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The density functional theory calculations and tight-binding models for
the doped lead apatite (and other materials in the same symmetry group)
support flat bands, which could be susceptible to the emergence of var-
ious correlated phases including superconductivity. We develop a theory
for the geometric contribution of the superfluid weight arising from the
momentum-space topology of the Bloch wave functions of these flat bands,
and we compare our results to the paradigmatic case of s-wave supercon-
ductivity on an isolated topological flat band. We show that, in contrast
to the standard paradigm of flat-band superconductivity, there does not
exist any lower bound for the superfluid weight in these models. Moreover,
although the nontrivial quantum geometries of the normal-state bands are
the same when the superconductivity appears in the ferromagnetic and
paramagnetic phases, the emerging superconducting phases have very dif-
ferent superfluid weights. In the case of superconductivity appearing on
the spin-polarized bands, the superfluid weight varies a lot as a function
of model parameters. On the other hand, if the superconductivity emerges
in the paramagnetic phase, the superfluid weight is robustly large and it
contains a significant geometric component.
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1. Introduction

The initial reports of high-temperature superconductivity in copper-
doped lead apatite [1, 2] sparked an active debate and numerous replication
attempts, which initially yielded only partial success [3, 4]. However, later
experimental studies showed that the system is an insulator rather than a su-
perconductor [5, 6], and attributed the observed resistivity drop to a first
order structural phase transition of Cu2S impurities [7, 8]. On the other
hand, some recent studies have shown that specific chemical modifications,
such as sulfur doping, might tune these structures to successfully host su-
perconducting states [9–11] by driving the system into paramagnetic state.
In this paper, we explore the models proposed for the doping-induced bands
in this symmetry class of materials purely from the theoretical viewpoint
without specifically focusing on any particular material.

Density functional theory (DFT) calculations suggest that these mate-
rials support spin-polarized bands at the Fermi level [12–16], and due to
their small bandwidth, they are called flat bands. It was proposed that the
flat bands could support correlated phases at high temperature [12], because
the large density of states can lead to an exponential enhancement of the
critical temperature [17]. However, since the kinetic energy is quenched,
the flat bands are expected to be susceptible to various instabilities, which
may lead to the appearance of magnetic, orbital or superconducting order
[18–23] as has been observed in quantum Hall systems [18, 19], moiré su-
perlattices [24–34], and other flat-band systems [35, 36]. One of the most
exciting aspects of the models for doped lead apatite is that, in contrast to
the flat-band systems studied experimentally so far, the flat bands in this
system are three-dimensional, allowing the possibility of more stable cor-
related phases [23, 37]. However, the understanding of the details of the
competition of the order parameters as a function of external parameters
and structural properties of the samples, as well as the experimental ad-
vances in the sample fabrication techniques to achieve robust control of the
appearing order parameters, are major challenges for the future investiga-
tions. The guiding principle is that one should avoid being at half-filling of
the flat bands if one wants to realize superconducting phases because the
change of the filling away from the exact half-filling is more detrimental to
the other types of order parameters than to the superconductivity [20, 23].
In the spin-polarized case, the two spin-polarized flat bands are half-filled
on average (i.e. the total filling of the two bands is 1) because the corre-
sponding bands in the other spin sector are far below the Fermi level and
fully occupied, but in the paramagnetic phase of this material, the two flat
bands in each spin sector are 3/4 filled on average (i.e. the total filling of
the four bands is 3). Additionally, from the two flat bands, the upper one
has a significantly larger bandwidth [12–16], and another important guid-
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ing principle is that the larger bandwidth also favors superconducting order
parameter relative to the other order parameters. Thus, both guiding prin-
ciples suggest that the paramagnetic phase is a more favorable environment
to support superconductivity, but this comes with the cost of lowering the
overall magnitude of the critical temperature of the correlated phases, which
is expected to reach the maximum at half-filling [20, 23] and it also decreases
with the increasing bandwidth [17].

In order to understand the potential of the proposed phases for supercon-
ductivity, the key property which should be studied is the superfluid weight
Ds, which captures the ability of a material to support supercurrent and the
Meissner effect [38, 39]. For conventional superconductors originating from
the metallic state, one has the well-known result Ds = e2n/m∗, where n is
the electronic density and m∗ the effective mass [38]. However, the experi-
mental observations of superconductivity in twisted bilayer graphene [24, 26–
29] and other flat-band systems [32–36], where the effective mass m∗ is large
and one would expect Ds to be small, demonstrate that there must also exist
other contributions to the superfluid weight. Indeed, it has been theoreti-
cally found that, besides the band dispersion, also the quantum geometry of
the Bloch wave functions contributes to the superfluid weight [18, 22, 40–46].
In particular, in the paradigmatic case of a well-isolated flat band supporting
time-reversal invariant s-wave singlet superconductivity with spin-rotation
symmetry around the z-axis, the superfluid weight originates purely from the
quantum geometry and there exists a lower bound determined by the integral
of the absolute value of the Berry curvature [40, 41]. This means that if this
type of system supports spin-up and spin-down flat bands carrying opposite
spin-Chern numbers there exists a lower bound for Ds given by the value of
the Chern number [40]. Similar lower bounds can also be obtained when the
bands are characterized by other topological invariants [43], and significant
geometric contributions have also been found in three dimensional systems
[23] and disordered systems [47].

