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We present a detailed investigation of the electronic structure and bond-
ing characteristics of hydrogen-based molecular systems (H+

2 , H2, H−
2 ) using

the Exact Diagonalization Ab Initio (EDABI) approach within the frame-
work of combined first and second quantization. By analyzing the relative
contributions of kinetic exchange and effective Coulomb interactions, we
provide a comprehensive understanding of covalency, atomicity, and ionic-
ity as a function of interatomic distances. Our approach leverages exact
solutions of the extended Heitler–London model to quantify these inter-
actions, extending the analysis to the discussion of properties of excited
states and the dissociation limit of these molecules. The findings reveal
significant differences in bonding characteristics, particularly highlighting
the stability and bonding nature of the neutral H2 molecule compared to
its ionic counterparts. This study not only enhances our understanding of
molecular interactions in hydrogen systems but also demonstrates the po-
tential of the EDABI approach in developing more accurate computational
models in quantum chemistry.
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1. Introduction

Fundamental understanding of molecular electronic structure and bond-
ing is crucial for various applications in chemistry and physics. Despite the
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publication of numerous remarkable works, the discussion on selected aspects
of chemical bonding remains intense, even for relatively simple systems like
diatomic molecules [1]. In our view, this ongoing debate is related to the
advancement of numerical methods, which remain interpretative challenges
despite achieving highly accurate numerical results with the appropriate
level of complexity and sophistication.

To provide a brief outline of this discussion, it is worth mentioning works
related to the ambiguity of the concepts of ionicity and covalency in chem-
ical bonds [2, 3], as well as attempts to explain the covalency of the bond
in the hydrogen molecule and other diatomic molecules [1, 4–6]. We have
contributed to this discussion by providing the complementary characteris-
tics of the chemical bond such as the atomicity and true covalency [7, 8] or
our recent work about entanglement correlations as the alternative bonding
characteristic [9].

In this paper, we use the Exact Diagonalization Ab Initio (EDABI) ap-
proach to investigate the detailed electronic structure of hydrogen-based
molecular systems, specifically H +

2 , H2, and H –
2 . We employ the formal-

ism of second quantization to express the Hamiltonian and wavefunctions,
enabling a clear and concise representation of the electronic states. The
Hamiltonian we consider includes all two-electron interactions in the Fock
space that appear in the two-orbital model of the Heitler–London-type. The
whole analysis is based on the exact solution of the extended Heitler–London
model of the H2 molecule and its concomitant optimization with respect to
the molecular orbital size.

One of the key aspects we explore is the concept of the bonding char-
acteristics, namely covalency, atomicity, and ionicity, within the context of
molecular dissociation. By examining the bonding factors as a function of in-
teratomic distance, we provide an insight into the nature of chemical bonding
and the evolution between different physical regimes. The analysis is based
on the already mentioned exact solutions of the extended Heitler–London
model, allowing us to rigorously quantify the contributions of kinetic ex-
change interactions and effective Coulomb interactions to the total bonding.
Furthermore, we extend our investigation to the excited states of hydrogen
molecules and discuss how they compare to the ground state.

2. Method

The total electronic energy of a system is expressed as the sum of the
kinetic and interaction energy parts. The kinetic energy term in Hartree–
Fock corresponds to the average kinetic energy of non-interacting electrons
in the effective potential generated by the other electrons. On the other
hand, the exchange kinetic energy refers to the contribution to the total
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kinetic energy that arises from the exchange interaction between identical
particles, such as electrons. This is a quantum mechanical effect resulting
from the indistinguishability of identical particles.

To single out those exchanges and other contributions, we start from two
general forms of the Hamiltonian in the Fock space

Ĥ =
∑
ijσ

tij â
†
iσ âjσ +

1

2

∑
ijkl
σσ′

Vijkl
σσ′

â†iσ â
†
jσ′ âlσ′ âkσ , (1)

where
tijσ ≡ ⟨ϕiσ|H1|ϕjσ⟩ , (2)

and
Vijkl = ⟨ϕiσϕjσ′ |V |ϕkσ′ϕlσ⟩ . (3)

In these expressions, tijσ represents the one-electron integrals, including ki-
netic energy and attraction of electrons by protons, while Vijkl are the two-
electron matrix elements, representing electron–electron Coulomb repulsion.
The operators â†iσ and âjσ are the creation and annihilation operators for
electrons in orbitals i and j with spin σ.

