview).
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A second renaissance was triggered by the MIT group’s [20, 21| direct
lattice QCD computation of the relevant matrix elements in the space-like re-
gion 0 < —t < 2 GeV? with an almost physical pion mass (170 MeV), where
a benchmarking 5% precision for the nucleon and the pion GFFs has been
reached. This greatly improved the seminal studies of the quark parts [22,
23], recently redone with m, = 250 MeV [24], the gluonic parts [25], and
the gluonic trace anomaly component [26] at larger values of m.

From the phenomenological side, a way of extracting GFFs of the pion
from the vy* — 7970 data [27] was proposed in [28], with further experimen-
tal prospects to emerge at Super-KEKB and ILC. For the nucleon case, con-
straints on GFFs have been obtained via DVCS from CLAS at JLab [29, 30],
and from the GlueX [31] data for the J/v¢ photoproduction [32]. An ex-
traction of the proton mass radius based on photoproduction of the vector
charmoniums was made in [33]. An estimate of the mass radius [34] was
computed, and a determination of GFFs from the Compton form factors
was made in [35]. Hadronic generalized distribution amplitudes were con-
sidered as a gateway to the time-like GFFs in [36-38]. A sophisticated fit to
the data was carried out in [39]. In [40], access to GPDs from the Sullivan
process was proposed.

Model calculations of the pion GFFs were carried out in numerous ap-
proaches, including chiral effective Lagrangians at small [41-43| and finite
momenta [44-61].

For the nucleon, the large-N, scaling was obtained in [62], while the
leading chiral corrections were addressed in the heavy baryon [63-66] or
covariant |67, 68| frameworks. Further model estimates were made in the
Skyrmion [69, 70|, the chiral quark soliton model [71], the MIT bag model [72],
the holographic QCD model [73, 74], and in AdS/QCD [56, 75-79]. The
light-front formulation with valence quarks was considered in [80], and a full
QCD light-front modeling was presented in [81]. The QCD sum rules were
applied in [82, 83]. A flavor decomposition within the light-cone sum rule
approach was carried out in [84]. A decomposition of the nucleon GFFs in
terms of quarks and gluons was proposed in [85]. A chiral soliton calcula-
tion incorporating dilaton fields was presented in [86]. The parity doubling
model was applied in [87]. A classical model of the nucleon was investi-
gated in [88]. A dilaton effective theory was explored in [89, 90]. Finally,
a dispersive determination was accomplished in [91].

Importantly, the leading-order perturbative QCD (pQCD) asymptotic
behavior of the pion and nucleon GFFs was obtained in [55, 92, 93].

Energy and momentum densities can be directly measured in a classi-
cal fluid, be it a gas or a liquid, by placing a thermometer and a barometer
or manometer inside the system. This is what is involved in the measurement
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at any meteorological station used for weather forecasting. Clearly, this
procedure is only possible for liquids and gases. In a solid, we cannot place
any measuring device inside unless we dig a hole, but one can still study
the response to external forces, namely stresses or heating. The situation in
a femtoscopic system such as a hadron is even more difficult, since the only
way of perturbing the hadron requires a space-time gravitational fluctuation
with a shorter wavelength than the hadron size. A recent discussion of these
issues at the hadronic level is presented in [94].

In standard Quantum Field Theory textbooks, SEM is routinely de-
scribed in the introductory chapters as a conserved Noether current corre-
sponding to the symmetry of the arbitrariness of space-time coordinates.
Actually, this symmetry may be the only continuous one characterizing the
dynamics of a given system, like, for instance, in the case of a neutral spin-0
particle. Due to its connection to gravity, the topic has been regarded as
a purely academic subject. The mentioned appearance of the lattice QCD
calculations provides a first principles determination of the mechanical prop-
erties.

Mathematically, the energy and momentum are identified as group gener-
ators of the time and space translations, whereas the angular momentum and
relativistic invariance correspond to rotations and boosts. A more physical
definition involves the inclusion of test particles, such that the total energy
and momentum are conserved if we consider the object and the measuring
device as an isolated system.

In these lectures, we review in a pedagogical way some basic facts of
SEM in a variety of frameworks, from the classical point mechanics to the
quantum field theory, with the purpose of demystifying the concept. The
second part is more phenomenological and largely based on [95-98|, where
a good deal of details and further explanations can be found.

2. Particle seismology

We first focus on and review how hadron masses respond to a space-time
deformation of the constant Lorentz metric n*¥,

" =" 4+ Agh(x). (1)

Clearly, the scale of this deformation must be smaller than the hadron size.
Then we can visualize it as a “micro-earthquake” inside the hadron, such
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that the mass changes locally?

5M
o (x)

This provides the gravitational densities and stress inside a hadron

M — M + /d%Ag’W(w)

oM

Tir (7) = =255y

= (H[@" (2)|H) . (3)

gl“’:'y]l“’

The physical normalized hadron state is generally described as a wave
packet

= Z/‘“P s(p)oy (p° — M?) [p ), (4)

where 5, (p? — M?) = 0(p - n)d(p* — M?) is the on-shell spectral condition
imposed on a given hypersurface with a normal vector n. Using the trans-
lational invariance O* () = @M (0) e~ we get

T[;;u(x) /d4 d4 / z:c (p—p’)d-i- (p/2 - M?) 5t (pQ o MQ)

XZ¢5 T, 510" (0)lp, s)¢s(p) ()

where the matrix element can be decomposed into the Lorentz irreducible
and symmetric structures

', 16" (0)|p, s) ZO“ v.,s,p,s)Gi (4% , (6)

with O (p', s',p,s) = O/*(p, s, p, s). Besides, if the total system including
also the metric as a dynamical degree of freedom does not depend on the
particular choice of the space-time coordinates (the equivalence principle),
then ¢, O (¢, s, p,s) = 0. The Lorentz-invariant coefficients G;(¢?) depend
only on the momentum transfer due to the on-shell conditions p? = p/? =
MIQ_I and are termed the gravitational form factors (GFFs).

2 Actually, the proper terminology should probably be “femto-hadron-quake”. General
relativity literature often uses the notation for weak fields Agh”(xz) = h*"(x). We
make the distintion between the full metric g"”(x) and the constant flat metric n*”
only in this section. For the rest of the lectures, we will take g"*” as the flat metric.
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Among these form factors, there is one, D — the Druck term, which turns
out to be an intrinsic hadronic property [17] associated with the conserved
operator

oY (v'.p) =¢"¢" — ¢"'¢® = D () . (7)

and which corresponds to a change of the mass against a local variation of
the curvature

4
Di() = 5%5 - / (;34 1D () = D(0) = / d%%, (®)

where R(z) = g"(x)R,(x) is the scalar curvature and R, (x) the Ricci
curvature tensor (see e.g. Ref. [42] for conventions) and D(g?) is the D-form
factor. Note that close to the flat limit, Eq. (1), one has AR = (0"9" —
n“"@Q)AgMV. Like any form factor, this function is analytic in the complex
q°-plane except for a branch cut along the positive real axis, so < s < o0,
where sq is a threshold (for the pion and nucleon sg = 4m2) 3.

In QCD, D(q?) falls off faster® than 1/¢? [55, 92, 93], hence satisfies an
unsubtracted dispersion relation

D(t) = jr/dshzl_)(:) = D(0) = i/dsmf(s). (9)

The spectral function Im D(s) corresponds to a virtual gravitational hadron—
antihadron production ¢* — HH in the scalar 0TF and tensor 2+ quantum
number channels. As we will see later, in QCD, it is not positive definite
due to the superconvergence sum rules. The value D(0) is a gravitational
property of the hadron, which is dynamical and cannot be deduced from
a hadronic symmetry, similarly to the anomalous magnetic moments or the
axial coupling constant of the nucleon. However, it is finite and unambigu-
ous. To what extent the spectral function Im D(s) can be determined in
practice from our knowledge of the meson spectrum in the scalar 0T and
tensor 2*1 channels, will be discussed later on (Section 8).

3. Stress-energy-momentum tensor primer: particles

In order to grasp the meaning of SEM, we start from the classical parti-
cles, both non-relativistic and relativistic, and then proceed to field theory

3 In the nucleon case, there is an additional subthreshold logarithmic singularity at
Sq = Am2 — mi/MJQV, which stems from the ¢ — 7r — NN triangle process, and
distorts greatly the threshold behavior of the form factor.

4 For mesons — D ~ 1/(¢q?log ¢*), whereas for baryons — D ~ 1/(¢*log¢*)?.
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and the interaction of classical particles with fields [99-103]. The bottomline
is that only point-like interactions satisfy the SEM conservation locally with
local densities and currents.

3.1. Classical particles

Classical particles are characterized as being point-like. Thus, the den-
sity or concentration of a particle located at point zg is just a simple Dirac
delta function

n(z) = dé(x — xo) . (10)

Correspondingly, for a particle with mass m and charge ¢, the corresponding
mass and charge densities are given by

pm(x) = mn(z) = mé(x — xp) , pq(x) = qn(z) = ¢d(z —x9). (11)
For a particle under external (conservative) forces, we have Newton’s law
d?x
from where we explicitly find the energy conservation
1 (dz\? dE
2<dt> +V(z) = & 0 (13)

Thus, a concentration of a collection of moving particles fulfills

n(z,t) = Z Sz —ai(t) = On=—)_ ‘Zﬁi Vi(x —xi(t)),  (14)

which in terms of the current or flux of particles implies the continuity
equation

j(z,1) zzozia(x—xi(t)) — O +V-j=0. (15)

%

From here, one defines the momentum density

Plo,t) =mj(z,t) = > muid(z — zi(t)) (16)
such that
. d?z; dz; dz;
OP(z,t) = Zm a2 Sz —xi(t)) — -Vo(x — zi(t))

- dt dt

K3
L&

= —6V(x)n(a:, t) —mVT(x,t), (17)
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where we have introduced the stress tensor
dxf dxf
- de dt

Top(,) = 8(x — (1)) (18)

s
and the dyadic product notation AT. Finally, the energy density is naturally
defined as

1 /d#\?
H(z,t) = Z 5 < 5 > §(x — zi(t)) + V(z)n(z,t), (19)
which fulfills
OH(x,t)+ V- Jg(x,t) = =V (z)Vj(x,t) (20)
in terms of the energy flux
- 1 /d%\?d7
Jg = ZZ 3 ( 57 ) 5 0@ — (1)) (21)

3.2. Phase-space point of view

While we are mainly interested in local quantities, formulas get simpler
with the phase-space Hamiltonian dynamics, where

Z=V,H=V,E=7,
H(p,x) = E(p) +V(z) = { . (22)
p=-V.H=-VV(z).