In this paper, we study the geometric and conventional contributions
to superfluid weight in the minimal models for doping-induced flat bands
in the lead apatite materials class [48–51]. These models support nontrivial
momentum space topologies [48, 51], and therefore there could exist a signif-
icant geometric contribution to the superfluid weight. However, the studied
models fall outside the standard paradigms of flat-band superconductivity
because they can break all possible assumptions required for the existence
of the universal lower bounds determined by topological invariants:

(i) even though the bandwidths are small, the bands are not perfectly
flat,

(ii) the bands are not well-isolated and depending on the tight-binding
parameters, there can even exist topologically protected Weyl points
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which force the bands to be degenerate at certain momentum values
[48, 51],

(iii) according to the DFT predictions, the system does not obey time-
reversal symmetry but instead, the flat bands are expected to be spin-
polarized [12–16], and

(iv) the spin-polarized bands cannot support singlet superconductivity.

We find that due to these reasons, there does not exist any kind of lower
bound for the superfluid weight in this kind of system. In particular, we
show that the superfluid weight can even be negative in the proposed models,
indicating instability of the superconducting state.

We perform a comprehensive study of the behavior of the superfluid
weight in the candidate models by considering both the interorbital-pairing
superconductivity in the spin-polarized phase [50] and the s-wave singlet
superconductivity in the paramagnetic phase. Although the paramagnetic
phase is not supported by the DFT calculations, there could exist competi-
tion between ferromagnetism and superconductivity so that the transition to
the superconducting phase would be accompanied by the disappearance of
the spin polarization. Additionally, we also consider the effects of the spin-
orbit coupling [51] and mirror-symmetry-breaking terms [48] on the normal
state, superconducting state and superfluid weight. Interestingly, we find
that although the nontrivial quantum geometries of the normal-state bands
are the same when the superconductivity appears in the ferromagnetic and
paramagnetic phases, the emerging superconducting phases have very dif-
ferent superfluid weights. In the case of superconductivity appearing on
the spin-polarized bands, the superfluid weight varies a lot as a function of
model parameters, whereas in the absence of spin polarization, the singlet-
superconductivity has a robust and large superfluid weight originating from
the quantum geometry. In order to better understand the effects caused by
the coupling of the bands on the superfluid weight, we introduce a pertur-
bation to our Hamiltonian which enables the realization of the supercon-
ductivity on an isolated flat band, and study the behavior of the superfluid
weight when the system is tuned from this ideal paradigmatic limit to the
models proposed for doped lead apatite.

2. Normal-state Hamiltonian

Our starting point is the low-energy Hamiltonian for dxz and dyz or-
bitals of Cu atoms (or other dopants depending on the material) forming
a triangular lattice shown in Fig. 1 (a). It can be written as [48]
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H0(k) =
4∑

ν=0

dν(k)σν ,

d0(k) = t̄0

[
−1

4

3∑
i=1

cos(k · bi)−
3

2

]
− 2tz cos kz ,

d1(k) =

√
3t0
4

[cos(k · b1)− cos(k · b2)] ,

d2(k) =

√
3t̂0
4

3∑
i=1

sin(k · bi) ,

d3(k) =
t0
4
[cos(k · b1) + cos(k · b2)− 2 cos(k · b3)] , (1)

where the hoppings between the Cu orbitals, t0, t̂0, t̄0, and tz, are mediated
by the px and py orbitals of O atoms [see Fig. 1 (a)], and the lattice vectors
bi satisfy: b1 = −

√
3êx/2 + 3êy/2, b2 = −

√
3êx/2 − 3êy/2, b3 =

√
3êx.

The chemical potential µ should be determined so that the filling of the
bands is correct. This nearest-neighbor hopping model can be obtained
from symmetry considerations by requiring that the Hamiltonian satisfies
spinless time-reversal symmetry (TRS)

HT
0 (−k) = H0(k) , (2)

a three-fold rotation symmetry

U †H0 (b1 · k → b2 · k → b3 · k → b1 · k)U = H0(k) , (3)

where
U =

(
cos(2π/3) sin(2π/3)

− sin(2π/3) cos(2π/3)

)
, (4)

a spinless in-plane mirror symmetry

σzH0(−kx, ky, kz)σz = H0(kx, ky, kz) , (5)

and an out-of-plane mirror symmetry

H0(kx, ky,−kz) = H0(kx, ky, kz) . (6)
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Fig. 1. (a) The lattice structure showing the positions of the most relevant atoms
for the low-energy theory. The flat bands originate mostly from the dxz and dyz
orbitals of Cu atoms forming a triangular lattice in (x, y)-planes. Together with
the Pb atoms, the Cu atoms form honeycomb lattice, where all atoms are in the
same layer. The O atoms, which are located in a different layer, form a buck-
led honeycomb lattice together with Cu atoms. The px and py orbitals of O
atoms mediate hoppings between the Cu orbitals. The full 3D structure is ob-
tained by stacking these layers. (b) The band structure of Hamiltonian (1) with
flat-band parameters (blue) and H–M parameters (red), given in Table 1, along
the high-symmetry path in the Brillouin zone. The Fermi levels in the ferro-
magnetic (µF) and paramagnetic (µP) phases are shown with the blue and red
dashed lines for the two sets of parameters. Here, Γ = (0, 0, 0), M = (0, 2π/3, 0),
K = (2π/(3

√
3), 2π/3, 0), A = (0, 0, π), L = (0, 2π/3, π), H = (2π/(3

√
3), 2π/3, π).

