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We investigate quasiparticle states driven by the proximity effect in the
quantum dot(s) coupled to superconducting samples. For the single quan-
tum impurity, we show that its subgap spectrum consists of either the mag-
netically unpolarized (Andreev) or polarized (Yu–Shiba–Rusinov) bound
states appearing at energies which depend on the hybridization strength
with a superconductor. We also analyze the molecular bound states of the
double quantum dot attached in series to a superconductor and weakly cou-
pled to a metallic lead on the opposite side. For this setup, we show that
a magnetic field is detrimental to the on-dot pairings, in much the same
way as spinful impurities are pair-breakers for the Cooper pairs in conven-
tional bulk superconductors. Finally, we address the issue of triplet pairing
induced by the spin–orbit interactions in superconducting nanostructures.

DOI:10.5506/APhysPolB.57.5-A11

1. Introduction

Impurities are omnipresent in solids and qualitatively affect their prop-
erties. In metallic samples, they are responsible for the residual resistivity
at low temperatures and, in the case of magnetic impurities, for the log-
arithmic increase of resistivity associated with the Kondo effect. In semi-
conductors, donor and acceptor impurities play a pivotal role in controlling
charge transport, which underlies numerous technological applications. The
role of impurities in superconductors is more subtle. Anderson [1] predicted
that a dilute concentration of nonmagnetic impurities does not significantly
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affect the critical temperature of conventional isotropic (s-wave) BCS su-
perconductors. In contrast, magnetic scattering centers act as Cooper pair
breakers and suppress superconductivity. This behavior differs from uncon-
ventional superconductors, such as high-temperature cuprates, where the
exchange-interaction driven pairing in real space [2] has been predicted to
be enhanced by local inhomogeneities [3].

The remarkable development of scanning tunneling spectroscopy has en-
abled direct experimental access to the quasiparticle spectra of impurities de-
posited on the surfaces of conventional [4], unconventional [5], and topologi-
cally nontrivial superconductors [6]. Measurements performed on impurities
embedded in isotropic BCS-type superconductors have revealed resonant in-
gap features associated with impurity-induced bound states [4, 7]. Similar
subgap excitations have been observed in quantum dots coupled to super-
conducting leads, where they appear as the Andreev or Yu–Shiba–Rusinov
(YSR) bound states depending on the interaction regime. Comprehensive
reviews of these bound states have been given in [8–10]. Currently, intensive
activities devoted to such subgap quasiparticle states of superconducting
nanohybrids are mainly driven by their perspectives for the advancement of
quantum information technology [11, 12].

Furthermore, from the point of view of fundamental physics, the su-
perconducting nanostructures can be regarded as a convenient platform for
investigating a competition between the local pairing and strong correlation
effects [13]. These phenomena are empirically detectable via the tunneling
conductance, which in the subgap regime is dominated by the electron-to-
hole (Andreev) scattering processes. Such measurements have been done for
quantum dots in two-terminal junctions, using InAs nanoscopic islands [14],
carbon nanotubes [15], semiconducting wires [16], etc. Other studies have
explored three-terminal configurations, comprising two metallic electrodes
interconnected through two quantum dots with the superconducting lead.
In such a geometry, the Coulomb repulsion combined with the magnetic side-
gates [17] efficiently splits the paired electrons from the superconductor into
different normal leads, where their quantum entanglement is retained over
certain distances. Recent activities focus on the multi-dot [18–20] and/or
multi-terminal [21] superconducting structures for engineering the topolog-
ical states of matter.

In this work, we analyze the formation and evolution of subgap bound
states due to electron pairing in quantum dots hybridized with supercon-
ducting reservoirs, focusing on the interplay between hybridization strength
and magnetic polarization. We first characterize the emergence of impurity-
induced in-gap states in the single-dot configuration and identify the pa-
rameter regimes governing their spectral evolution. We then extend the
analysis to the case of multiple impurities and the evolution of individual
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bound states into the formation of molecular-like structures. As a minimal
realization of such hybridization effects, we consider a double quantum dot
system, which has recently been investigated experimentally using STM [22]
and ballistic tunneling spectroscopy [23–25]. Within this setup, we exam-
ine the suppression of local BCS-like singlet pairing on the dots following
a quench of the magnetic field from zero to a finite value. Finally, we address
the emergence of inter-dot triplet correlations in the presence of spin–orbit
interaction. We demonstrate that the combined action of Zeeman split-
ting and spin-mixing tunneling can generate equal-spin pairing components.
Such a scenario is considered for the bottom-up construction of topological
superconductivity, hosting the poor man’s Majorana modes [18–20].