The phase-space density reads
W(z,p,t) =) 6z —ai(t)8(p —pi(t)), (23)
which fulfills Liouville’s equation
oW + 0p,HO,W — NV, HO,W =0 (24)
and the Poisson bracket formula
{A,B} = 0,A0,B — 0,A0,B = oW +{H,W}=0. (25)
The local quantities are obtained by

Az, t) = /dpA(x,p)W(m,p, t). (26)

The correspondence is summarized in Table 1.
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Table 1. Phase-space functions and the corresponding local quantities.

A(z,p)
O(z,t)

piH
JE(QT, t)

Pipi

1 p | H(z,p)
n(z,t) | Pla,t) | H(x,t)

3.3. Relativistic particles

The previous results make the transition to the relativistic Hamiltonian
dynamics straightforward

5 _ D -
x—va— =,

H(p,x) = /p*+m?+V(z) = { : p*+m? (27)
§=—V.H .

!
|
<
=
&

The energy and momentum densities become

Hat) = 3 P2 +m?6(x — ) + nla, OV (@), (28)
Pz, t) = Zpid(m —z;), (29)

with the continuity equation
OH(z,t) +V -P(x,t) = V(z)on(z,t) = -VV-J. (30)

Relativistically, the momentum density and the energy flux coincide, since
7 = 0,F and thus = UE °. The stress tensor is now defined as

T (3. ) = 7])?;02’ d(x —xi(t
(@,t) =) (z — (1))
i \/p?+m?

— O,P(z,t) + VT(2,t) = =VV(z)n(z,t). (31)

We can combine the previous definitions into a four dimensional SEM

= (B ) = AT = (32)

which is symmetric

TH = TV (33)

5 This is not the case non-relativistically if we ignore the rest mass, i.e. we only consider
the kinetic energy flux op?/2m.



4-A6.10 E. Ruiz ARRIOLA, W. BRONIOWSKI

Note that the trace of SEM is given by
2
ThHa) =Y~ b(z — 2i(t) = ¢ — 3p > 0, (34)

T \/p?+m?

where € is the energy density and p is the pressure, and is manifestly positive
for massive particles and zero for massless particles®.

8.4. Particle interactions: non-locality and the no-go theorem

The above discussion concerned non-interacting particles in external po-
tentials, hence the next natural step would be to include interactions. This
is, however, not so straightforward. In the non-relativistic case for a finite-
range two-particle interaction characterized by a potential vio = V(|1 —Z2|),
the local conservation law for SEM holds for the point-like particles, but
the corresponding currents are non-local unless the interaction has zero
range [103]. Besides, it turns out that it is impossible to construct a Hamil-
tonian or Lagrangian description of a system of interacting particles that
is both relativistically invariant and contains non-trivial interactions [104].
Thus, the only logical way out is to consider the external fields as dynami-
cal [100].

4. Energy momentum tensor primer: fields and test particles

4.1. Electrodynamics and the field energy

The best (and first) known example of dynamical fields coupled to parti-
cles is provided by classical electrodynamics and the discovery by Poynting
in 1884 [105], where he first realized that fields carry the energy and mo-
mentum which can be exchanged with particles. Moreover, he also noticed
that both the momentum density and the energy flux coincide (the Poynt-
ing vector), in harmony with the relativistic invariance. The main idea is as
follows: the particle dynamics is governed by the Lorentz force

@:qi[ﬁ+5i/\§:|, 5= (35)
1-— v?

The electric charge density and currents are now given by
palz,t) = > qid(x — zi(t)), (36)
i

-

Jy(x,t) = Z qivid (x — xi(t)), (37)

6 Interestingly, this positivity condition does not in general hold in QCD. In particular,
the pion violates it at sufficiently small distances (see Ref. [97]).
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and satisfy the charge continuity equation
Bypy(,t) + V - Jy(z,t) = 0. (38)

The dynamical electric and magnetic fields obey Maxwell’s equations (we
use natural units)

VAE=-0,B, VAB=J,+8E, V-E=p,, V-B=0.(39)

From Maxwell’s equations we have, after some straightforward manipula-
tions, the local conservation laws

OH+V-P =0, (40)
OP+VT =0, (41)

where
1
H = §[E2+B2]+Z\/p§+m?5(x71:i),
P = E/\B—i—Zﬁi(S(x—xi),

PaPb

N

Thus, when we place matter, we obtain the total energy and momentum
conservation

1
Tab = EaBy — 500 E” + BaBy — ab32 - Z Oz — ;). (42)

X d :c”;'-[ﬁeld—kz:vZ i = 0 = H energy density,

T d xPﬁcld—i-Z pi = 0 = P momentum density .

This allows one to identify Hgelq and Prelq physically in the vacuum as the
energy and momentum densities without any ambiguity. The local character
of the SEM conservation law makes it possible to compute scattering of
EM waves (such as the Thomson scattering). Besides, the fact that we use
test particles, which due to relativity provides a symmetric SEM, enforces
the same symmetry feature on the field piece. It is remarkable that even
though particles interact through fields, both the total energies and momenta
are additive. This is, however, a very special feature of electrodynamics.
Moreover, we can identify the field energy and momentum by placing test
particles and checking for the energy and momentum conservation’.

" This does not prevent us from eventually running into contradictions when Maxwell’s
and Lorentz’s equations are solved self-consistently; as a general rule, they can only
be used to first-order perturbation theory (see, e.g., Ref. [106]).
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4.2. Schrodinger field

The identification of energy and momentum in quantum mechanics usu-
ally comes from the correspondence principle, i.e., the fact that for A — 0
quantum mechanics should become classical. Here, we show that classical
test particles can be added to a Schrodinger field in such a way that the
identification arises from the total energy and momentum conservation®.

The time-dependent Schrédinger equation in a time-independent poten-
tial V(x) has two constants of motion: the probability and the energy,

i d3 2 — 0
i = _ngw_i_vw — dt f 1'|17Z}| ) (43)
2 d 1
m g [ Pz 5o VY + V() |[plP] =0,

as can be explicitly checked. The differential form of these conservation laws
can be written in terms of the probability density and the probability flux

{n(z,w =[x, 1),

J(x,t) = 50 [V* Vi — VY]

and the energy density and the energy flux
H(w,t) = 5= VO + V(@) + & V2 v,
{JE(x,t) = o0 [V* V) — V2 V] .

2ma

— On+V-J=0, (44)

(45)

Considering a collection of classical particles yields also the preservation of
the momentum

{iw = 5=V + 3, V(e —zi)),

. (46)
pi ==V [ PxV(x—zi(t)(z, )],
P=%.pi+ fd%mf(a;,t),

E=Y 20+ [P L VP + 3, V(e — o)) .

Note, however, that unlike the EM case, the total conserved energy is non-
additive. Finally, we note that a local SEM conservation is not possible
unless the interaction V(x — x;) has exactly zero range, in harmony with the
classical result (see Section 3.4).

8 The interaction in quantum and classical systems has been an object of repeated
studies in the past, where impediments to a canonical structure have been spelled
out [107]. Our setup corresponds to the interaction of a classical field with a classical
particle.
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4.8. Neutral Klein—Gordon field

The last example presents an interesting case of a scalar neutral field,
where the probability is certainly not conserved, but the energy and mo-
mentum are. The free Klein—Gordon (KG) equation reads

(07 —=V*+m?) ¢ =0. (48)
Its solutions fulfill the continuity equations

OiHy + Vﬁ(b =0,

0Py +VTy =0, (49)
where
1 2 1 2 1 2,2
Hy = 5(8@) +§(V¢) +§m ¢,
Py = —0V9,
Ti = VioVio+ 30 [0 = (Vo +m2¢] . (50)

In order to properly identify H and P as the energy and momentum densities
of the scalar field, we include test particles that can exchange energy and
momentum with the field ¢. This can be done by implementing particles as
a source term in the KG equation of the form”

07 = V2+m?) o =g> \/1—v2d(z — ), (51)
and a single particle Hamiltonian function of the form'®
#=V,H=V,E=47,
H(p,z) = /P> + (M + g¢(2))? = < . (52)
p=—VzH.
Taking F; = H(x;,p;), we obtain
H o= He+ > Eib(w—m), (53)
P o= Ps+ Y pid(x— ), (54)
T = 7@4—2?5@—@), (55)

% For a Lagrangian formulation, see, e.g., [108].
10 These are analogous to the Lorentz force; here, we have the substitution rule M; —
M; + gp(z4).
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which fulfill the continuity equation. Note that due to the local mass shift
M; — M; + gp(x;) of the test particles, the effect is not additive. We get
the total energy and momentum conservation

dEtot
Eiw = [ & § B, = =0 56
tot / xHy + i a ) (56)
= — dﬁi:ot
PO - d3 E 7 = U,

which entitles us to interpret Hy and Py as the field energy and momentum
densities, whereas Ty is the field stress uniquely. This mechanical balance
offers a possible way of how relativistic point-like classical particles interact
via a scalar field.

5. Unitarity and energy versus probability conservation

Unitarity in a scattering process is traditionally and popularly linked
to the probability conservation. Among the many interesting properties of
SEM, in this section, we show that unitarity also follows from the energy
conservation. In order to stress this feature, we consider the simplest case of
the elastic scattering of a wave on a static heavy-particle target in the cases
of the Schrédinger and neutral scalar fields discussed previously'!.

5.1. Scattering of matter waves

The simplest relevant case appears in almost any textbook on quantum
mechanics and is based on the probability conservation. We discuss it here
for completeness in a particularly suitable fashion for our purposes. Our
starting point is to take a time-dependent wave-packet

dF
V2T

The stationary scattering solutions become asymptotically

(2, t) = Yp(z)e ' = (-V*+U) ¢ = Eyg. (58)

ikr

Ye(r) = Zg {eik'x + eTf} = }5(1‘) + Pt (x), r— 00, (59)

where Zg is a suitable normalization factor and fE(l;:’ , l;‘) is the scattering
amplitude for the transition, implied by the change of direction between

1 The EM proceeds along similar lines but becomes a bit messier due to the vector
character of F and B.
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the initial velocity and the observation direction k— kK =2 Probability
conservation implies

o0 o0

AN = N(x) — N(—o0) = /dt(;]:f: dt d3z dyp
:-/dtd%ﬁj:-yfd@/dti:@, (60)

where the divergence integral theorem has been used. Now, using the
Plancherel formula for the Fourier transformation and dS - # = r2df2, we
get

N / dE 7{ a5 - (WpVibs — Vibin)

where only the asymptotic wave function enters. With the asymptotic ex-
pression (59), the r — oo limit selects the forward amplitude, and with
averaging over the outgoing directions, we obtain, after some manipulations,

O:AN:/dE|ZE|2 [—4;1me (k:k) +/d9)fE (kx)ﬂ ~0.