(c) Effects of mirror-symmetry-breaking hopping (tz− = t0/12, blue line) and spin-
orbit coupling (λ = 0.3t0, red line) on the band structure obtained with the flat-
band parameters. The double Weyl points in the mirror-symmetry-broken case
appear at Γ and A. (d) The Chern number of the lower band as a function of
kz in the presence of mirror-symmetry-breaking term (tz− = t0/12, blue line) and
spin-orbit coupling (λ = 0.3t0, red line).
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Two additional in-plane mirror symmetries can be obtained by combining (5)
with the rotation symmetry. If one considers only the dominant hopping
paths along the bond directions, the hoppings satisfy t0 = t̂0 = t̄0. This was
shown in Ref. [50] for hoppings mediated by the dxz and dyz orbitals of Pb
atoms, but it remains true also in a more realistic model where the hoppings
are mediated by the px and py orbitals of O atoms. Interestingly, for this
relation between the hopping amplitudes, the energy of the lower band is
given by [50]

ε1(k) = −9

4
t0 − 2tz cos kz , (7)

producing a perfectly flat band as a function of kx and ky [50]. In Table 1,
we refer to these hopping amplitudes as the flat-band parameters, where we
have additionally chosen tz = 0.25t0 in agreement with Ref. [50]. According
to the DFT calculations [12–16], the hopping amplitudes of the copper-doped
lead apatite do not satisfy this relationship, leading to weak dispersion as
a function of kx and ky, which is illustrated for the parameters proposed
by Hirschmann and Mitscherling [48] (see H–M parameters in Table 1) in
Fig. 1 (b). It should be emphasized that the energy scale is t0 ≈ 30 meV
[48], so that the bands are always relatively flat.

Table 1. Table of parameter values used for the calculations in this paper. Here,
µF (µP) is the value of the chemical potential in the ferromagnetic (paramagnetic)
phase. The hopping parameter t0 ≈ 30 meV.

Parameter Flat-band parameters H–M parameters
t̄0/t0 1 0.7
t̂0/t0 1 2.3
tz/t0 0.25 0.5
µF/t0 −1.78 −1.17

µP/t0 −0.66 0.12

There also exist two important corrections to the Hamiltonian given
in Eq. (1). The O atoms break the mirror symmetries (5) and (6) [12–
16, 48, 49], resulting in a mirror-symmetry-breaking hopping term between
the Cu orbitals [48]

Hmb(k) = −2tz− sin kz σ2 . (8)

Notice that this perturbation obeys the spinless TRS (2) and three-fold
rotational symmetry (3). Additionally, the spin-orbit coupling cannot be
neglected because the unit cell contains a large number of Pb atoms [52]
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and also the Cu is known to have spin-orbit coupling comparable to tight-
binding hopping parameters in this model [53]. Similarly, as in the recent
work [51], we introduce the spin-orbit coupling with the Hamiltonian

Hso(k) = λσ2 . (9)

This Hamiltonian breaks the spinless TRS (2) and in-plane mirror (5) sym-
metries. Although the spin-orbit coupling does not break the true TRS and
in-plane mirror symmetries, the spinless versions of these symmetries are
broken. From the physics viewpoint, this means that in the spin-polarized
phase, there is no TRS or in-plane mirror symmetries because the combina-
tion of spin-splitting field and spin-orbit coupling breaks these symmetries.
In the paramagnetic phase, this perturbation preserves spinful TRS and
spinful mirror symmetries (see below).

The two types of symmetry-breaking terms (8) and (9) lead to different
kinds of momentum-space topologies of the normal-state Hamiltonian. The
Hamiltonian (8) introduces double Weyl points at Γ and A [48] as shown in
Fig. 1 (c), so that the Chern number, calculated for the lower band over the
(kx, ky)-plane with fixed kz, satisfies [48]

C =

{
−1 , −π < kz < 0

+1 , 0 < kz < π
(10)

as shown in Fig. 1 (d). Introducing the spin-orbit coupling term in the
presence of mirror-breaking term moves the Weyl points away from the Γ
and A points so that they finally merge and annihilate each other at λ = 2tz−
[51]. If λ > 2tz− so that the Weyl points have been annihilated, the Chern
number satisfies

C = −1 , for all kz (11)

as shown in Fig. 1 (d).

2.1. Ferromagnetic phase

In the ferromagnetic phase, favored by the DFT calculations [12–16], the
two spin-↑ flat bands are described by a Hamiltonian

H↑(k) = H0(k) +Hmb(k) +Hso(k)− µF σ0 , (12)

and the spin-↓ are far below the Fermi level and fully occupied, so that
they do not influence the low-energy theory close to the Fermi level at all.
Therefore, the spin-↑ orbitals are on average half-filled, so that the total
filling factor of the two bands of the Hamiltonian (12) is 1. This means
that the Fermi level µF in the system is in-between the Weyl point energies
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as shown in Fig. 1 (c), so that the system is ideal for observing the Fermi
arcs protected by the spin-Chern number C↑ = C, where C is given by
Eq. (10). Importantly, the system remains topologically nontrivial if the
spin-orbit coupling causes the annihilation of the Weyl points because the
spin-Chern number is C↑ = C = −1 for all kz, giving rise to surface states
which resemble the Fermi arcs of the Weyl semimetal phase in the surface
density of states but they have the same chirality for all values of kz, so their
effect on transport properties is expected to be different. In principle, such
kind of chiral currents may repel the magnetic field and cause diamagnetism
even in the absence of superconductivity. This could happen because in the
absence of a magnetic field, the sample will likely contain domains where
the magnetization direction points randomly in both directions, and the
external magnetic field can align the magnetization directions so that the
chiral current expels the magnetic field.