2. Mutation of Andreev to Shiba states

Let us begin by analyzing the subgap states of a single quantum dot
coupled to an isotropic superconductor. The system can be described by
the Anderson impurity Hamiltonian

Ĥ = ĤS + ĤS−QD +
∑
σ

εσ d̂
†
σ d̂σ + U n̂d ↑ n̂d ↓ . (1)

Here, d̂σ (d̂ †
σ) are the annihilation (creation) operators of electrons with

spin σ =↑, ↓, the energy level denoted by εσ can depend on spin, U is
the potential of on-dot repulsion between the opposite-spin electrons, and
n̂dσ = d̂ †

σd̂σ stands for the number operator. The superconductor can be
described by the effective BCS-type Hamiltonian ĤS =

∑
k,σ ξkSĉ

†
kσSĉkσS −∑

k ∆
(
ĉ†k↑Sĉ

†
−k↓S + ĉ−k↓Sĉk↑S

)
, where ∆ is the pairing gap, and ξkS = εkS−

µS are energies measured with respect to the chemical potential µS. The
quantum dot is hybridized with a bulk superconductor through the term

ĤS−QD =
∑
k,σ

(
VkS d̂ †

σ ĉkσS + V ∗
kS ĉ†kσS d̂σ

)
, (2)

where VkS denote the matrix elements. Roughly speaking, they characterize
an overlap between wave-functions of the localized QD electrons and the
itinerant electrons of the superconductor. In conventional superconductors,
the pairing gap is of the order of millielectronvolts, therefore, we restrict
our considerations to the low-energy sector, i.e. corresponding to the large
bandwidth limit |VkS| ≪ D (where −D ≤ εkS ≤ D). Under such conditions,
we can treat the coupling strength ΓS = 2π

∑
k |VkS|2δ(ω−ξkS) as a constant

(ω-independent) quantity.
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The hybridization term (2) extends the pairing of electrons on the quan-
tum dot, leading to the appearance of quasiparticle states inside the pair-
ing gap of the bulk superconductor. To study their signatures, we proceed
within the BCS formalism, introducing the single-particle Green’s function
G(τ, τ ′) = ⟨⟨Ψ̂(τ); Ψ̂ †(τ ′)⟩⟩ in the Nambu representation Ψ̂ † = (d̂ †

↑ , d̂↓),
Ψ̂ = (Ψ̂ †)†. Under equilibrium conditions, it depends only on the time
difference τ–τ ′ and its Fourier transform can be expressed as

G(ω)−1 =

(
ω−ε↑ 0
0 ω+ε↓

)
−Σ0(ω)−ΣU (ω) . (3)

The self-energy Σ0 refers to the hybridization of an uncorrelated quantum
dot with the reservoirs, and the term ΣU (ω) accounts for effects due to the
Coulomb repulsion U . The uncorrelated part can be analytically obtained
from the Dyson equation [26]

Σ0(ω) =
∑
k

|VkS|2 gS(k, ω) , (4)

where the matrix Green’s function of the superconductor is given by

gS(k, ω) =

(
ω − ξkS ∆

∆ ω + ξkS

)−1

. (5)

In the wide bandwidth limit, the self-energy (4) simplifies to

Σ0(ω) = −ΓS

2
γ(ω)

(
1 ∆

ω
∆
ω 1

)
(6)

with an ω-dependent function

γ(ω) =

{
ω√

∆2−ω2
for |ω| < ∆ ,

i |ω|√
ω2−∆2

for |ω| > ∆ .
(7)

The quasiparticle excitation energies of the quantum dot are determined
by the poles of the dot Green’s function G(ω). For the uncorrelated case
(U → 0), the matrix Green’s function has the form

G(ω) =
1

(ω̃ − ε↑) (ω̃ + ε↓)−
(
Γ̃S
2

)2
(

ω̃ + ε↓ − Γ̃S
2

− Γ̃S
2 ω̃ − ε↑

)
. (8)
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In the subgap regime (|ω| < ∆), the auxiliary parameters are defined by

ω̃ = ω +
ΓS

2

ω√
∆2 − ω2

, (9)

Γ̃S = ΓS
∆√

∆2 − ω2
, (10)

whereas outside the pairing gap (for |ω| > ∆) both ω̃ and Γ̃S become complex
quantities.