(62)
On the other hand,
9 k
AN, = [ dB|Zg]? [ dS—,
m

1 . 2
ANgys = /dE\ZE|2/dQ‘fE (k:a:) (63)

m

Taking the cross section as a probability transfer, we arrive at

dony  ANgu /AR S A
A2 ~ ANy /AS NI = <klmf<kk)> (o)

where the average refers to the wave packet energy decomposition. This
is the standard well-known optical theorem result for counting quantum
particles hitting a detector.
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An analogous result from the energy conservation is

AE = E(c0) — E(—00) = /dtc(f dt d3z 0y H
——/dtd%ﬁ-ﬁ——]{dﬁ-/dtﬁ—o, (65)

therefore, the final outcome looks very similar to Eq. (62), with the mod-
ification that we have an additional energy factor £ from the energy flux
expression

0=AE = /dEE|Z|2 [—Imf (k k:) /dQ‘f (k‘x)ﬂ ~0. (66)

The relevant cross section appears now via the energy transfer (not the
probability transfer)

ia{;; _ AA%E//AA;Z — (op) = <4]:1m I (k;kz) E> = (onE). (67)

For monochromatic wave packets |Z%| = AS(E — Ep), hence AEqy ~
EyA Ny, and AE;, ~ EgANj,, such that

. 2
dop  ABgw/AQ  JAEE|ZE* !f (M‘)\ ANpui/A2  doy
d2  AE,/AS [dEE|Zg|? AN /AS AR
(68)

As we can see, both cross sections coincide only for a monochromatic pulse.
However, for a given broad energy spectrum, the question arises as to what
the physical way of counting an event is. For instance, a calorimeter detector
is just a way of absorbing the energy, which in a simplified picture may be
viewed as a simple recoiling classical test system'?.

5.2. Neutral and charged Klein—Gordon particle scattering

As already mentioned, the KG equation does not possess the probability
conservation. However, it does incorporate the energy conservation and,
additionally, the charge conservation (for the charged particle case). From

12 Actually, most detectors are based on the electric charge transfer.
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the former and in the presence of an external field U, we can define an energy
norm (for U + m? > 0)

1
ol = [ dar =5 [ @ (@0 + (Voy + (m* + V) ] 2 0, (09
and, correspondingly, a conserved energy scalar product
1
(6, 0)E = B /dgl’ (01000 + VoV + (m*+U) o]
d
— S0 =0. (70)

The steps to arrive at the energy-weighted theorems are similar to those in
the previous section, with

AE = — / dty{d%@w. (71)
For a wave packet with the scattering boundary conditions, we get
AE = —/dE/dgiE¢E(x)V¢E($)*ZE|2
— 7 / dEiE / dNR¢p(x)0rdp(z)", (72)

such that the (weighted) optical theorem follows:
0:AE:/dEE|Z|2 —411mf(/% k) +/d()‘f<l§: x) :
k: ) )

Thus, the cross section as the energy transfer (not the probability transfer)
reads

] =0. (73)

dop  ABew/AR  J4n .
0= ABAg = lom)= <k1mf<k,l<:) E> (74)

This particular case shows that the optical theorem for a neutral scalar
particle has to do with the energy and not the probability conservation.

5.83. SEM-based unitarity

The above discussion shows that, in general, the SEM conservation un-
derlies unitarity in a purely quantum-mechanical framework. So, rather



4-A6.18 E. Ruiz ARRIOLA, W. BRONIOWSKI

than being an exotic object, SEM is an ubiquitous and central quantity. In
relativistic field theory, probability is not a conserved quantity since there
is no related Noether current. In QCD, for example, one has instead color,
quark number, and the SEM conservation. As already mentioned, the only
common conserved quantity in any field theory is SEM. A formulation em-
bodying these issues seems to be missing, however, the issue only becomes
relevant for non-monochromatic beams.

Thus, any conservation law provides a different interpretation of unitarity
and hence of cross sections. The distinction of different cross sections in
classical transport theory is well known, where the conventional probability
cross section plays no role. In the Fokker—Planck approximation of the linear
Boltzmann equation, for instance, only the momentum and energy transport
coefficients are physically relevant and probability is not transported [109].

6. Field theory and local test fields
6.1. Definitions

In field theory, the canonical SEM, ©,,, amounts to the conserved
Noether current corresponding to the symmetry under the space-time trans-
lations [110]. In the simplest case of a scalar field, we have for a general
transformation

ot = 2t =t + e (z) = ¢'(2)) = ¢p(x) = dd(x) = €"Dup. (T5)
The invariance of the Lagrangian yields

oL oL
— el it
0L(x) =€'0,L 8¢(5¢+ 900

oL oL
— u
9 [aav¢}5¢*'aau¢58 &
— €0"0,, =0, (76)

5"

therefore, in the scalar theory, the canonical SEM reads
1
L= 5(3%)2 -U(¢) = 0" =0"¢0"¢ — g"" L, (77)
which turns out to be symmetric ©"* = O,

The canonical or Noether SEM is not always symmetric, as for instance
when dealing with the Dirac or vector fields [111, 112]'3. Moreover, as

13 1t is possible to redefine SEM in such a way that it becomes symmetric. We refer the
reader to old and modern (cf. [113] and references therein) literature for a thorough
discussion and interpretation of non-symmetric SEM tensors.
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usual with the Noether construction, it is not unique since one may add
a conserved total-derivative term,

O = 0" +a (0" — g %] ¢, (78)

where the parameter « is completely arbitrary.

Given these ambiguities, the question on how one can measure ©"" or,
equivalently, how to interpret it, becomes very pertinent, since we would
naively expect a physical measurement to be well defined. One simple and
natural way is to use the test particle concept at a given space-time loca-
tion x, similarly to the case of electrodynamics discussed in Section 4.1.
Another natural way proposed by Hilbert is via coupling to gravity in
a curved space time, in which case the flat and constant metric is distorted,
n — g (x) =" + 69" (x), and

o — -2 68 ’
Vo' 5g;w J—
" = diag(l,-1,—-1,—-1) = O =O"". (79)

In both cases, only the symmetric components of SEM become observable.
We stick to this point of view in our presentation. For the Dirac fermions,
the Hilbert construction involves tetrads, as discussed in Section 6.7.

Coupling to gravity complies with invariance under general transforma-
tions, z# — a'F, therefore, one has to consider an action S — [ dz\/—gL,
where the Lorentz-invariant derivatives are replaced by the world deriva-
tives, OH 0,0 — g 0,00, ¢, in a minimal way. The ambiguous term in 6#”
discussed above can be generated in a curved space-time by a non-minimal
Lagrangian £ = aR¢?, which leaves no trace in the flat-space limit'*. No-
tably, it induces a change of the Druck term

D(0) — D(0) + . (80)
As we will see below, this ambiguity can be fixed by analyzing the production

process g — ¢¢ at high energies and ultimately has to do with taking the
field ¢ as fundamental or as a composite field”.

4 This is similar to the non-minimal gauge-invariant coupling in QED, yielding an
anomalous magnetic moment of hadrons.

5 This corresponds to implementing the SEM improvement of Callan, Coleman, and
Jackiw [114], see the discussion in Section 6.6. For hadrons in QCD this is not
a fundamental problem (see also the recent claim on the UV-divergent character of
D(0) for the Higgs boson [115] or the arbitrariness in soliton models [113]).
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6.2. Lorentz properties

Under the Lorentz group, one has the transformation law
ot — Aha® = OM(z) = O (a') = ALA%0°F(z), (81)

which is a reducible representation under the trace operation; the trace is
a scalar

O(z) = O(z) — O'(z") = 6(x). (82)
On the other hand, the (Hilbert) SEM is conserved and symmetric
e = "*, 0,0"" =0 = 6 independent components . (83)

A naive and often considered decomposition into traceless and traceful pieces
is not consistent with the conservation law

- . 1 1
O =05+ 6} = g6 + [@W - 49‘“’@}
= 9,04 =0"6 #£0. (84)

A consistent decomposition, where the two tensor components are conserved
separately and are mutually orthogonal, is given by

oM =L + ek, (85)
with
, L[, oro” )
o :3[9# S }@ — 9,01 —0. (86)

We will analyze the lattice data using this consistent decomposition. In par-
ticular, the meson dominance approach discussed in later sections manifestly
displays such a consistent separation explicitly.

The separation into scalar and tensor components of the SEM tensor has
also special properties under renormalization.

6.3. Ward-Takahashi identities

At the quantum level, the conservation laws put strong constraints on the
time-ordered products, where the appearance of derivatives requires some
careful modifications in order to comply with the Lorentz invariance. In this
regard, the standard canonical approach is rather cumbersome and plagued
with the so-called Schwinger terms [116]. We consider instead the much
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more transparent path integral approach [117], where the expectation value
of a given composite field operator is written as

(O)g = / DGO 19 (87)
In particular, the time-ordered product!® is

OIT [¢(z1) ... d(2n)]|0) = (¢(21) ... O(2n))5 = /D¢¢(ﬂf1) () e
(88)
The invariance under a transformation ¢ — ¢ + d¢ implies

5(0)s = (60)s + (i680)s = 0 = (50)g = —i(05S)s, (89)

which is a functional form of the Feynman—Hellmann theorem. Taking the
simplest two-point function as an observable yields

(OO ) o] 0) + OIF (o) 0 = ~H0T o )otoz)35] 0

90

For a symmetry transformation with a global group generator d¢(z) =

eAp(x), with A indicating an operator, the action is invariant, hence 65 = 0.

The quantum Noether construction with a local group generator e(x) takes
§¢(x) = e(x)Ad(z) and 6S = [ d*we(x)0"J,, which yields

6(z — 21)(0T [Ad(x1)p(22)] |0) + 6(x — 22) (0|T [p(21) Ad(x2)] |0)
= —i(0|T [¢(x1)p(22)0" Ju(2)] |0) - (91)

6.4. Gravitational Ward—Takahashi identity for scalars

The early work on gravitational Ward—Takahashi identities exploited the
equivalence principle in the Schwinger formulation [4, 118, 119]. Using the
change of the scalar field under general transformation x — 2’ = = + €(x),
we get

¢(2) = ¢d(z) = do(x) = —e'Oup(x) = 65 = /d4x6“3”(9w, (92)

such that, according to Eq. (91), the gravitational Ward-Takahashi identity
reads

6(z — 21){0|T [0 (21)@(22)] 0) + 0(z — 22)(0|T [p(21)0" d(x2)] |0)
= —i(0[T [p(x1)p(22)0,0"" ()] |0) . (93)
16 Tn general, the so-called T* product, relevant when derivatives appear to restore
the Lorentz invariance, corresponds to taking the derivatives after the T-operation,

T*[0,¢(2)p(0)] = 9,.T[p(x)9(0)], a procedure understood here. We keep the T sym-
bol for a cleaner notation.
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We introduce the scalar field propagator

4 .
T [oa)ofe)] 0) = [ 5B e Ap), (99)

and the unamputated 3-point vertex function in the momentum space
(5 p) = [ ey day o I OT (o) o) 0 (0)]0). (95

The amputated vertex function, defined as

e (p',p) = D)~ A (1, p)D(p) ™", (96)
satisfies the following Ward—Takahashi identity in the momentum space:
46" (p+¢,p) =p" A7 (p+q) — (0 + ") A (p). (97)

6.5. Gravitational form factor for scalars

The kinematics is chosen in terms of the variables

1
1 +p*), ¢t =p" —pt, (98)
where the on-shell conditions are
P.-q=0,
p2 = p/2 = m2 > (99)
P? =4m? — ¢%.