2.2. Paramagnetic phase

Although the existence of the paramagnetic phase in this material is
not supported by the DFT calculations, we consider it in this work because
the ferromagnetism and superconductivity could be competing orders, and
the transition to the superconducting state could be accompanied by the
disappearance of spin polarization similarly as in other systems [20–23]. In
the paramagnetic phase

H(k) =

(
H↑(k) 0

0 H↓(k)

)
, (13)

where
H↑(k) = H0(k) +Hmb(k) +Hso(k)− µP σ0 (14)

and
H↓(k) = HT

↑ (−k) . (15)

The topological properties and the energy-momentum dispersions of the
bands are essentially the same as in the ferromagnetic phase because the
low-energy theory consists of dxz and dyz orbitals, so that the atomic spin-
orbit coupling does not couple the two spin blocks. Therefore, we obtain
4 similar flat bands as discussed above. The spin-Chern number C↑(kz) of
the lower flat band of H↑(k) as a function of kz behaves similarly as in the
ferromagnetic phase and the spin-Chern number C↓(kz) of the lower flat
band of H↓(k) satisfies

C↓(kz) = −C↑(−kz) . (16)
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However, the important difference to the ferromagnetic case is that the spin-
splitting field is now absent, so that the two flat bands in each spin sector
must be 3/4 filled on average in order that the total filling of the four bands
is 3. This means that the Fermi level is significantly above the Weyl points
[see Fig. 1 (c)] and the surface states are significantly below the Fermi level.

In addition to the symmetries discussed above, in the paramagnetic
phase, the Hamiltonian (13) satisfies spinful TRS

syσ0H
T (−k)syσ0 = H(k) (17)

and spin-rotation symmetry around the z-axis

szσ0H(k)szσ0 = H(k) , (18)

where we have denoted the Pauli matrices in the spin space with si and in
the orbital space with σi. If tz− = 0, the Hamiltonian also satisfies spinful
mirror symmetry

sxσzH(−kx, ky, kz)sxσz = H(kx, ky, kz) . (19)

3. Minimal models for the superconducting phase

3.1. Superconductivity in the spin-polarized phase

Since we are looking for the possibility of high-temperature supercon-
ductivity, we assume momentum-independent on-site pairing order parame-
ter. In the spin-polarized phase the only possible order parameter, satisfy-
ing these requirements, is the interorbital order parameter which pairs the
electrons in the dxz and dyz orbitals [50]. Therefore, we assume that the
Bogoliubov–de Gennes (BdG) Hamiltonian in the spin-polarized supercon-
ducting phase is

HBdG(k) =

(
H↑(k) ∆

∆† −HT
↑ (−k)

)
, (20)

where
∆ =

(
0 ∆0

−∆0 0

)
. (21)

Since the scale t0 of the hopping parameters in these models is small, and
we are looking for the possibility of high-temperature superconductivity, the
parameter ∆0 can be comparable to t0.

In the absence of spin-orbit coupling (λ = 0), the Hamiltonian (20) can
be written as

HBdG(k) = H↑(k)τz −∆0τyσy , (22)
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where we have denoted the Pauli matrices in the Nambu space with τi. This
Hamiltonian satisfies a particle–hole symmetry (PHS)

τxH
T
BdG(−k)τx = −HBdG(k) (23)

and a time-reversal symmetry

HT
BdG(−k) = HBdG(k) (24)

so that there exists a chiral symmetry

τxHBdG(k)τx = −HBdG(k) . (25)

This means that the Hamiltonian can be transformed into a block-off-diagonal
form

U †HBdG(k)U =

(
0 D(k)

D†(k) 0

)
, (26)