In what follows, we discuss the variation of the effective quasiparticle
spectra with respect to the coupling ΓS and magnetic field. The spectral
function of spin-↑ electrons is defined by

ρ↑(ω) ≡ − 1

π
Im
{
G(ω + i0+)

}
11

(11)

and ρ↓(ω) can be obtained in the same way by inverting the spin indices in
the matrix Green’s function (8).

2.1. Bound states of an unpolarized quantum dot

In the absence of magnetic polarization, the energy levels of the two-
spin projections are equal, ε↑ = ε↓ ≡ εd. In the subgap regime, the Green’s
function (8) exhibits two poles at ω = ±EA, which are determined by the
solutions of the nonlinear equation

EA

1 +
ΓS

2

1√
∆2 − E2

A

 = ±

√
ε2d +

(
ΓS

2

)2 ∆2

∆2 − E2
A

. (12)

Figure 1 shows the spectral function ρσ(ω) of the unpolarized and uncorre-
lated quantum dot computed numerically for εd = 0. Its variation against
the ratio ΓS/∆ reveals the bound states near the gap edge singularities
when the quantum dot is strongly hybridized with the superconducting host
(ΓS ≫ ∆). In contrast, the bound states move toward the interior of the
pairing gap when the quantum dot is weakly coupled to the superconductor.
These unpolarized in-gap quasiparticles are dubbed Andreev states due to
the fact that any charge transfer via the subgap region is possible solely by
converting an electron into a hole (initially discussed by Andreev), which
engages both of the quasiparticle states at ±EA.



5-A11.6 T. Domański et al.

ω / ∆

ΓS / ∆

ρσ(ω)
Γs

-2
-1

 0
 1

 2

 0

 2

 4

 6

 8

 10

Fig. 1. Spectral function ρσ(ω) of the unpolarized quantum dot obtained for εd = 0,
neglecting the correlations (U = 0). In the strong coupling limit, ΓS ≫ ∆, the
bound states show up near the gap edge singularities ±∆. They gradually move
towards the central subgap region in the weakly coupled regime, when ΓS ≤ ∆.

In the weak-coupling regime, ΓS ≲ ∆, where E2
A ≪ ∆2, one can assume

ω ≪ ∆. In this limit, the self-energy (6) simplifies to a static form

Σ0(ω) = −
(

0 ΓS
2

ΓS
2 0

)
. (13)

In this regime, the proximity effect induces an effective on-site pairing ampli-
tude ΓS/2 on the quantum dot. The resulting Andreev bound-state energies

are given by ±
√

ε2d + (ΓS/2)
2. The subgap spectral function ρσ(ω) then

simplifies to the familiar BCS-type form

ρσ(ω) =
1

2

[
1 +

εd
EA

]
δ(ω − EA) +

1

2

[
1− εd

EA

]
δ(ω + EA) . (14)

The subgap spectrum consists of two quasiparticle peaks symmetrically
spaced with respect to the Fermi level of the superconductor µS ≡ 0, whose
spectral weights can differ, depending on the energy level εd.

2.2. Polarized bound states

Let us now consider the polarized quantum dot, for instance, induced by
an external magnetic field which splits the energy levels

ε↑ = εd −
1

2
Bz , ε↓ = εd +

1

2
Bz (15)
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by the Zeeman energy Bz. To some extent, this situation mimics the mag-
netic impurities (such as Fe, Co) which are known to be detrimental to
s-wave superconductors [1]. Here, we analyze the single impurity, there-
fore, its influence on the macroscopic superconductor is negligible. We focus
instead on the quasiparticle spectrum of this polarized quantum impurity,
paying special attention to the subgap region.