The SEM conservation implies the on-shell condition
0,0" (p',p) = 0. (100)

The gravitational form factors for a spin-0 particle are defined via the de-
composition

O (p',p) = (¢'|6"(0)|p) = 2P"P" A (¢*) + % (@"¢" — ¢"¢*) D (¢*) -
(101)
The normalization condition for A(0) comes from the Ward-Takahashi iden-
tity in the off-shell case (¢f. [120]), when we first set the on-shell condition
p?> = m?, and then approach the ¢ — 0 limit. In that case

40" (p,p)lgs0 =20"P-q¢ = O (p,p)|p2—m2 = 20"'p"
— A(0)=1. (102)
As mentioned in the Introduction, the value of the Druck form factor

at the origin, D(0), is not constrained by symmetries and is a fundamental
dynamical quantity of a hadron.



Particle Seismology: Mechanical and Gravitational Properties . . . 4-A6.23

6.6. Scale transformations and trace anomaly

Because of the presence of derivatives, the SEM quantum operator is
badly divergent in the ultraviolet limit.

The scale transformations x — ' = ez form an Abelian group and they
generate the corresponding field transformation ¢(z) — ¢/(z') = e “% ¢ (ex),
where d, = 1 is the classical dimension. For U(¢) = m?¢*/2 + gt /4!,
the action at the classical level undergoes the change §S = §5,, with
Sm=—/ dixm?2¢?/2, such that for m = 0, one has the scale invariance.
The corresponding dilaton current is obtained from the Noether construc-
tion using an infinitesimal local transformation d¢(z) = €[dg + 2#0,] ¢(x).
Then,

D, = 1,0 = 0'D, =6 +m*¢* (103)

in terms of ©* | the so-called improved SEM tensor, which is also symmetric
and conserved

_ 1 _
O = O — < [0"0" — g %] * = 0,0" = 0. (104)

This object was introduced by Callan, Coleman, and Jackiw [114] to improve
the high-energy behavior. The corresponding improved action corresponds
to adding a curvature term, S = S+ [ d*zR¢? /6, and according to Eq. (80),
amounts to a change of the Druck form factor at the origin, D(0) — D(0) +
1/6.

Actually, at the quantum level, because of the emergence of a renormal-
ization scale, there is a scale symmetry violation. We can take A = u/puo,
such that the coupling constant g, the mass m, and the dimension dy change
accordingly with the renormalization scale and a (quantum) trace anomaly
becomes

0Dy =0 =Dt 421 4 5)07, (105)
with B(g) = dg/0log pu denoting the beta function with the anomalous di-
mension v4(g) = 0logm/0log p.

6.7. Fermion case

The derivation for spin 1/2 particles involves the tetrad formalism, which
is straightforward but a bit more involved. In the presence of fermions, the
symmetric SEM is defined as a functional variation of the action [121]

1 0S

H = eh(x)——— + e (z
© 2¢e(x) Al )(562(1})_‘— al )(56i(.%') ’

(106)
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where €/} () is the vierbein (tetrad) vector, with the metric tensor satisfy-
ing g" (x) = €'y (z)e%;(z)nap, while nap denotes the Minkowski flat metric
tensor and e(z) = Det|efy ()].

The covariant representation of a fermionic matrix element can be writ-
ten in the form

(', 510w (0)Ip, s) = u(p', ') [uulp, s) (107)
where u = u(p,s) and v’ = u(p',s’) are the positive energy Dirac spinors

with given momenta and spin projections. The Ward—Takahashi identity
has the form [119]

_ _ 1 _ y _
¢" T (P, p) =2, S(0) " = puSP) " + 5 [0 S) ™ = ¢"SG) o]

where S(p) is the (off-shell) fermion propagator. 1o
Because of the Gordon identity,
2mi'y%u = @' (2P +ic®q,)u, (109)
one can write three equivalent decompositions
B = AW 1Py + Blt) 0700 P{;;jjp T 4 Dy e~ It qzajgv“ Za
- mlN A(8)P,P, + J(t)i Puo,y ¢ + D(t) W
= 2J(t) (P — B(t) 1;,;1;,, + D(t) W : (110)
with the relation
B(t) =2J(t) — A(t). (111)
We use the conventions o, = %[v,,v,] and agubyy = $(auby + ayby). The

A(t) form factor is chirally even, whereas B(t) and D(t) are chirally odd.
The relations following from the Ward—Takahashi identity are

A0)=1,  JO)=-. (112)

Then relation (111) yields B(0) = 0. As in the scalar case, the value of D(0)
is not constrained by symmetries.



Particle Seismology: Mechanical and Gravitational Properties . . . 4-A6.25

7. Gravitational form factors in QCD

In this section, we present the definition and the known features of SEM
in QCD, whose matrix elements pertain directly to the gravitational form
factors of hadrons.

7.1. Stress-energy-momentum tensor

Following previous works on GFFs (note, however, the discussion of
a non-symmetric SEM in [122]), we use the Hilbert definition of SEM ob-
tained from the action coupled to gravity, as discussed earlier. In the case
of QCD, the Hilbert definition coincides with the Belinfante-Rosenfeld pre-
scription [112], yielding a symmetric SEM in the form

1

= =
O = L0 [ D 47" DI 0 = GG, + 5

QMVGU/\GGJ)\a =+ @léliz‘_EoM >
(113)
where ¥ is the Dirac quark field carrying flavor and color, G**“ represents
the gluon field strength tensor with a labeling the color octet representation,
and the term O oy denotes some extra terms from the gauge fixing and
from the use of the equations of motion.
The trace anomaly of QCD is defined as the divergence of the dilatation
current DH(z)

9D, = O =6 = B;?Gwaczy £ g [l gm(@)dg,  (114)
q

where ¢ is the quark field of a given flavor, f(a) = p?da/du? denotes the
QCD beta function at the energy scale u, a = ¢g?/(4r) is the running cou-
pling constant, and 7, (a) = dlogm,/dlog u? is the anomalous dimension
of the current quark mass m, '”. The form of Eqs. (113) and (114) suggests
the decomposition of SEM into the quark and gluon parts,

O = Q1 4 QM | (115)
q g9

which has been used to break up the hadron masses into various contribu-
tions [123-127|. The decomposition (115) depends on the scale p and the
renormalization scheme. It relates to the well-known feature of the momen-
tum fractions carried by partons in Deep Inelastic Scattering, where the
momentum sum rule can be written in the form

(plO"|p) = 2p"p" [(x)q + ()] = (2)q + (x)y = 1. (116)

" To leading order in perturbation theory, one has B(a) = —Boa?/(4w) + ... and
Ym(a) = a/(4m)+ ... with Bo = (11N. — 2Ny)/3 so that the running strong coupling
constant reads a(u?) = (47/Bo)/ log(u?/A?).
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Recent estimates [128, 129] for the quark contributions in the pion and
nucleon states read

(@)fa ~ @)y ~ 0.6 at p=2GeV. (117)

In these lectures, we do not analyze the separate contributions of quarks
and gluons to GFFs, which are renormalization scale and scheme-dependent,
whereas the sum is not, in line with the applied hadronic picture.

7.2. Ward-Takahashi identities for composite particles

Obviously, hadrons are composite objects. Unlike the cases discussed
in Section 6, where the field under discussion was the same as the one in
the Lagrangian, hadrons (mesons and baryons) are associated with Fock-
state combinations of the quark and gluon fields. This requires identifying
an interpolating field which has good quantum numbers. For instance, the
(composite) pion field is usually taken to be

T(x) = Zzq(x)iysTq(z) + .. ., (118)

where the dots denote any combination of fields with the same quantum
numbers, for instance, Z! gqgivs7q. Here, we have written only the lowest
dimensional cases. While the renormalization constants depend on the renor-
malization scale u, it is believed that for typical hadronic renormalization
scales Z > Z!, such that the term included in (118) yields the dominant
contribution. An interesting and relevant fact is that from the point of view
of the Ward—Takahashi identities discussed above, only the transformation
properties of the hadron field in question under the corresponding symmetry
operation matter, and not the elementary or composite nature of the state.
For that reason, the Ward—Takahashi identities assume an identical form as
those from a Lagrangian with elementary fields.

7.3. Pion GFF

The pion, being a spin-0 hadron, is the simplest case, involving two form
factors, A(t) and D(t),

(51O O (0) = s [2PP7A) + 3 (0"~ 94 DIo)| . (119)

with a,b indicating the pion isospin, and the kinematics spelled out in
Eq. (98). The corresponding trace form factor is the combination

2
or=0(?)=2(m-L)aW)- 30 (). ()
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from where it follows that

lim O (¢%) = 2m2A(0), (121)

q%2—0

with A(0) = 1, as derived previously.

Raman [10] proposed the decomposition of (7%(p')|6*" (0)|7*(p)) in terms
of conserved irreducible tensors corresponding to a well-defined total angular
momentum, J¢ = 0%* (scalar) and 2+ (tensor), namely

S e =t (e -5F) e,
or =0eL + e, (122)

oL =2 [P“P" oy (g’“’ - q“q—g)} A.
Note that both parts are separately conserved, ¢,0%" = ¢,0%" = 0, and
the tensor part is traceless, 95‘1# = 0. Such a decomposition was also used
in [76].

Since © and A carry the information on good JF¢ channels, from the
spin decomposition point of view, they should be regarded as the primary
objects, whereas the D form factor, which is the key object in the mechanical
considerations, mixes the quantum numbers, with the explicit formula

D= —% [@ - <2m§r - ;t) A} : (123)

A chiral theorem [14, 130] states that

Dr(0) = -1+0 (m2) . (124)

7.4. Nucleon GFF

We use the covariant normalization @u = 2my. Since the operator I,
in question is isosinglet, we omit the isospin index for the nucleon (the
corresponding form factors are equal for the proton and the neutron). The
condition J(0) = 1/2 for the nucleon is referred to as Ji’s sum rule [16].