The general N -particle state |ΦN ⟩ in Fock space can be related to the
corresponding N -particle wavefunction Ψα(r1, . . . , rN ) in Hilbert space as
follows [10]:

|ΦN ⟩ =
1√
N !

∫
d3r1 . . . d

3rN ΨN (r1, . . . , rN )

×Ψ̂ †
σ1
(r1) . . . Ψ̂

†
σN

(rN ) |0⟩ , (4)

where the field operator Ψ̂(r) is here approximated using a finite number M
of wavefunctions {wi(r)}

Ψ̂(r) ≃
M∑
i=1

wi(r)âi , (5)

composed of the Wannier–Mulliken function taken in the following form of
molecular orbitals:

wi(r) = β(ψi(r)− γψi+1(r)) . (6)

Such functions are normalized and orthogonal, which leads to the following
expressions for β and γ:

β =
1√
2

√
1 +

√
1− S2

1− S2
, (7)

γ =
S

1 +
√
1− S2

, (8)

where S = ⟨ψ1(r)|ψ2(r)⟩ denotes the overlap integral.



5-A18.4 M. Hendzel, P. Kuterba, J. Spałek

The approximate N -particle wavefunction can be then obtained by the
reverse relation

Ψα(r1, . . . , rN ) =
1√
N !

M∑
i1,...,iN=1

⟨0|âiN . . . âi1 |ΦN ⟩wi1(r1) . . . wiN (rN ) . (9)

In most general terms, the N -particle state can be expressed as follows:

|ΦN ⟩ = 1√
N !

M∑
j1,...,jN=1

Cj1...jN â
†
j1
. . . â†jN |0⟩ . (10)

Substituting this into the N -particle wavefunction gives

Ψα(r1, . . . , rN ) =
1√
N !

M∑
i1,...,iN=1

Ci1...iN (A,S)wi1(r1) . . . wiN (rN ) , (11)

where Ci1...iN (A,S) are the coefficients determined by the diagonalization.
This also represents the Configurational Interaction (CI) wavefunction for
N particles distributed among M states, with A and S indicating antisym-
metrization (Slater determinant) for fermions or symmetrization for bosons,
respectively. In CI, the wavefunction is expressed as a linear combination of
Slater determinants, and the coefficients Ci1...iN (A,S) are optimized varia-
tionally.

The EDABI procedure involves diagonalization of the Hamiltonian ma-
trix to find the exact wave function within a given basis set. The CI approach
shares this feature but focuses on a finite basis set of M states, neglecting
highly excited states to simplify the problem. In EDABI, excited states are
determined on the same footing as the ground state.

The full electronic Hamiltonian for the two-orbital model was derived
and discussed earlier [7, 8, 11]. In addition to that, we present schematically
all physical processes which are involved in this Hamiltonian in Fig. 1. In the
figure, ϵa denotes a single-particle energy of the electron in an atomic state
and it is shown as an isolated electron with spin. The second microscopic
parameter, hopping amplitude t, represents electron hopping between two
neighboring atoms. It is represented schematically in Fig. 1 as an electron
(green arrow) moving from one site to another. The U term accounts for
the Coulomb repulsion between electrons on the same site. It is indicated
in the figure by the purple arrow representing the repulsion between two
electrons at the same site (green arrows indicate opposing spins). The K
term represents the Coulomb interaction between electrons on different sites.
The figure illustrates this as a repulsive force between electrons on adjacent
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Fig. 1. Schematic illustration of various interaction processes within molecular
systems, highlighting several key elements: single-particle excitation, electron hop-
ping between adjacent sites, on-site Coulomb repulsion between electrons, direct
exchange interaction between sites, inter-site Coulomb interaction, and indirect
exchange interaction (superexchange). The green arrows represent particles with
spin, while the pink arrows depict the pathways of these interactions.

sites (straight purple double arrow between two green arrows). The exchange
integral J is shown in the figure as green arrows forming loops between
two atoms occupied by two electrons with opposite spins suggesting the
interaction involving an exchange of spin orientation. V is the so-called
correlated hopping marked as the purple arrow from one atom to its neighbor
indicating the hopping of an electron pair.