Figure 2 displays the typical variation of the spectral functions ρ↑(ω) and
ρ↓(ω) against the Zeeman energy Bz. We notice that the in-gap states of
different spin sectors are shifted — for a weak magnetic field roughly by Bz.
With further increase of Bz, a pair of the outer bound states approaches the
gap edges ±∆. The other (inner) pair of the bound states is symmetrically
located with respect to the Fermi level µS. Let us note that these inner
bound states are fully polarized. These YSR states were initially predicted
for classical magnetic impurities in bulk superconductors [27]. Their role in
various superconducting nanostructures is presently often considered for the
realization of topologically nontrivial superconducting phases [10].

ω / ∆
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ρσ(ω)
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ρ (ω)
ρ (ω)
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Fig. 2. The spectral functions ρσ(ω) obtained for σ =↑ (blue) and σ =↓ (red)
electrons, using the model parameters U = 0, ΓS = 0.7∆, εd = 0.

2.3. Correlation effects

The subgap spectrum is strongly influenced by electron–electron interac-
tions, when present. In a single quantum dot coupled to a superconductor,
the on-site Coulomb repulsion U competes with the proximity-induced pair-
ing. As a result, the energies of the subgap states depend significantly on U,
ΓS, as well as εd. At a critical interaction strength Uc, determined by these
parameters, the subgap excitations cross at zero energy, signaling a quantum
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phase transition between ground states of different parity. For U < Uc, the
system is in an even-parity many-body singlet state, whereas for U > Uc, it
transitions to an odd-parity doublet configuration [28, 29].

The singlet phase itself comprises two distinct regimes. For weak and
moderate interactions, U ≲ ∆,ΓS, the ground state has a BCS-like charac-
ter, i.e., it forms a coherent superposition of the empty and doubly occupied
states u |0⟩ − v |↑↓⟩. In contrast, for ∆ ≪ U < Uc, the singlet acquires a
Kondo-like character, resulting from the screening of the localized spin by
the Kondo cloud [30].

For multi-dot systems, the enlarged parameter space leads to a richer
subgap spectrum and more intricate phase diagrams [31–33]. The inter-dot
Coulomb (capacitive) interactions may further reshape the in-gap states [34,
35], although a detailed analysis of these effects lies beyond the scope of the
present work.

3. Molecular bound states

Numerous recent studies have explored the bound states of multi-dot
structures hybridized with superconducting reservoirs. Inter-dot (lateral)
coupling modifies the individual in-gap states, leading to the formation of
a more complex molecular -like spectrum. Here, we address this problem in
the simplest, yet nontrivial, setting of a double quantum dot. Two quantum
dots proximitized by a superconducting reservoir have attracted consider-
able attention due to their potential realization of a minimal Kitaev chain
supporting Majorana quasiparticles [18–20, 36].

Specifically, we consider the hybrid system consisting of two quantum
dots coupled on one side to the superconductor and on the opposite side to
the metallic lead. This setup can be described by the Hamiltonian

Ĥ = ĤS + ĤS−QD1 + ĤQD1 + ĤQD1−QD2 + ĤQD2 + ĤN−QD2 + ĤN , (16)

where we treat the quantum dots as Anderson-type impurities ĤQDi
=∑

σ εiσn̂i,σ +Ui n̂i,↑n̂i,↓, their hybridization with external leads is expressed
in the same way as in Eq. (2), and the inter-dot coupling is

ĤQD1−QD2 = t12
∑
σ

(
d̂ †
1,σd̂2,σ + d̂ †

2,σd̂1,σ

)
. (17)

The normal lead is described as a free fermion gas ĤN =
∑

k,σ ξkNĉ
†
kσNĉkσN

and is regarded as a probing electrode for tunneling measurements. For this
reason, the coupling ΓN = 2π

∑
k |VkN|2δ(ω − ξkN) is assumed to be much

smaller than ΓS.
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Let us investigate the uncorrelated case, Ui = 0, when the quasiparticle
spectra of both quantum dots can be determined exactly. We use again
the matrix Green’s functions Gi(τ, τ

′) = ⟨⟨Ψ̂i(τ); Ψ̂
†
i (τ

′)⟩⟩ in the Nambu
representation Ψ̂ †

i = (d̂†i,↑, d̂i,↓), Ψ̂i = (Ψ̂ †
i )