The Raman decomposition for the nucleon case takes the form

1
I5" = z@me),
1 1 p? t
T — =\ pepy _ = T O A(t P{u vip, Y v J(+
T mpy mN3Q } ()+mN[l o GQ ()

(125)
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We note that analogously to the pion case, I's and I’ are separately con-
served, and [T is traceless. The trace anomaly part expressed via the other
form factors reads

o(t) = mlN [<m§V _ i) At) - %ﬁp(t) + %tJ(t) . (126)
With Eq. (112), at ¢ = 0, we have
0(0) =my, D(0) = mTN [mnA'(0) —©'(0)] . (127)

7.5. MIT lattice data

In recent years, much progress has been accomplished in the lattice simu-
lations of hadronic properties thanks to the application of the Liischer—Weisz
gauge action [131]. In particular, the MIT group has been able to obtain
GFFs of the pion [21] and the nucleon [20] (see Fig. 1) to an unprecedented
accuracy, and very close to the physical point, namely with m, = 170 MeV.

1f11, o A |
| 5!-.,
- ':'-E&i:}g
0
1'°,£H; oA [ ¥ oD
i III L . VS D :<
L . e 9 1 _2, -
5 051 TTiEs gy 3
§ | pion 7
g 00 _3j
q- 4 .
i 533 3% $ s o E || nucleon
—05* § IIEE 1 4!
i%E ¢ MIT m,.=170MeV
L = d
00 05 10 15 00 05 10 15
-t [GeV?] -t [GeV?]

Fig. 1. Lattice results for the gravitational form factors of the pion [21] (left) and
nucleon [20] (right), plotted as functions of the space-like momentum transfer —t.
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The data are for the space-like momenta 0 < Q% < 2 GeV?, and obtained
separately for the quark of three flavors and the gluon components. As al-
ready mentioned, in these lectures, however, we use the total (quark-+gluon)
quantities, since as corresponding to conserved currents, they do not depend
on the renormalization scale or scheme. As we will show, these data can be
described efficiently with an ansatz whose parameters (meson masses) can
be read off directly from the Particle Data Group tables.

8. Dispersion relations, sum rules, and meson dominance

The form factors are dynamical quantities which obey important math-
ematical constraints based on analyticity in the momentum transfer vari-
able extended to the complex plane. For a readable introduction, we refer
to [110, 132, 133]. The bottom-line is that form factors are described via
corresponding spectral functions whose low- and high-energy behavior is
theoretically known.

8.1. Form factor and crossing

Here, we switch for several subsections to a much better known case of the
vector (charge) form factor of the pion, since the basic analyticity features
extend analogously to the gravitational form factors. From two specific pro-
cesses, the elastic electron scattering on the pion and the electron—positron
annihilation

et et = (et OAO) T (1) = FQ () (5 + )

<0 space-like ,
" —rtnT = (xT(=p)7 (p)|J50)[0) = FZ (¢*) (" + p")
¢* >4m?  time-like, (128)

et

one extracts the differential cross section and the total annihilation cross
section, respectively, which are related. This relation corresponds to the
rotation of the time axis in the corresponding Feynman diagram. Analytic-
ity of the amplitude connects these two processes described with the same
and unique function of the complex variable s in different domains which
are experimentally accessible (cf. Fig. 3). This leaves the 0 < ¢? < 4m?2
region as unphysical, and it can only be reached via analytical continua-
tion'®. The analyticity principle states that the form factor F(s) can only
have singularities on the real axis.

18 We are neglecting electromagnetism here; otherwise, 77w~ has a bound state.
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Since F(q?) = F(¢*)* at ¢*> < 0, we infer that F(s*) = F(s)* (the
Schwarz reflection principle). From there, it follows that the discontinuity is

Disc F(s) = 2iIm F((s +i€), s> 4m>. (129)

The function exhibits cuts starting at s > 4m?2, which together with the
reflection principle guarantees the existence of only two Riemann sheets; in
the physical region, they are denoted as Fi(s) and Fiy(s), fulfilling Fi(s +
i€) = Fii(s—ie) and Fyj(s+ie) = Fy(s—ie) for s > 4m2. Unlike F(s) = Fi(s),
the analytical continuation may have singularities such as poles and cuts.
Actually, the resonances correspond to poles on the second Riemann sheet,

therefore

ZR
FH(S) — 3 - + ...
~~ s —mg +imrlRr
s%mafimRFR

(130)

The quantities mg, IR, and Zg stand for the resonance mass, width, and
the residue at the pole, respectively. Thus, in the analysis of form factors,
we select resonances with given quantum numbers (in the case of the pion
vector-isovector form factor, it corresponds to the p, o/, p”, ... states).

8.2. Low energies

In general terms, one has the integral equations of the Bethe—Salpeter
form which in an operator form, read (see, e.g., [134])

F=T+IG T, T=V+VGT, (131)

and are supposed to hold at sufficiently low energies. A pictorial represen-
tation in terms of hadronic Feynman diagrams is shown in Fig. 2. In the
time-like region e*e™ becomes inelastic for \/s > 2m,n (n = 1,2,...) and
the ete™ — v* — n(7"7~) processes occur.

. K
F .mn I ,TE Fz’-\ ,'TE
' 7’
@ - W +:—m @&
\\TE ST \~—/ \\,J.E
T, K

Fig.2. Diagrammatic representation of the Bethe—Salpeter equation with the 7w
and K K production channels.
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At energies below the 27" +27~ threshold, s < (4m)?, the discontinuity
can be constrained from Watson’s theorem (see Appendix A for a simple
proof). In practice, all inelastic contributions below the K K threshold are
neglected, such that

F(S+i6) _ T<S+i6) s) = s)| et011(s)
Fo—i) Tes—ig — L& =IFG) : (132)

and one gets
Im F(s) = |F(s)|sindy1(s) >0,  4m2 < s <4m3, (133)

where the last inequality comes from the fact that d11(s) > 0, i.e., the nw
interaction is attractive. From this relation, the known threshold behavior
of the scattering phase shift allows one to infer the threshold behavior of the
form factor itself, namely

3 3
511(s) ~ anr (s/4—m2)? = ImF(s) ~ |F (4m72T){ a1 (s/4 —m2)?
(134)
In the complex plane, Watson’s theorem becomes
Fii(s) = Su(s)Fi(s), (135)

where Sii(s) is the scattering matrix on the second Riemann sheet of the
complex s-plane. While the unitarity condition Sti(s) = 1/51(s) ensures
that the poles of Syi(s) are zeros of Si(s), this does not imply anything
concerning the zeros of Fi(s).

8.8. Large-momentum behavior from pQCD

Clearly, the hadronic representation is inadequate for large Q?, where
a qq state allows for a one-gluon exchange (or more complicated processes
suppressed perturbatively). The known leading-order (LO) pQCD asymp-
totic formula for the space-like vector form factor allows one to obtain the
discontinuity along the cut at asymptotically large s > 0

_167F7as (Q7)

2
F(*Q) - Q2
6472 F2 . 6472 F2
BoQlog (Q2/4%) |~~~ fos (log (s/4%) — i)
6472 F2

1
= —ImF(s) = <0.  (136)

" Bos (log? (s/A2) + 72)
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8.4. Dispersion relation

A sketch of the complex-plane structure in the complex variable s is
depicted in Fig. 3. Using Cauchy’s theorem for the contour indicated in
Fig. 3 and the asymptotic behavior, one obtains an unsubtracted dispersion
relation of the form

F(—Q2):l / dsI:ng?, (137)

2
4m=

with the value at the origin normalized to the charge of 7+

o0

1 Im F(s)
FO)=1=- [ ds—=23%) (138)
7r4m/2r s

Besides, a superconvergent sum rule [135] follows from a simple observation
that limge o, @*F(—Q?) = 0 (¢f. Eq. (136)). Thus,

1 [ee]
lim Q*F (-Q*) = — / dsImF(s) =0, (139)
Q200 7T

4m2

Ims

s<0(space-like)

= Res
pQCD nn KK

p(770)
Resonancds

Fig.3. Analyticity structure of the vector form factor of the pion in the complex
s = ¢° plane. The question mark corresponds to the unphysical region 0 < s <
4m2. Labels 7m and KK indicate the beginning of the corresponding two-meson
production cuts (unitarity cuts).
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which implies that Im F'(s) must change sign (at least once) along the uni-
tarity cut. Note that from Watson’s theorem and the attractive character of
the 77 interaction in the 11 channel, the first zero of the spectral function
must lie above the KK threshold.

8.5. Line shapes, finite widths, and space-like momenta

The conditions of analyticity can be solved by using specific parameter-
izations which are phenomenologically motivated, particularly in the case
of resonances, whose position in the complex plane is process-independent.
However, complex energies cannot be measured, and hence an analytical
extrapolation from the experimentally accessible real axis and the complex
plane becomes mandatory. The Breit-Wigner or Gounaris—Sakurai [136]
functions are popular profiles, often used to model this energy dependence.
As such, these models directly comply to unitarity requirements (such as
Watson’s theorem). Their applicability can only be validated by the data,
since the separation between the resonance contribution and the background
is process-dependent. Fortunately, these subtleties become rather irrelevant
in the space-like region, as we argue below.

To show this, we use the Omnés representation of the form factor

t T ds (s F(t+10 is(s
Fy=ew |t [ X poy =1 = TEED o) 14
4m2

which complies with Watson’s theorem'?. This, in principle, allows one to

predict the form factor when the elastic phase-shift is known either experi-
mentally or theoretically. In this context, a resonance is a pole on the second
Riemann sheet of the scattering matrix and hence also of the form factor

1/51(sr) = Si(sg) =0 = 1/Fu(sr) = Fi(sr)/Su(sr) =0. (141)

To simplify the discussion, let us consider the energy-dependent Breit—
Wigner parametrization in the scattering region s > 4m?

N(s)=M?—s+iMIf(s),  S(s)=e0) = ]{]V(S)*
1| MI'f(s T
= st =t TR 500 =50 T =y

(142)

19 This solution is not unique, as we can multiply the Omnés function by an arbitrary
polynomial P(s). We fix it here to P(s) = 1 for simplicity and discuss generalizations
later.
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where f(M?) = 1. In principle, the particular shape of f(s) depends on
the background, which is process-dependent. Clearly, in the limit of narrow
width, the phase becomes §(s) = mf(s — M?), and one obtains a simple
monopole for the form factor, regardless of the profile function f(s),

o0

ds 1 M? 1

5 - — —ImF(s) =6 (s— M?) .
s s—t M2 —t P () (s )

F(t) L eXP t
I'—0 M2

(143)

The question is to what extent does F'(t) resemble a monopole for a finite

width I'. We analyze this issue for a much less favorable case: the widest

known QCD resonance, namely, the 0T isoscalar fo(600), also called the

o meson. To this end, we propose several profiles for the function in the
scattering region s > 4m?

fA(S) =1,
fe(s) = /(s —4m?) / (M? — 4m?),
fo(s) = /(1 —4m2/s) /(1 —4m?2/M?). (144)

The corresponding phase shifts are depicted in Fig. 4 for the numerical values
M = 0.8 GeV and I' = 0.7 GeV, and taking m = m,. From these profiles
we may obtain, via the Omneés representation of Eq. (140), an analytical
function in the complex plane?’. The results for the FF in the space-like
region are presented in Fig. 4 for several choices of the function f(s) and
with suitably chosen M and I', which resemble qualitatively the realistic
benchmark determinations of the w7 scattering phase shift form the solution
of Roy equations [137].