3. Results

Below, we discuss results for hydrogen-based molecular systems such as
H +

2 , H2, and H –
2 as functions of interatomic distance. This analysis will be

helpful in specifying the molecular bonding and the role of the atomicity
in it.

3.1. Hydrogen molecule excited states

We begin by analyzing the spin-excited states of the hydrogen molecule.
In this context, spin-excited states comprise both the states with total spin
S = 1 and S = 0. Our previous works [7, 8, 12] demonstrated that diago-
nalizing the Hamiltonian in second quantization form results in six states:
three singlets and three triplets. We investigate these states, utilizing our
bonding concepts of true covalency, atomicity, and ionicity [12, 13]. In Fig. 2,
we present those bonding factors versus interatomic distance R for all six
states, with eigenenergy expressions indicated on these plots.

In the bottom-left panel, we display those characteristics for the singlet
ground state. The covalent contribution dominates at R = Req. There is a
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Fig. 2. The atomicity, ionicity, and true covalency for ground and excited states
of the hydrogen molecule (H2) as functions of interatomic distance R. The energy
expressions for these states include contributions from kinetic energy, Coulomb
interaction, and exchange terms. The bottom-left figure characteristics are those
of the ground state.

small admixture of atomic contribution in that case. The ionic contribution
is more noticeable than the atomic one, but as R increases, both those char-
acteristics vanish, whereas the atomic part persists and reaches a maximal
value in the R → ∞ limit. The proper exact eigenvector in the coherent
two-particle state can be written in the following form:

|ΨG⟩ = C
(
â†1↑â

†
2↓ − â†1↓â

†
2↑

)
|0⟩

−I
(
â†1↑â

†
1↓ + â†2↑â

†
2↓

)
|0⟩ , (12)

where C and I denote the covalent and ionic factors, respectively, with
C ≡ 4(t + V )/

√
2D(D − U +K), I ≡ (D − U +K)/

√
2D(D − U +K) =√

(D − U +K)/2D, and D ≡
√

(U −K)2 + 16(t+ V )2. The evolution
from covalent-dominated bonding (C≫A) to the atomic limit A→ 1, I → 0
is consistent with the intuitive picture resulting from the interpretation of
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the behavior of the binding energy curve E(R), where in the R → ∞ limit,
the molecule separates into two individual atoms. A is here the atomicity
analyzed in detail earlier. This was the reason for introducing the atomicity,
so the true covalency is defined by C̃ ≡ (C2 −A2)

1
2 [7]. This expression for

the τ is taken in the subsequent numerical analysis.
The top-left panel represents one of the spin-singlet states. In this case,

ionicity contribution is dominant. The contribution of ionicity in this case
is significantly smaller than that in the ground state, which is obvious due
to the nature of the wave function. As the interatomic distance increases,
covalency and atomicity approach zero, while ionicity reaches a value of
unity.

The corresponding excited state can be expressed in the form

|5⟩ = C
(
â†1↑â

†
2↓ − â†1↓â

†
2↑

)
|0⟩

+I
(
â†1↑â

†
1↓ + â†2↑â

†
2↓

)
|0⟩ . (13)

In this case, there are new functions C and I that represent covalent and ionic
factor, where C = 4(t+V )/

√
2D(D + U −K) and I =

√
(D + U −K)/2D.

As shown in Fig. 2, this state has a small minimum at R = 3.5a0. The
molecule excited to this state has a metastable state of ionic character and,
in the limit of infinite R, separates into atoms, but unlike for the ground
state, it results in H+ and H− ions rather than two neutral atoms.