†. The matrix Green’s functions
are coupled through the set of equations

G1(ω)
−1 =

(
ω−ε1↑ 0

0 ω+ε1↓

)
+

γ(ω)ΓS

2

(
1 ∆

ω
∆
ω 1

)
− (t12)

2G2(ω) ,

(18)

G2(ω)
−1 =

(
ω−ε2↑ 0

0 ω+ε2↓

)
+

iΓN

2

(
1 0
0 1

)
− (t12)

2G1(ω) . (19)

The lowest order estimation of the matrix Green’s function of QD1 yields

G1(ω) ≈ ω−ε1↑ +
ΓS
2 γ(ω)− t212

ω−ε2↑+iΓN/2
ΓS∆
2ω γ(ω)

ΓS∆
2ω γ(ω) ω+ε1↓ +

ΓS
2 γ(ω)− t212

ω+ε2↓+iΓN/2

−1

(20)

and by inserting it into Eq. (19), one can determine the first estimation for
the Green’s function G2(ω). Next, the matrix functions can be iteratively
updated, until numerical convergence is reached.

Figure 3 shows the molecular spectrum ρ1σ(ω), varying as a function
of the energy level ε2σ. We can clearly recognize the features inherited
from the proximitized QD1 (i.e. two in-gap states, roughly spaced by ΓS)
and additional structures appearing around ±ε2σ contributed by electronic
states of QD2. In the latter case, we notice the particle and hole components
which arise from the electron pairing transmitted to QD2 from QD1 through
the inter-dot coupling t12. The optimal condition for this pairing ⟨d̂2↓d̂2↑⟩
occurs when the energy level ε2σ approaches µS. This is manifested by
the quasiparticle peaks at ∼ ±ε2σ whose spectral weights are sensitive to
ε2σ. The initial bound states of QD1 slightly change their energies as well,
revealing an avoided-crossing behavior. Effectively, for ε2σ → µS, the subgap
spectrum consists of four quasiparticle peaks. Such molecular Andreev bound
states have been detected experimentally in a variety of systems [22–25].
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Fig. 3. Variation of the spectral functions ρ1σ(ω) against ε2σ obtained for the
uncorrelated quantum dots (Ui = 0), using the model parameters ΓS = 0.7∆,
ε1σ = 0, t12 = 0.25∆.

3.1. Influence of magnetic field

Double quantum dots proximitized by a superconductor have attracted
considerable attention, partly due to their potential applications in super-
conducting qubit architectures [37, 38]. Their properties can be probed
experimentally via charge transport. In the subgap regime (where voltage
is much lower than ∆), the current is predominantly mediated by the An-
dreev/YSR processes, involving coherent electron-to-hole conversion at the
superconducting interface. Such processes rely on induced pairing corre-
lations within the quantum dots. If the on-dot pairing amplitude is sup-
pressed, for instance, due to strong Coulomb repulsion competing with the
proximity effect, the subgap transport can become strongly reduced or even
blocked [39]. This type of blockade has been experimentally observed in
the S–QD1–QD2–N junctions [40] as well as in the Josephson-type S–QD1–
QD2–S geometries [41].

We propose here an alternative mechanism leading to an analogous block-
ade effect, originating from an external magnetic field which, through the
Zeeman splitting of the quantum-dot levels (15), suppresses the on-dot pair-
ing correlations. We demonstrate how this suppression emerges in a quench
scenario, where the magnetic field is abruptly switched from zero to a finite
value.

Specifically, we assume as the initial condition that the dot levels εiσ are
spin-degenerate and aligned with the Fermi level of the external leads. At
time t ≥ 0, the magnetic field is suddenly turned on, resulting in a Zeeman
splitting of the energy levels
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εi↓ − εi↑ =

{
0 for t ≤ 0 ,
Bz for t > 0 .

(21)

To analyze this nonequilibrium dynamics, we employ the recently introduced
chain expansion (ChE) technique [33], which enables access to the full time
evolution of the hybrid system up to the steady state by mapping the super-
conducting and normal-metal leads onto effective tight-binding chains using
a Padé expansion.