We can see that even for a broad S-wave resonance, and for a variety of
profiles, the form factor resembles closely a family of monopoles for the space-
like momenta. The monopole parameter is roughly the resonance BW mass,
with an uncertainty compatible with its width (it is actually much smaller).
This is a general feature which does not depend on the chosen partial waves.
It becomes particularly helpful when the resonance parameters are known
but the phase shifts are not so well known, as is the case away from the
resonance region in many processes. A handy possibility is provided by the
halft-width rule (see Appendix B).

20 Actually, with the exception of case B, the corresponding functions N(s) are not
analytical by themselves, which prevents the determination of the resonance pole on
the second Riemann sheet. This is not a problem, since the restoration of analyticity
of the form factor by the dispersion relations can be done by using its phase, as we
do here.
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Fig.4. The case study of the S-wave phase shift d(s), and the Omnés form factor
in the space-like region, F(t), for several parameterizations (see the main text):
A (brown dashed), B (blue solid), C (red dot-dashed), zero-width Monopole with
M = 0.8 GeV (black dotted). The yellow band represents monopoles with masses
in the range 0.60-0.75 GeV.

8.6. The large-N, limit
It is remarkable that the large-N,. limit of QCD of t’Hooft and Wit-
ten [138, 139], i.e., a limit where N, — oo with asN, fixed, provides a ra-
tionale for the features discusses above, namely, that resonances are narrow.
One can show that

{MB:O<NC), Ta=OW2)  _ pvr— o) . ()

my=0(N0),  Iuy=0(N1)

An average value of all PDG resonances [140] yields the so-called Suranyi’s
ratio [141]%!

<J\Z>exp - Zg;\; = 0.12(8), (146)

where g; is the spin, isospin, and anti-particle multiplicity of a state with
resonance mass M; and width I';. This ratio for mesons and baryons numer-
ically coincides. The uncertainty is mainly from the corresponding variance.
The numerical value corroborates the fact that, on average, the QCD reso-
nances are indeed narrow.

21 The story of this ratio starts back in 1967 and it can be traced from [142, 143].
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8.7. The incompleteness problem

Measuring the pion form factor in the space-like region directly from the
electron scattering is difficult, since the charged pion decays and cannot be
used as a target. However, in the time-like region, the charged pions are cre-
ated and measured before they decay. The dispersion theory suggests that
we may obtain one process from the other by invoking analyticity. Despite
the attractive theoretical features, purely dispersive methods encounter un-
pleasant inconveniences in practice, since we only have experimental access
to modules of the form factors on a discrete and finite grid,

|f(51)|>"'7|f(sN)|v 4m72r<81<"'<8N:8maX7 (147)

mostly up to a limited range of momenta, be it space-like or time-like. The
phase problem may be solved using a modulus-phase decomposition, after
making an assumption on the number of zeros (see, e.g., Ref. [144]). The
discrete problem is solved either by interpolation or by using a sufficiently
flexible parametrization based on a smoothness assumption. However, the
maximum upper boundary energy problem turns out to be more serious:
either pQCD applies down to smax Or we have to give up some predictive
power.

This is illustrated by a recent dispersive analysis of the BaBar data [145],
for the EM pion form factor in the time-like region, where 300 points with
3 MeV separation below spmax = 9 GeV? allow one to extract the phase [144]
and test the fulfillment of the sum rules. From the data, one gets

Smax

1 Im F(s) 42

- / ds——— = LO1(D)st (17) et -

4m2 Data

1 Smax

— / dsTm F(s) = 0.63(2)s (j)syst GeV?. (148)
4m2 Data

As we can see, the mismatch in the charge sum rule is small, at a level of
a percent, whereas the superconvergence sum rule is very far from being
satisfied. Here, a scale for comparison is m2 = 0.6 GeV?, hence we need
a large negative value in Eq. (148) from the integration beyond spax.
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The pQCD part extrapolated down from infinity to the scale syax yields

1 7  Im F(s)
— ds ————= = —0.0025—0.0011 —0.0006 ,
s S N—— = =

Smax pQCD LO NLO NNLO

o0

1

- / dsIm F(s) = —0.114—0.030—0.013 GeV?Z. (149)
s N N N~

Smax pQCD LO NLO NNLO

We thus note that it has a tiny negative contribution to the charge sum rule,
and only about a fifth of the needed magnitude in the superconvergence sum
rule. Therefore, while superconvergence is a theorem, pQCD is far away,
even if we use it all the way down to Smax = 9 GeV?2.

A possible remedy is to use subtracted dispersion relations, but this
requires the use of unknown subtraction constants, hence the predictive
power is diminished. For example, with two subtractions, we get explicitly

Smax

4 m
rear-arod[ T |ugr, o

4m2 Smax

where F(0) = 1 due to the charge conservation. The last term is O(Q*/s2 ..),
hence it is suppressed for Q? < Smax, and we can ignore the high-energy tail,
but then F’(0) cannot be predicted with the data. The situation worsens
for form factors for which F'(0) is not constrained by a conservation law.

8.8. Extended meson dominance

At the field theoretical level, the effective narrowness of the resonance in
the space-like region can be efficiently implemented in terms of a current-
field identity proposed by Sakurai [146|

J§ = fom2pk | (151)
which yields a monopole form factor for the pion
2 m;
F(-Q%) =—"=. 152

The space-like vector form factor of the pion is very well approximated
with this single meson dominance ansatz after the half-width rule is imple-
mented as a conservative uncertainty estimate. This ansatz, however, does
not comply strictly to the superconvergence sum rule, an issue related to
the incompleteness problem discussed above.
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At this place, after a somewhat lengthy but simpler and more pedagogical
discussion of the pion EM form factor, we return to the properties of SEM
and GFFs, the principal topic of these lectures.

The generalized meson-dominance construction for GFFs follows the
derivation of the previous section, but now for different quantum number for
the intermediate meson states. Saturation with the 0T and 2%+ isoscalar
states (note that the Raman decomposition is manifest) yields the structure
for the currents of the form [147-149]

1
_ - uarv _ uv 92 2 pv
_2823]05(63 g a)s+ZT:meTT :

where S and T*¥ are scalar 0" and tensor 271 fields, respectively. Cer-
tainly, TH" = T"* and T}, = 0. On-shell, they have masses mg and my, re-
spectively, and 0*T),, = 0 (for the complete Lagrangian see, e.g., [150, 151]).
Denoting the corresponding sources as Jg and J&”, and using the equations
of motion

(0> +m2)S=Js,  (*+mp)T™ =J}, (153)

we get formally (up to polynomials in ¢) the following expressions for the
matrix elements:

w2
<A’@NV|B Zfsg q QQ<A|J ‘B>

+ZfT —(4] zeg‘” e J201B) . (154)

From a field theory point of view, the above meson-dominance formula
should not be taken literally, as it does not incorporate the notion of sub-
tractions or the pQCD high momentum behavior. Besides, it is well known
that higher spin fields have problems, particularly due to the role played
by the off-shell behavior of propagators. The simplest way to avoid these
issues is to use, in the spirit of dispersion relations, the meson dominance
for the absorptive parts, where, by construction, the mesons are on the mass
shell. Then, the information from pQCD is used to apply a minimal needed
number of subtractions as the short distance constraints.

The absorptive part of the form factor in the time-like region, ¢°> — s+ie,
where we have the process g — R — ADB, reads

%Im (AB|O"|0) = Z(AB\R)<R|@“”]0>6 (mg — s) . (155)
R

With this form, one can reconstruct the dispersive part from the dispersion
relation with suitable subtraction constants.
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The vacuum-to-hadron transition amplitudes are parametrized as

(S|e"|0) = 3 fs?Q",  (T|O"|0) = frmiey” (156)
where €i” is the spin-2 polarization tensor, which is symmetric, i = €}/,

traceless, g€y = 0, and transverse, g,e\” = 0. The extra factor of 1/3 in
the scalar case is conventional, chosen such that (S|©|0) = fsq?. The tensor

Q" = g" — "¢’ /¢ (157)
fulfills Q% = 3 and the conservation law q“QW =0.
The sum over the tensor polarizations is given by [152, 153]

1

Z 6?\456?/ _ (anQyﬁ + QanpB) Q,quaﬁ (158)

A
The on-shell condition P - ¢ = 0 implies P,Q%? = PP whereas @’ qu =0
implies 7,Q%? = ~#, hence we obtain

1
> S PaPaek = PPV — §P2Q‘“’,
A
ZGf\Y’BP{aVB}EKV = ployt Awp (159)
A

(cf. the analogous tensor structure in Eq. (125)).

8.9. Spectral properties and GFFs of the pion
In pQCD, one derives the asymptotic formulas [55, 92, 93]

_48ma(t)f2

A(t) = -3D(t) (1 + O(a)) = :

(1+0()) , (160)

hence the dispersion relations and their ramifications hold similarly to the
case of the vector form factor, ¢f. Eq. (136). In the present case, Watson’s
theorem implies that at 4m2 < s < 4m?%, one has

ImO(s) = |O(s)|sindgo(s), Im A(s) = |A(s)|sindp2(s).  (161)

The on-shell couplings of the resonances to the 77 continuum are denoted
as

<S‘7T7T> = YSnrm,
(T)77) = granes’ POPP = groeSPpiop?. (162)
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Thus, we get
L (rrjO|0) = > g ls 5 (m% — ¢*) (9"¢* — ¢"¢")
s 3 3 S

+> TP PP gran fro (mh — %) . (163)
A

which naturally complies with a separate conservation for each spin channel
contribution when contracting with ¢g#. Therefore, in the narrow resonance
large- N.-motivated limit, the result is

1 1

;Im A(s) = B zT:ngrfT(s (m7 — ¢*) ,

1

;Im O(s) = ZS:QS”me%(S (m& —¢?) . (164)

As expected, A and © get contributions exclusively from the 27 and 07"
states, respectively.