where U = (τz + τx)/
√
2 and D(k) = H↑(k) −∆. In the presence of chiral

symmetry, 3D Hamiltonians can support nodal lines, which are protected by
the winding number of z(k) = DetD(k)/|DetD(k)| when one goes around
the nodal line in the momentum space [54]. Figure 2 (a) shows that the
phase diagram of the model (20) with the flat-band parameters, given in
Table 1, and tz− = 0 contains a fully gapped topologically trivial supercon-
ducting phase and two different kinds of gapless topological phases. In Type
A gapless phase, the nodal lines form loops inside the Brillouin zone and in
Type B gapless phase, the nodal lines go through the Brillouin zone in the
kz direction [55–57], as illustrated in Fig. 2 (b) and (c). In both cases, the
nodal lines give rise to surface flat bands. The number of zero-energy sur-
face states at the surface momentum (kl, km) is determined by the winding
number of z(k) across the Brillouin zone in the third momentum direction
kn, as illustrated for surfaces parallel to the (y, z)-plane in Fig. 2 (d) and (e).
The mirror-symmetry-breaking termHmb preserves the chiral symmetry and
therefore the phase diagram is qualitatively similar also when tz− ̸= 0. How-
ever, we point out that depending on the values of the model parameters,
the regions of the different phases in the (µ,∆)-plane can look very different.
For example, for the H–M parameters, only the trivial phase and Type A
gapless phase are present as shown in Fig. 3.
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Fig. 2. (a) The phase diagram of the spin-polarized superconducting model (20) as
a function of µ and ∆ for tz− = λ = 0 and other parameters given by the flat-band
parameters in Table 1. The expected chemical potential in the ferromagnetic phase
µ = µF is shown with a dashed line. The phase diagram contains a topologically
trivial fully gapped phase, and Type A (nodal loops) and Type B (nodal lines
going through the Brillouin zone in the kz direction) gapless topological phases.
(b) The illustration of the nodal lines in the momentum space for Type A gapless
phase. (c) The same for Type B gapless phase. (d) The winding number ν(ky, kz)
determining the number of surface flat bands at the side surfaces as a function
surface momentum (ky, kz) in Type A gapless phase. (e) The same for Type B
gapless phase. In (b) and (d), the parameters are µ = −1.7 and ∆ = 0.8. In (c)
and (e), the parameters are µ = −1.7 and ∆ = 0.3.
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Fig. 3. The phase diagram of the spin-polarized superconducting model (20) as
a function of µ and ∆ for tz− = λ = 0 and other parameters given by the H–M
parameters in Table 1. The expected chemical potential in the ferromagnetic phase
µ = µF is shown with a dashed line. In this case the phase diagram contains only
the trivial phase and Type A gapless phase.

The presence of spin-orbit coupling (λ ̸= 0) breaks the chiral symmetry.
Nevertheless, it follows from the symmetries discussed in Section 2 and from
the fact that spin-orbit coupling (9) is momentum-independent that

HBdG(0,−ky, kz) = HBdG(0, ky, kz) . (27)

Together with the PHS (23), this guarantees that there exists a Z2-Pfaffian
invariant [58, 59], which can give rise to topologically protected band cross-
ings in the plane kx = 0 (and in the other planes related to this by the
three-fold rotational symmetry). We indeed find that this kind of topolog-
ical nodal lines exist in a large part of the parameter space as shown in
Fig. 4 (a). When both spin-orbit coupling (λ ̸= 0) and mirror-symmetry
breaking (tz− ̸= 0) are present, the symmetry (27) exists only in the planes
kz = 0, π. Therefore, it no longer protects nodal lines but instead, we obtain
the topologically protected Majorana–Weyl points at the high-symmetry
lines as shown in Fig. 4 (b). Even in the absence of the Weyl points, the
model can support topologically distinct phases because the Chern number
calculated for the two lowest bands of the BdG Hamiltonian (20) in the
kz = 0 plane can have values −2 or 0 as shown in Fig. 4.

We point out that in Fig. 4, we have only characterized the phases in
terms of the topologically protected band crossings at the high-symmetry
planes and lines discussed above, but there can also be gap closings in other
parts of the Brillouin zone. In particular, the phases are expected to be
gapless in some regions of the parameter space because the breaking of the
chiral symmetry enables the possibility of indirect gap closings.
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Fig. 4. The phase diagrams of the spin-polarized superconducting model (20) as
a function of µ and ∆ for the flat-band parameters given in Table 1 in the presence
of symmetry-breaking terms. (a) In the presence of spin-orbit coupling λ = 0.3t0,
the phase diagrams contain Type A and Type B gapless phases protected by the
combination of the symmetries (23) and (27). (b) In the presence of spin-orbit
coupling λ = 0.3t0 and mirror-symmetry breaking tz− = t0/12, the symmetry (27)
is valid only at kz = 0, π. The protected Weyl points (WPs) at these planes are
shown with blue and orange colors. The C = −2 indicates a region, where the two
lowest bands of the BdG Hamiltonian (20) carry a Chern number C = −2 at the
kz = 0 plane. Therefore, it is topologically distinct from the trivial C = 0 phase.

3.2. Superconductivity in the paramagnetic phase

In the case of paramagnetic phase, the most likely candidate for the
momentum-independent order parameter is the s-wave singlet pairing. There-
fore, the BdG Hamiltonian in this case is

HBdG(k) =

(
H↑(k) ∆0σ0
∆0σ0 −HT

↓ (−k)

)
. (28)

Due to the spinful TRS HT
↓ (−k) = H↑(k), this Hamiltonian satisfies a chiral

symmetry
τyHBdG(k)τy = −HBdG(k) . (29)

For∆0 ̸= 0, this Hamiltonian is always fully gapped and topologically trivial.
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4. Superfluid weight

Using linear-response theory, the in-plane supercurrent response to the
gradient of the phase can be expressed as

ji =
gs
2

ℏ
2e

[Ds]ij

(
∂jϕ− 2e

ℏ
Aj

)
, (30)

where due to the three-fold rotational symmetry [Ds]xy = [Ds]yx = 0,
[Ds]xx = [Ds]yy = Ds, and

Ds =
e2

ℏ2
1

V

∑
k,i,j

nF (Ej(k))− nF (Ei(k))

Ei(k)− Ej(k)

×

{∣∣∣∣⟨ψi(k)|
∂HBdG(k)