In Fig. 4, we present the post-quench expectation values of the dot occu-
pancies, niσ(t) = ⟨d̂ †

iσ(t)d̂iσ(t)⟩, for both spin projections. The results cor-
respond to the weak-coupling regime ΓS = 0.02∆, where the initial bound
states are located at ±ΓS/2 and the dots are spin-degenerate, ni↑ = ni↓. Fol-
lowing the quench, a spin polarization gradually develops in an oscillatory
manner on both dots. In the long-time limit, each dot becomes predomi-
nantly occupied by a single ↑-spin electron.

Fig. 4. Time-dependent occupancy of the quantum dots, niσ(t), following the
magnetic-field quench at t = 0 from Bz = 0 to Bz = 1

5∆. The results correspond to
uncorrelated dots (Ui = 0) and parameters ΓS = 1

50∆, t12 = 2ΓS, ΓN = 0.2ΓS, with
εi↓(t > 0) = 1

2Bz and εi↑(t > 0) = − 1
2Bz. The dashed horizontal lines indicate the

steady-state, respective, post-quench equilibrium values at Bz = 1
5∆.

The gradual formation of the triplet configuration is accompanied by
a pronounced suppression of the superconducting on-dot pairing correlations,
as shown in Fig. 5. At t = 0, both dots exhibit substantial induced pairing,
with a slightly smaller amplitude on the dot coupled to the normal lead, as
expected from the reduced SC proximity effect. Following the quench, the
strong magnetic field rapidly suppresses the BCS singlet correlations that
were present on both quantum dots.
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Fig. 5. Time-dependence of the on-dot pairings ⟨d̂i↓d̂i↑⟩ (blue and red curves)
and inter-dot pairing ⟨d̂1↓d̂2↑⟩ induced by the quench in magnetic field from
Bz(t ≤ 0)=0 to Bz(t > 0) = 1

5∆. Numerical results are obtained for the uncor-
related quantum dots, Ui = 0, using the model parameters ΓS = 1

50∆, t12 = 2ΓS,
ΓN = 0.2ΓS and εi↓(t > 0) = 1

2Bz, εi↑(t > 0) = − 1
2Bz. The imaginary parts are

zero.

The dot directly coupled to the superconducting reservoir (QD1) retains
a finite residual pairing amplitude in the long-time limit, albeit with reversed
sign. This finite anomalous expectation value reflects the proximity effect
mediated by virtual tunneling processes between the dot and the supercon-
ducting condensate. Even in the presence of Zeeman splitting, such virtual
processes generate remnant pairing correlations through the hybridization
with the gapped quasiparticle spectrum of the reservoir. Microscopically,
this behavior is closely related to the formation of YSR bound states in-
duced by magnetic perturbations in a superconducting host [8, 10].

In contrast, the second dot (QD2), which is only indirectly coupled to the
superconductor, exhibits an almost complete suppression of pairing correla-
tions in the long-time limit, limt→∞⟨d̂2↓d̂2↑⟩ ≈ 0. Since the proximity effect
on QD2 is mediated solely via inter-dot coupling, the induced anomalous
correlations are strongly suppressed by the Zeeman splitting. Although the
post-quench dynamics initially generates a finite inter-dot pairing amplitude
(green line in Fig. 5), it rapidly decays at longer times as well.

Consequently, in this regime, the subgap transport (e|V | ≤ ∆) becomes
strongly suppressed, as the Andreev transmission channel requires coherent
pairing either locally on QD2 or between the dots. In their absence, the
conversion of electrons into Cooper pairs is effectively blocked.
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3.2. Triplet inter-dot pairing

We have shown that the magnetic field is detrimental to the on-dot pair-
ing of opposite-spin electrons. In contrast, in the presence of spin-mixing
mechanisms, it can promote the emergence of inter-dot triplet correlations
between electrons residing on neighboring quantum dots. Similarly, in bulk
materials, the local spin-triplet pairing can be induced among fermions by
ferromagnetic exchange, for example, originating from the Hund’s rule cou-
pling [42]. Such a mechanism of triplet pairing has been discussed in the
literature as a possible route toward realizing a minimal (two-site) Kitaev
chain [43]. Generation of equal-spin inter-dot pairing requires spin-reversal
(spin-flip) tunneling between the dots. This can be achieved, for instance, by
coupling the proximitized double quantum dot system to a semiconductor
with the strong Rashba spin–orbit interaction [18–20]. Alternatively, simi-
lar physics may arise in the Cooper pair splitter geometries [36] employing
spin-selective filtering side gates [17].