The minimal hadronic ansatz in a channel with good quantum numbers
corresponds to the simplest meson dominance of zero-width resonances com-
patible with normalization conditions and pQCD (modulo ag corrections).
In our case, we have [95]

2 2
m mit
A(t) = — 22— o(t) = 2m? . 165
O=rzy O =it G (165)
From here, the D-term becomes

4m?
D;(0)=-1+ 3m§r . (166)

2

The fit to the MIT lattice data [21] yields m}, = 1.24(3) GeV and mj =
0.65(3) GeV [95]. The asterisks indicate that in the comparison/fit, we have
taken the lattice value of m, = 170 MeV. The Druck form factor is obtained
from Eq. (123) with the earlier fitted A(t) and ©(t). We can see from Fig. 5
that the fit with Eq. (165) is well within the uncertainties of the lattice
determination.

To relate the form factors at different pion masses, a mass-independent
renormalization scheme is needed, such as MS in Chiral Perturbation Theory,
where the so-called gravitational low-energy constants L1y, L2, L13 [14] are
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Fig. 5. The GFFs of the pion: (a) A(t) and D(t), (b) ©(t), and (c) the spectral 0T
functions. The legend indicates various spectral models used in the scalar sector.
The long-dashed lines indicate the LO pQCD formulas, while the blue dot-dashed
line in (c) corresponds to the yPT result.

needed. The analysis with the MIT lattice data yields the following change
when going from m, = 170 MeV to the physical value of m, = 140 MeV [95]:

m¥ = 0.65(3) — my, = 0.63(6),

From pQCD [92, 93] at large Q?

a(t)’

m, = 1.24(3) — my, = 1.27(4) .

(167)
The Druck term at m, = 140 MeV becomes, accordingly,
D(0) = —0.95(3) . (168)
8.10. Spectral properties and GFF's of the nucleon
= —t, one has
2 2 2
)~ + 2 gy~ 2 gy )

At) ~ +

(=1)*"

(_

)3’
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Correspondingly, the discontinuities at large s have the behavior

1 1
Im A(s) ~ —1—782];3 ) Im J(s) ~ +782L3 )
1 1

where L = log s/AéCD. This asymptotics shows that one can use the un-
subtracted dispersion relations in the GFF analysis. Moreover, the super-
convergence sum rules hold.

From Watson’s theorem, in the range of 4m2 < s < 4m%<, one obtains

Im@(t) 30—7T‘f0,+(t)H87T(t)‘

p— 0
2(ms —1)
3t205
ImJ(t) = U _(t Awt >0,
wJ(t) = S o (0l1Ax(0)
2tIm J(t 3t2 5
mm A() + 200 3TmNow L ag@) >0, (T

dm3, —t 32v6

where o, = /1 —4m2/t, and fi1 indicate the helicity non-flip and helicity
flip amplitudes for the partial wave [ in the 77 — NN process. These
formulas allow one to obtain the threshold behavior of GFFs from the known
threshold behavior of the amplitudes fi+ [98].

The on-shell couplings of the resonances to the NN continuum are taken
as [154], re-written in a suitable form??

(SINN) = gsnn, (172)

ol o 1 Py o0,q°
(TINN) = 5,\/% |:9TNNP{ 7P+ meNN] u. (173)

Thus, we get

1 \ 7 v gS fS v
;Im (NN|©" |0) = XS: %5 (m% — ¢*) maQ"

o o 1 Py,o0,9° 5
T

22 These Dirac—Pauli couplings correspond to the replacements generated by the Gor-
don identity grny = gryn + My fryy and frvy = —my fryny With the primed
couplings those from Ref. [98].
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which naturally complies with separate conservation for each term, yielding
zero when contracted with ¢g#. Therefore, in the narrow resonance large-N.-
motivated approach we get

%Im A(s) = ZT:gTNNfTé (sz — q2) , (175)
%Im B(s) = zT:fTNNfTé (m% — q2) , (176)
%Im O(s) = ggSNNfgm?qé (m& —¢*) , (177)

where, as expected, A and © get contributions exclusively from the 271 and
0T states, respectively. The normalization is

A0)=1, B(0)=0, ©O(0)=my, (178)

while the high-energy behavior follows from Eq. (169)

2 2 2

A~ Bi)~ o)~ . (179)

2 +3 )

The minimal hadronic ansatz complying to the above requirements, and
taking B(t) = 0,%* yields

B _ 1
A e Y (i)

B(t) = 0,

o) = MmN . (180)

(1—t/m2) (1 —t/m‘;o)

Correspondingly, the D-term becomes

4ma3 1 1 1 1
Dy(O)=—H|-—5-—F+—F5+—5 |- (181)
3 Mg My, My My

We use the PDG [140] for the masses of fp(980), f2(1270), and f}(1525) (no
fit is carried out here) and m, = 650(50) MeV (consistent with the value

23 The somewhat surprising smallness of B(t) (compatible with zero within the uncer-
tainties of the MIT lattice data at the unphysical pion mass value m, = 170 MeV),
has been disclosed in [98]. At present, it is unclear if B(¢) becomes larger or smaller
for the physical pion mass. For a recent attempt to explain the smallness of B(t),
see [155].
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obtained in the pion case). The result is shown in Fig. 6. As we can see,
the agreement is good, with the model curves falling within the error bands
of the MIT data. Ansatz (180) can be improved by relaxing the condition
B(t) = 0, which yields an even better agreement [98].

12p |
1.0-
10 ] 3 < MIT model
~ 08} ] Hﬁ - XQCD (glue)
i 0-67 ] EZ 0-5’ I E% k
S 04 1= ﬁ l
":)": 0.2 ] 0.0 } EHIFEI?INTI I
o I I
0.0
-0.2 -0.5¢
00 05 10 15 20 0.0 0.5 10 15 2.0
—t (GeV?d) -t [GeV?]

Fig. 6. The minimal hadronic ansatz for GFFs of the nucleon, compared to the MIT
lattice data of [20] (points) at m, = 170 MeV. For additional comparison, we also
display the glue contribution to the trace anomaly form factor at m, = 253 MeV
from the yQCD Collaboration [26] (blue points in the right panel).

8.11. The incompleteness problem for GFF's revisited

Involved calculations [91] of the pion and nucleon GGFs use the Roy
equations and the Roy—Steiner equations, respectively. These are rigorous
approaches, resting on crossing, unitarity, and analyticity below a given
maximal CM energy, which typically corresponds to the NN production
threshold. Although the approach is theoretically quite appealing, since the
low-intermediate energy region is accurately described, the superconvergence
sum rules are broken to a large extent. Certain phenomenological contri-
butions mimicking infinitely many narrow resonance via the radial Regge
trajectories may mend the violations [156].

9. Transverse distributions

The physical interpretation of form factors is a subject discussed re-
currently since the early works. According to our discussion in Section 2,
a pictorial manner to grasp the meaning of form factors is by looking di-
rectly at the hadron mass variation due to an external gravitational field**.

24 The same applies of course to other currents; the electroweak form factor corresponds
to a variation with respect to the electroweak fields.
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Moreover, the light-front 2D transverse viewpoint is by definition Lorentz-
invariant and can be regarded as a genuinely intrinsic hadron property. For
a detailed discussion and derivations, we refer to [97, 157-163|, where the
transverse momentum density, energy density, and pressure are defined and
discussed. Here, we focus on the transverse distributions which are natu-
rally formulated in the light-front formulation and have a simple partonic
probabilistic interpretation.

We take the conventions p* = (p & p®)/v/2 = ps, such that z - p =
pte~ +p 2t —p, -z and d*p = dptdp~d?p,. Also, for the metric tensor
Nt =n"" =0and nT =n~T = 1. Besides, we use the light-cone spinors
defined via projections

W =PrW,  Pr=7"F=(1£+%%)/V2
= Py+P_=1, Pi=P.=PL, PiPr=0. (182

In QCD, the EM current and SEM written in LC coordinates and in the
gauge AT = 0 (which is ghost free) have the form

Jt = wlQu,,
1 a2
ort =+ (gplmm —awlm) . eit=(at41)?,
ot = o/ +o; . (183)

The field expansion for the quark field in the transverse coordinate space [159]
at xt =0is

X [bx (b:7) w g (PF)e™ "+ dl (b,pT) va s (p+)eip+$_] ,(184)

with b;(b, pt) and df\(b, p') denoting the quark and antiquark creation op-
erators with LC helicity A\. Then

/dI qlqy = Z/Efpi [n(b,p") —7x (b,p7)]

A
. dpt )
[asmatiote = 30 [ {2 o ") = (b)) L (159
A

where 1 (b, p*) = bl (b, pT)ba(b, pt) and 7 (b, pt) = di (b, p*)dx(b, pt) de-
note the particle and antiparticle number operators, respectively.
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Thus, for 77 = ud taken for definiteness,

/d:r TH (b, Z/Mp+ [ nu (b,p" )+éncp (b,p7) ] - (186)

Since qiq+ is positive for quarks and negative for antiquarks, Eq. (186), and
consequently F'(b) (the Fourier transform of the charge form factor in the
space-like momentum space, Eq. (193)), are positive definite. For @, one
also finds positivity in an analogous way

/ do~ 2 (ﬂwm —otwlw,) =i / de-wlotw,

Z/ 47rp+ nux (0:p%) +p g, (0,07)] - (187)

9.1. Wave packets on the light-front

Consider a normalized state as a wave packet

d2p, dp* -
l¢) = /Md) (pLp") [pL,p™) (188)

from where the scalar product is
d2pJ_ dp+ ~ +\* 7 +
(Ply) = /(27r)32p+¢ (pbp ) (G (pL,p )
= /dede_QS (l‘L,{L‘_)*w(l‘L,{L‘_) . (189)

The coordinate and momentum representations are related via the Fourier
transform

_ ) d2pL dp 7

fﬁ T Y (pL,p

The integration over the = coordinate in the local operator allows one to
define the transverse wave packet distribution in the transverse coordinate,
b=x, as follows:

ny(b) = /dx_ | (b, 1:_)‘2 _ 7 dp*
0

b (wy, @ ) eilTpimpten) (190)

2

d? . -
/(2:;626'“@!}(1&,17*) . (191)

dmpT
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We take the 27 = 0 quantization surface. Using translational invariance,
after some straightforward manipulations, one obtains an intuitive formula
for the expectation value of the electromagnetic current J+

()] /dx_ JT(b,z7) ) = /de’nw (b—0)F (), (192)

where F'(b) is the Fourier transform of the charge form factor in the space-
like momentum space

2 .
F(b) :/gf)éF(qi) etaLb, (193)

For a localized wave packet n,(b) — 6)(b) and nj/f (b) — pt6®)(b), hence
one has

(W /da: J(b,a7) [¥) — F(b). (194)
Transverse charge density is invariant under longitudinal boosts.

9.2. Transverse distributions of GFFs

Similarly, it is straightforward to show that A(b) is the relative distribu-
tion of PT in the transverse coordinate space

d?qr . 2
@++(b) = /We qu2P+ A(qi) = P+A(b),

/d%@**(b) = P+, (195)
The transverse energy density is

_ dQQJ_ —iag ) - _ 1

and does not possess definite positivity.