∂kx
|ψj(k)⟩

∣∣∣∣2 − ∣∣∣∣⟨ψi(k)|
∂HBdG(k)

∂kx
τz|ψj(k)⟩

∣∣∣∣2
}
. (31)

Here, the degeneracy factor gs=1 in the spin-polarized model (20) and gs=2
in the case of the time-reversal invariant singlet superconducting model (28),
V is the volume of the sample, and |ψi(k)⟩ and Ei(k) are the eigenstates
and eigenenergies of HBdG(k), respectively. In the derivation of Eq. (31), we
also utilized the momentum independence of the superconducting order pa-
rameter. In our numerical results, we express the superfluid weight in units
D0 = e2t0/ℏ2. This is the natural choice of unit, because in these units, the
conventional contribution to the superfluid weight, Ds,conv ≈ e2n/m∗, in the
middle of the upper weakly dispersive band in the singlet superconducting
phase is expected to be of the order Ds,conv/D0 ∼ 1. All the shown results
are calculated at zero temperature.

It is useful to decompose Ds to the conventional contribution determined
by the single-particle spectrum (analogous to the conventional single-band
case discussed above) and the contribution determined by the quantum ge-
ometry of the bands (interband contributions) [22, 40–46]. For this purpose,
we express the superfluid weight in terms of the eigenstates of the normal-
state Bloch Hamiltonian HBdG(k, ∆ = 0). In the spin-polarized case (20),
we decompose the BdG eigenstates as

|ψi⟩ =
N∑

m=1

[
w+,im

(
|m(k)⟩

0

)
+ w−,im

(
0

|m(−k)⟩∗
)]

, (32)

where |m(k)⟩ is the eigenvector ofH↑(k) with eigenvalue εm(k) and |m(−k)⟩∗
is the eigenvector of HT

↑ (−k) with eigenvalue εm(−k). In the case of the
time-reversal invariant singlet superconductor (28), we perform the same
expansion except that we replace |m(−k)⟩∗ with the eigenvectors |m(k)⟩ of
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HT
↓ (−k) = H↑(k) with eigenvalue εm(k). By inserting this decomposition

into Eq. (31) and keeping only the intraband contributions, we obtain the
following expression for the conventional part of the superfluid weight:

Ds,conv=− e
2

ℏ2
4

V

∑
k,ijmn

n(Ej(k))−n(Ei(k))

Ei(k)−Ej(k)
w∗
+,imw+,jmw

∗
−,jnw−,inMmn(k) ,

(33)
where in the spin-polarized case (20)

Mmn(k) = ∂kxεm(k)∂kxεn(−k) , (34)

and in the singlet superconducting case (28)

Mmn(k) = ∂kxεm(k)∂kxεn(k) . (35)

The geometric contribution is obtained as

Ds,geom = Ds −Ds,conv . (36)

The standard paradigm of flat-band superconductivity is the time-reversal
invariant s-wave singlet superconductivity in a system with spin-rotation
symmetry around the z-axis supporting a well-isolated flat band [40, 41]. In
this case, Ds,conv = 0 and

Ds,geom =
8e2

ℏ2
∆0

√
ν(1− ν)

∫
ddk

(2π)d
gxx(k) , (37)

where ν is the band filling and d is the dimension of the system. The
quantum metric gµν(k) is given by the real part of the quantum geometric
tensor

Bµν(k) = ⟨∂kµn(k)| (1− |n(k)⟩⟨n(k)|) ∂kνn(k)⟩ , (38)

where |n(k)⟩ is the normal-state Bloch wave function of the flat band. The
imaginary part of Bxy(k) is Ω(k)/2, where Ω(k) is the Berry curvature.
Since Bµν(k) is positive semidefinite, in a two-dimensional system (or in a
plane with fixed kz in a three-dimensional system)∫

d2k gxx(k) =

∫
d2k gyy(k) ≥

1

2

∫
d2k |Ω(k)| ≥ π|C| , (39)

where C = 1
2π

∫
d2k Ω(k) is the Chern number. This means that if this

type of system supports spin-up and spin-down flat bands carrying opposite
spin-Chern numbers, there exists a lower bound for Ds determined by the
absolute value of the Chern number [40].
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As discussed in Section 2, the normal-state Hamiltonians considered in
this paper support nontrivial Chern numbers for large ranges of kz values.
Therefore, one might be tempted to conclude that the superfluid weight has
a lower bound in these systems. This conclusion is, however, wrong, because
the models do not satisfy the assumptions required for the existence of the
universal lower bounds. In the case of spin-polarized superconductivity (20),
the assumptions about singlet superconductivity and time-reversal symme-
try are not satisfied. Additionally, in both models (20) and (28), the bands
are not well-isolated and they are not perfectly flat. In the following, we dis-
cuss how these deviations from the idealized model influence the superfluid
weight. In order to better understand our results, we write the Hamiltonian
H↑(k) as

H↑(k) =

4∑
µ=0

d ↑
µ(k)σµ , (40)

where d↑0(k) = d0(k) − µ, d↑1(k) = d1(k), d
↑
2(k) = d2(k) − 2tz− sin kz + λ,

d↑3(k) = d3(k), and dµ(k) are given in Eq. (1). Then we introduce a pertur-
bation to our Hamiltonian

H̃↑(k) = ξ

 |d↑(k)|−d↑z(k)
2|d↑(k)| −d↑x(k)−id↑y(k)

2|d↑(k)|

−d↑x(k)+id↑y(k)
2|d↑(k)|

|d↑(k)|+d↑z(k)
2|d↑(k)|

 , (41)

where |d↑(k)|2 = d↑x(k)2 + d↑y(k)2 + d↑z(k)2. This perturbation does not
modify the eigenstates |n(k)⟩ of the normal-state Hamiltonian but shifts
the lower band in energy by a constant ξ. Therefore, by controlling the
magnitude of ξ in this perturbation, we can tune our model from the ideal
case of an isolated flat band to the actual models proposed for the copper-
doped lead apatite.