The top-right panel also depicts the excited triplet states. In this state,
atomicity is shown to be the dominant characteristic for all interatomic dis-
tances. Covalency and ionicity remain minimal. Three degenerated triplet
eigenvectors are of the form

|1⟩ = â†1↑â
†
2↑ |0⟩ ,

|2⟩ = â†1↑â
†
2↓ |0⟩ ,

|3⟩ = 1√
2

(
â†1↑â

†
2↓ + â†1↓â

†
2↑

)
|0⟩ .

(14)

In this case, covalency, ionicity, and atomicity for the states with Sz = ±1
vanish, whereas for Sz = 0 states, it depends only on single-particle mixing
parameters, β and γ. The top-right figure reflects this latter situation.

3.2. Bonding as a competition of dynamic processes

It is a well known, as demonstrated by Ruedenberg in his seminal work
[14], that covalent bonding in the hydrogen molecule occurs as a result of
the decrease in kinetic energy with the simultaneous increase in potential
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energy. Regardless of the successes achieved in explaining the mechanisms
of chemical bonding [14], the problem of ambiguity in results persists, as
in the case of the LiH molecule, where the Molecular Orbital theory (MO)
gives results different from the Valence Bond theory (VB). This issue was
discussed by Pendas et al. [2] and also partly in our studies [7]. Furthermore,
methods based on energy decomposition are not without flaws, as they heav-
ily depend on the numerical methods they are based on, as was discussed
in [15]. In this subsection, we propose an analysis of chemical bonding based
on methods used in condensed matter physics, taking the hydrogen molecule
as an example.

We start with the exact two-particle wave function, which was previously
obtained by solving the extended Heitler–London model of the hydrogen
molecule [7]. The wave function is of the form [8, 11, 12]

Ψ0(r1, r2) =
2(t+ V )√

2D(D − U +K)
Ψcov(r1, r2)

−1

2

√
D − U +K

2D
Ψion(r1, r2)

≡ Cψcov(r1, r2)− Iψion(r1, r2) . (15)

In the given expression, the wave function is represented as a linear combi-
nation of two terms: ψcov(r1, r2) and ψion(r1, r2), and with the covalent C
and ionic I factors being functions of microscopic parameters introduced in
the previous subsection.

We consider next the physical picture of why the chemical homopolar
bond is covalent when the kinetic exchange interaction complements the
picture. To do that, we examine coefficients of the wave function from
Eq. (15). The expression D =

√
16(t+ V )2 + (U −K)2 determines the

energy denominator in the coefficients C and I of the wave function. The
ratio of kinetic energy to potential energy can be written in the form

D = (U −K)

√
1 +

(
4(t+ V )

U −K

)2

= (U −K)

√
1 +

(
Jkex
U −K

)
=

= Eeff

√
1 +

(
Jkex
Eeff

)
, (16)

whereD, now the denominator, is expressed via the kinetic exchange integral
Jkex ≡ 4(t+ V )2/(U −K) and effective Coulomb interaction Eeff ≡ U −K.
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In the quasiatomic regime, the t+ V contribution is much smaller than
U −K, whereas in the covalent regime, it is predominant. But, as one can
expect, the quasiatomic regime is far from R = Req. In the R ≃ Req regime,
|t + V | contribution is of larger magnitude than (U − K). Although, in
general, the mechanism of covalent bond formation is consistent with that
proposed by Ruedenberg, there are differences between his and our solu-
tion. In Ruedenberg’s analysis, kinetic energy is the energy associated with
the hopping of electrons, whereas the kinetic exchange interaction energy is
related to the virtually resonating electrons in agreement with the notion
of covalency. The potential energy in Ruendenberg’s analysis is calculated
based on the electrostatic interactions between charged particles (nuclei and
electrons), whereas in our case, it is the difference between intraatomic and
interatomic Coulomb repulsion, which is more natural in the discussion of
ionic bonding.