9.8. Transverse densities and mechanical properties

The form factor D determines the transverse pressure p(b) and the shear
forces s(b) as follows |18, 19]:

ij 1 d*qy —ig bl [ ij
%) = 55+ | e s [QJ_Qi_(S]Cﬁ_} D(q7)

L byl 1 ..
= 5l]p<b) -+ |:1)2 - 2(51]:| S(b) .
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The trace of GFF is given by
OLL(b) = 207 (b) — OM(b) — O2(b) = (b) — 2p(b)

w
1 dZQL —ig b 2 1 2 2 3 2 2
by / (272 e [2 <m7r + 4QL> Aql) + §QLD (¢1)
1 T 1
= g, = —0(@). 1
i | 06 (1) = 770) (197)

We note that fooo 2rbdbp(b) = 0, as expected from classical mechanical
stability. Also |18, 19|,

D(0) = 2my / 21tb db b?p(b) . (198)
0

Interestingly, one can decompose the pressure as follows [97, 98]:

my 1 9 1
p(6) = "EAWD) + 5 VEB(E) - GO). (199)
which is displayed in Fig. 7. The contribution of A is positive according to
the general argument of Eq. (195), thus repulsive and short-range, reflecting
the large mass of fo. The term from B is small and with no definite sign (here
we use the meson dominance model parametrization from [98|, where B is
small but non-zero). Importantly, the contribution of © is attractive and

VAN — tot
0.3F \ 1
- cl \ ---A ]
E o2 [\ B -
> [ \\ ______ o ]
] Ey \ ]
(2. 0.1j N 7
— [ N ]
o ] ~— 1
5 0.0 : 7
g \\//""‘V ]
~ -01F ]
-0.2| ]
0.0 0.5 1.0 1.5 2.0

b [fm]

Fig.7. Anatomy of the transverse pressure (multiplied by 27b) from the decompo-
sition of Eq. (199). The attractive part comes from O, the repulsive part from A,
while the contribution of B is small and changes the sign.
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long-range, reflecting the smallness of the ¢ mass. Therefore, the meson
dominance offers naturally a simple picture with a 2%+ repulsion in the
core and a 07" attraction in the tail, reflecting the hierarchy of masses.
Qualitatively similar results were obtained in [85, 86, 164], where the 0**
component office SEM is associated with the gluon contribution to the trace
anomaly.

9.4. Radii
The transverse radii are defined as
ST 2mbbPF(b) 4 dF(t)

vy, =0 = . 200
) IZ2mbFb)  F(0) dt |, (200)
In the model parametrization of [98],
1 1 1 1
<b2>A_4<—cA—|— rt ot +—3 >_[0.34(1) fm]?,
mf2 mfé m é/ mfé”

c4 approximately cancels the contribution 1/ mfcé, +1 /m?é//
2 1 1 9
() = 4| 5 + 5 | = [0.60(3) fm]?,
i fo
o) _ Joo2mb?[p(d) + 5(b)] _ 4D(0)
mech fooo 27Tb[p(b) + %S(b)] fOOO d(—

Hierarchy of the radii reflects the meson mass pattern:

PV < Pl < ()8

mech

5= 0.48(3) fm]?.

0.34(1) < 0.48(3) < 0.60(3) [fm]. (201)

For the case of the nucleon, one can use the Abel transform [165, 166] to
obtain the relation of the transverse (2D) and the radial (3D) distributions.
Note that for the pion, the relation does not hold, as the 3D distributions
do not reflect the intrinsic structure. The corresponding 3D radii obey the
hierarchy [98]

1/2 1/2 1/2 1/2 1/2
2P < ()< (V< (P2 < ()P

0.51(1) < 0.57(3) < 0.67(2) < 0.72(5) < 0.90(4) [fm].  (202)

As a benchmark, the charge radius of the proton is 0.84 fm, while its mag-
netic radius is 0.85 fm.
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10. Summary

In these lectures, we have attempted to broadly discuss some general fea-
tures of the stress-energy-momentum tensor and its matrix elements, start-
ing from classical mechanics and classical field theory concepts, and ending
up with QCD and the meson-dominance explanation of the recent lattice
data for the hadronic gravitational form factors. We hope to have convinced
the reader of the very basic nature and phenomenological importance of
these issues.

The principal points concerning the results for the gravitational form
factors of the pion and nucleon are following:

1. The gravitational form factors provide insight into the matter distribu-
tion inside hadrons, in particular the mass and forces. They are related
to the generalized parton distributions as low-momentum transfers,
which makes them accessible experimentally.

2. The MIT lattice benchmark data provide high-accuracy gravitational
form factors for the pion and nucleon directly in the “intermediate”
space-like region up to Q2 = 2 GeV?2. These data are fully compatible
with the meson dominance approach.

3. It is important to carry out the form factor analysis in good spin
channels.

4. The matter extension (radius) is large due to the small value of the
o meson mass, m, = 0.64(4) GeV. Precise modeling involves a broad
o described with an appropriate spectral function, but the description
of the space-like data is largely insensitive to the spectral details.

5. The form factor D(t) (the Druck term) is a combination of the good
spin form factors, 07 and 2%, with the meson dominance applied to
the MIT lattice data yielding

Dr(0) = —0.95(3),  Dn(0) = —3.0(4). (203)

6. The gravitational transverse distributions are intrinsic properties of
hadrons. The meson dominance provides an efficient description of the
transverse distributions at not too small transverse radii, b 2 0.1 fm.

The main general features of GFFs of the pion and nucleon are collected
in Tables 2 and 3, containing the properties of the spectral densities, form
factors for the space-like momenta, and the transverse densities. The signs
of the low and high values of the arguments are indicated with +. For the
case of spectral densities, “low” means the behavior near the 27 production



Particle Seismology: Mechanical and Gravitational Properties . . . 4-A6.51

threshold, while “high” denotes the asymptotic limit. For the remaining
cases, “low” means the zero argument. Labels pQCD, 27, and sym. indi-
cate the reason for the listed behavior: perturbative QCD, the two-pion
threshold, and the symmetry (the Ward—Takahashi identity), respectively.

Table 2. Summary of basic properties of GFFs of the pion.

Quantity Low limit Intermediate range High limit
Im A(s) + 27 changes sign - pQCD
Im D(s) - changes sign +
ImO(s) + changes sign -
A (—QQ) 1 sym. + pQCD
D(-Q%*) —1+0(m2) —~
G (—QQ) 2m?2 changes sign —
A(b) +00 pQCD positive definite + 27
o(b) —00 changes sign +
p(b) +oo changes sign -
Table 3. Summary of basic properties of GFFs of the nucleon.
Quantity Low limit Intermediate range High limit
Tm A(s) + 2 changes sign + pQCD
Tm J(s) + changes sign +
Im B(s) + changes sign +
Im D(s) — changes sign +
Im O(s) + changes sign -
A (—QQ) 1 sym. + pQCD
Je@) ) .
B (—-Q?) 0 -
D (-@?) -
o (-Q?) my changes sign —
A(b) + positive definite + 27
o(b) +

p(b) changes sign -
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Appendix A
Watson’s theorem

We discuss the unitarity conditions in coupled channels when one channel
is closed. The goal is to address the 7w effect in the processes g*,v* — NN
above the 77 threshold but below the NN threshold. The unitarity of the
S-matrix as a sum over components reads

SST=1 = ) SinS}, =i

In general, we have
Sif = 5z‘f + 27id (Ef — E;) Ty,
which implies the generalized optical theorem

Tip = Tf =27 Y TinT},0 (En — Ey)
n

where n are the open-channels. Due to the time-reversal symmetry, the
S-matrix is symmetric, i.e., ST = S. The channels may be open or closed,
such that the S-matrix acquires a block diagonal form where the closed
channels submatrix have a purely real S-matrix. Therefore,

> SinSy = 6if .

In our case, n = ete™, 7tn~, KK, NN, etc. In the case of only one channel
open, say mm — 7, we have S1; = e*%1 with ¢; denoting the phase-shift.

As a warm up, let us consider first the case of two channels, 1 = 77 and
2 = KK, and deduce the unitarity condition on the transition 7w — KK
below the K K threshold. Then

sst-ss = (0 ) (50 SB)-( )
1S11|? + |S12f* =1

= ( S1Sfy + 51255, =0 — =——=. (A.1)
1S12f2 4 S22 =1
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Using the fact that channel 2 is closed, Sa2 = S35, and S1; = |S11] 2101 =
m €291 we find that

Sio  me¥n
12 S22

— Sip = :|:Z"5'12| eial .

Therefore, in this case, we have

S m e2i51 4 /1 — ,’7% ei51
+iy/1—1n? e m ’

which corresponds to the case of both channels opened

S m e2i01 +i/1 — ,r’% ei(51+52)
-\ /T = 2 eiGi+02) 1 €22 ’

when d9 — 0.
Next, we consider the case where both channels are open, but one is

weakly coupled (for instance, 1 = w7 and 2 = eTe™), such that Spo = 1+...
and S19 = +iF + .... Then we find to the first order in F' that

Sy iF\ (S, —iF* 10

T * 11 11 _

551 =55 = (zF 1) (—iF* 1 )‘(o 1> (8-2)
S =1

—
—F*S;1+F =0
F . .

= = =Su =¥ — F=|F|e® — ImF = |F|sind,

which is Watson’s theorem for one channel. Note that for attractive inter-
actions 01 > 0, hence Im F' > 0.

Appendix B
The half-width rule

As we have mentioned, PDG [140] provides a summary of estimates of
resonance masses and widths for mesons with given JF¢, but the more de-
tailed information about phase-shifts is not always available in the literature.
So, what is a reasonable numerical mass value we have to take when mapping
a resonance into a monopole form factor? A rather conservative estimate of
the uncertainty is given by the half-width rule. Quite generally, we have

Amplitude = Background + Resonance .
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Realistically, one would thus have a sum of the two contributions

p(s) = pa(s) + Zrpr(s) - (B.1)

For a BW resonance profile,

pr(s) = e ])”i e [eo=1, (B.2)

where the normalization assumes that we integrate for simplicity over the
whole axis. In a probabilistic interpretation, we have

M2 + Iy M, 1
p (Mg =2 R _1 (B.3)
p (ME) 2
In Fig. 8, we compare a Gaussian and BW shapes. As we can see, the line
shapes are very similar within the half-width rule interval.

1.0 T T T T T \i

o
[ee)
:
|

p(9/p(M?)
o o
-‘b [e)]
N
-

o
N
:

|

o
o
o

-3 -2 -1 0o 1 2
(S=M"2)/MT

w

Fig. 8. Hlustration of the half-width rule comparing a Gaussian and a BW distri-
bution.
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