4.1. Superfluid weight in the superconducting spin-polarized phase

Although the normal-state bands support nontrivial topology and quan-
tum geometry, we find that in the spin-polarized case, there is no lower bound
for Ds. As shown in Fig. 5 (a), the superfluid weight can be even negative
for a wide range of µ and ∆0 values, indicating instability of the spatially
homogeneous superconducting state. In general, we find that Ds varies a lot
depending on the values of the model parameters. For the H–M parameters,
we obtain much larger values of Ds, Ds,geom, and Ds,conv than for the flat-
band parameters as shown in Fig. 5 (a) and (b) and Fig. 6. On the other
hand, realistic values of mirror-symmetry-breaking hopping (tz = t0/12) and
spin-orbit coupling (λ = 0.3t0) do not increaseDs significantly [see Fig. 6 (a)]
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Fig. 5. (a) Superfluid weight as a function of µ and ∆0 for the superconducting
model (20) with tz− = λ = 0 and other parameters given by the flat-band param-
eters in Table 1. (b) The same for the H–M parameters in Table 1.

even though they have significant effects on the topologies of the normal and
superconducting states. This demonstrates that the nontrivial topology of
the bands does not improve the superconductivity in the spin-polarized case.
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Fig. 6. (a) Superfluid weight Ds as a function of ∆0 for µ = µF. The black
(dashed) line shows Ds for the H–M (flat-band parameters) in Table 1. The blue
(red) line shows the effect of mirror-symmetry-breaking hopping tz− = t0/12 (spin-
orbit coupling λ = 0.3t0) when the other parameters are given by the flat-band
parameters. (b) and (c) Ds,geom and Ds,conv as a function of ∆0 for the H–M (solid
line) and flat-band (dashed line) parameters in Table 1.

4.2. Superfluid weight in the nonuniform superconducting
spin-polarized phase

To uncover the meaning of the negative Ds shown in Fig. 5 (a), we fo-
cus on a simplified system with the flat-band parameters and uncoupled
layers tz = 0, and optimize the phase of the superconducting order pa-
rameter in the real space. To accomplish this, we choose µ = −2.133t0
and ∆0 = 0.308t0 from the region of the (µ,∆0)-plane, where Ds < 0 in
the case of homogeneous superconducting state. In this case, the homo-
geneous superconducting state should be unstable, so we consider a three
times larger unit cell in both directions and optimize the phases of local
∆i,j , with i, j ∈ {1, 2, 3}, using the classical Monte Carlo algorithm. In this
way, we find that the lowest-energy state at this particular (µ,∆0) point is
not the one with uniform phase, see Fig. 7 (a), but rather the one shown in
Fig. 7 (b), where arg(∆i,j) changes by 120◦ with every lattice translation.
This may also be considered as a vortex state where each unit cell has one
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double vortex-double antivortex pair. The energy difference Euni − E120

between the uniform and nonuniform 120◦ spin-polarized superconducting
states is shown in Fig. 8 demonstrating that the transition between these
phases occurs approximately at µ ≈ −1.4t0 for every ∆0.

(a) (b)

Fig. 7. Schematic view of (a) uniform and (b) nonuniform 120◦ spin-polarized
superconducting phase. Circles symbolize sites of the triangular lattice and arrow
arg(∆i,j). The unit cell contains 3 lattice sites in each direction.

100x (Euni   E120)-

/t 0

/t0

Fig. 8. Energy difference Euni − E120 between the uniform and nonuniform 120◦

spin-polarized states as a function of µ and ∆0 for the flat-band parameters with
uncoupled layers tz = 0.
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The superfluid weightsDs for both phases are shown in Fig. 9 (a) and (b).
Around µ = −2.133t0 and ∆0 = 0.308t0, Ds is negative in the uniform state
and positive for the nonuniform 120◦ state indicating that the configuration
of the phases found by the Monte Carlo algorithm is indeed stable in this

(a)

(b)

Fig. 9. Ds as a function of µ and ∆0 for (a) nonuniform 120◦ and (b) uniform spin-
polarized superconducting states with flat-band parameters and uncoupled layers
tz = 0. The red star marks the point at which the nonuniform 120◦ state was
obtained as the lowest-energy configuration.
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region of the parameter space. Figure 10 shows Ds when we have chosen
for each µ and ∆0 either the uniform or nonuniform 120◦ spin-polarized
superconducting state depending on which one has lower energy, cf. Fig. 8.
We notice that Ds is now positive almost everywhere in the (µ,∆0)-plane
but small regions of negative Ds remain near the transition line between the
phases. This indicates that close to the transition line, the lowest-energy
configuration is given by an even more complicated pattern of arg(∆i,j).