Here, we show, as a proof of principle, that our setup of two quantum
dots embedded in series between the superconductor and the normal lead
can support the equal-spin inter-dot pairing. For this purpose, we amend
the model Hamiltonian, Eq. (16), by the spin-reversal hopping term

ĤSOC = t12

(
d̂ †
1↑d̂2↓ − d̂ †

1↓d̂2↑ + d̂ †
2↓d̂1↑ − d̂ †

2↑d̂1↓

)
. (22)

Following the procedure discussed by us in Ref. [44], we computed the
time-dependent electron pairings in various spin channels, assuming that all
components of the S–QD1–QD2–N setup are abruptly contacted at t = 0.
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-0.005

 0
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 0  5  10  15  20  25  30t / ΓS

<
d 1

σd
2σ
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real part

Fig. 6. Time-dependent buildup of the inter-dot triplet pairing ⟨d̂1σd̂2σ⟩ for σ = ↑
electrons, assuming that components of the S–QD1–QD2–N junction are coupled
at t = 0. Numerical results are obtained for the uncorrelated quantum dots in the
large pairing gap limit, ∆ ≫ ΓS, using the model parameters ΓN = 0.5ΓS, t12 = ΓS,
εiσ = 0, and tSOC = 1ΓS.
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For brevity, we concentrate on the triplet pairing of ↑-spin electrons and
in Fig. 6 we show the results obtained for the uncorrelated quantum dots,
assuming identical magnitude of the hopping processes without and with
the spin reversal. We notice that the complex pairing function ⟨d̂1↑d̂2↑⟩
evolves to the purely imaginary value. Its finite absolute value is necessary
for the emergence of the zero-energy boundary modes, provided that the set
of sweet spot parameters can be satisfied [20]. Such a requirement within
the presently considered model is rather challenging, and its feasibility will
be discussed in more detail separately.

4. Summary

We have investigated the quasiparticle states of single and double quan-
tum dots hybridized with a conventional superconductor. Due to hybridiza-
tion with the superconducting reservoir, subgap bound states emerge in the
dot spectrum, reflecting the electron–hole mixing induced by the proximity
effect. In the weak-coupling regime, these states appear well inside the pair-
ing gap, centered around the chemical potential µS of the superconductor.
For strong hybridization, however, the bound states shift toward the gap
edges ±∆, rendering a nonmagnetic impurity nearly indistinguishable from
the superconducting host, consistent with Anderson’s theorem [1].

We have examined the evolution of these bound states under an external
magnetic field, which induces the Zeeman splitting of the dot levels. The
resulting subgap states become spin-polarized and shift in energy. In the
strong-field regime, one pair approaches the gap edges, while the remain-
ing in-gap states evolve into fully polarized quasiparticles, analogous to the
Shiba states of classical magnetic impurities [8].

Extending the analysis to a double quantum dot coupled to a supercon-
ductor on one side and weakly to a metallic lead on the other, we demon-
strated that both dots can acquire pairing correlations provided the energy
level of the impurity coupled to the normal lead lies sufficiently close to µS.
In this regime, the spectrum consists of two pairs of in-gap peaks form-
ing molecular Andreev states. A magnetic field suppresses these proximity-
induced correlations, and in a biased configuration, this suppression blocks
charge transport mediated by electron–hole conversion.

Finally, we addressed triplet pairing induced between the dots by the
Rashba-type spin–orbit interaction modeled through the spin-reversal hop-
ping term (22). In the nonequilibrium transient regime, we observed the
gradual emergence of a complex pairing amplitude, whose steady-state mag-
nitude remains small as it arises as a higher-order effect of spin-mixing in
already proximitized dots. Nevertheless, in alternative geometries, such as
dots interconnected through a narrow superconductor [18–20] or embedded
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in the Cooper pair splitter architectures [36], the triplet component can
be substantially enhanced. Our results therefore provide a proof of princi-
ple that proximitized multi-dot systems with spin–orbit coupling can host
triplet correlations, which under suitable parameter tuning may enable the
realization of Majorana-type boundary modes.
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