Fig. 10. Ds as a function of µ and ∆0 for the flat-band parameters and uncoupled
layers tz = 0 with the spin-polarized superconducting state being either nonuni-
form 120◦ or uniform state, depending on which one has lower energy. The black
dashed line marks the boundary between the uniform and non-uniform phases. In
white regions framed in red appearing close to the transition line, we find Ds < 0,
indicating that in these regions, the lowest-energy configuration is given by an even
more complicated pattern of arg(∆i,j).

4.3. Superfluid weight in the time-reversal invariant singlet s-wave
superconducting phase

In the case of time-reversal invariant s-wave singlet superconducting
phase (28), the system obeys the spin-rotation symmetry around the z-axis.
Therefore, the corrections to the result (37) only come from the facts that
the bands are not well-isolated and they are not perfectly flat. We find that
in this case, the superfluid weight is large for all reasonable values of µ and
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∆0 [Fig. 11 (a)], and it contains a significant geometric component in the case
of strong coupling superconductivity ∆0 > 0.7t0 [Fig. 11 (b)]. The increase
in the bandwidth caused by the H–M parameters relative to the flat-band
parameters [see Fig. 1 (b)] increases the superfluid weight [see Fig. 11 (c)]
because the conventional contribution is increased. The mirror-symmetry-
breaking hopping (tz = t0/12) and spin-orbit coupling (λ = 0.3t0) do not
significantly affect the results for Ds as shown in Fig. 11 (c).

(a)

(b)
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Fig. 11. (a) Superfluid weight as a function of µ and ∆0 for the superconducting
model (28) with tz− = λ = 0 and other parameters given by the flat-band param-
eters in Table 1. (b) Ds (black), Ds,conv (red), and Ds,geom (blue) as a function
of ∆0 for µ = µP and otherwise the same parameters. (c) The spin-orbit coupling
λ = 0.3t0 (red line) and the mirror-symmetry-breaking hopping tz− = t0/12, (blue
line) do not influence the results significantly. The superfluid weight with flat-band
parameters and λ = tz− = 0 is shown with a dashed line as a reference. On the
other hand, Ds is larger for the H–M parameters in Table 1 (solid black line).
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In the case of singlet superconductivity, Ds is fully determined by the
quantum geometry (37) in the limit where we have an isolated (ξ = −100t0)
perfectly flat band (tz = 0) obtained with the help of the perturbation (41)
as shown in Fig. 12 (a). When ξ is decreased so that the bands are coupled,
the total superfluid weight Ds slightly decreases in magnitude. The decrease
of the geometric contribution Ds,geom [Fig. 12 (b)] is partially compensated
by the increase of the conventional contribution Ds,conv [Fig. 12 (c)]. We
point out that the integral of the quantum metric

G =
1

(2π)3

∫
d3k gxx(k) (42)

can be very large in our model. In fact, it diverges logarithmically as λ→ 0
[see Fig. 12 (d)]

G ≈ 0.11 +
1

8π
ln(1/λ) , (43)

because the energy bands become degenerate along the Γ–A line. This
divergence of G does not, however, show up in the superfluid weight Ds
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Fig. 12. (a) Ds as a function of µ for the superconducting model (28) with tz =

tz− = 0, λ = 0.01t0, ∆0 = t0, and other hopping parameters given by the flat-
band parameters in Table 1. Additionally, we have introduced the perturbation
(41), which shifts the lower band by an energy ξ = 0 (magenta), ξ = −t0 (green),
ξ = −10t0 (blue), and ξ = −100t0 (red) without modifying the eigenstates. The
dashed black line shows the analytic results (37). (b), (c) The same for Ds,geom

and Ds,conv, respectively. Ds,conv ≈ 0 for all values of µ when ξ/t0 =: −100,−10.
(d) Integral of the quantum metric G [Eq. (42)] as a function of λ (red line). The
dashed black line shows the asymptotic behavior of G [Eq. (43)] when approaching
the degeneracy of the bands (λ→ 0).
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because the coupling of the bands becomes more and more important when
approaching the degeneracy.

5. Discussion and conclusions

We have computed the geometric and conventional contributions of the
superfluid weight for the superconducting flat-band models proposed for
the doped lead apatite. We have found that, in contrast to the standard
paradigms of flat-band superconductivity, there does not exist any lower
bound for the superfluid weight in these models. Moreover, although the
nontrivial quantum geometries of the normal-state bands are the same in
the ferromagnetic and paramagnetic phases, the emerging superconducting
phases have very different superfluid weights. Namely, we find that the fer-
romagnetic phase found in the DFT calculations could, in principle, support
a variety of topologically nontrivial spin-polarized superconducting phases,
but our results for the superfluid weight show that their capabilities to sup-
port supercurrents can vary a lot depending on the values of the model
parameters. In particular, there can even exist parameter regions where the
homogeneous superconducting state becomes unstable. On the other hand,
if the transition to the superconducting state is accompanied by the dis-
appearance of spin polarization, the superfluid weight in the time-reversal
invariant singlet superconducting state is robustly large and it contains a
significant quantum geometric component. We have also shown that the
spin-orbit coupling and mirror-symmetry-breaking terms in the Hamilto-
nian do not significantly affect the results for the superfluid weight even
though they influence the normal-state topology of the flat bands.
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