In Fig. 3, the evolution of the two bonding factors, covalency and ionicity,
is drawn as a function of the square root of the kinetic exchange to potential
energy ratio. In our case, covalency dominates for all values of the ratio.
What is new in our approach is that instead of decomposing the total energy
into kinetic and potential components, we introduce effective parameters
Jkex and Eeff based on the exact solution of the extended Heitler–London
model. Note also that ionicity is absent when the virtual hopping is absent,
pointing to the principal role of the correlation in a full description of the
bond.

Fig. 3. Evolution of the bonding factors: bare covalency (without atomicity ex-
tracted) and ionicity for the H2 molecule versus the square root of kinetic exchange
and effective potential energy ratio. Two characteristic points are marked: the blue
area is for that when R = Req, the green area when Jkex → 0.



5-A18.10 M. Hendzel, P. Kuterba, J. Spałek

3.3. From one- to three-electron chemical bonding

We turn next to the hydrogen molecular cation H +
2 , with only one elec-

tron. We can write the second quantized wave functions in that case in the
form ∣∣∣ψH +

2
+

〉
=

1√
2

(
â†1 + â†2

)
|0⟩ , (17)∣∣∣ψH +

2
−

〉
=

1√
2

(
â†1 − â†2

)
|0⟩ , (18)

where only the bonding and antibonding single-particle orbitals appear, re-
spectively. In this case, one can use the relation from Eq. (9) to calculate
the corresponding Wannier functions of the form

ψ
H +

2
+ (r) =

1√
2(1 + S)

(w1(r) + w2(r)) , (19)

ψ
H +

2
− (r) =

1√
2(1 + S)

(w1(r)− w2(r)) , (20)

which are transformed into the bonding molecular wave function to the
atomic-based form

ψ
H +

2
− (r) =

β√
2(1 + S)

((ϕ1(r)− ϕ2(r))

+γ(ϕ2(r)− ϕ1(r)) , (21)

where ϕ1 and ϕ2 are the Slater wave functions centered on protons 1 and 2,
respectively.

In the case of H –
2 ion, four states should be considered, leading to the

construction of a 4 × 4 Hamiltonian, which yields two doubly degenerate
states. For the lower energy state, the wave function in the language of
second quantization takes the form∣∣∣ψH –

2
G

〉
=

1√
2

(
â†1↑â

†
2↑â

†
2↓ + â†1↓â

†
2↑â

†
2↓

)
|0⟩ . (22)

Equivalently, this form has the following form in terms of the Wannier func-
tions

ψ
H –

2
G (r1, r2, r3) =

1√
2
(w1↑(r1)w2↑(r2)w2↓(r3)

+w1↓(r1)w1↑(r2)w1↑(r3)) . (23)
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It can be transformed to the three-electron wave function consisting of linear
combination of atomic functions

ψ
H –

2
G (r1, r2, r3) =

β3√
2
(ϕ1↑(r1)ϕ2↑(r2)ϕ2↓(r3)

+ϕ1↓(r1)ϕ2↑(r2)ϕ2↑(r3)

+ϕ1↑(r1)ϕ1↓(r2)ϕ2↑(r3)

+ϕ1↑(r1)ϕ1↓(r2)ϕ2↓(r3)) . (24)

We elaborate now on those four states H +
2 and H –

2 . The wave func-
tions for H +

2 consist of covalent bonding, where the single electron is spread
over both nuclei, resulting in an intermediate bond strength. The bonding
character is determined by both the overlap integral and mixing parameters
(β, γ), whereas in the case of H2, it is a more complex function of microscopic
(t, U , V , K), as well as the mixing parameters.

The wave function of H2 represents a stronger covalent bond case with
an admixture of the ionic part, absent in the single electron of H +

2 .
The three-electron wave function of H –

2 (Eq. (24)) reveals a more involved
picture, in which the differentiation between covalency and ionicity is not
straightforward. It has a mixed resonant covalent-ionic bond character for
which two electrons always occupy one atom and the third is resonating
between the sites. Such a process results in a more complex picture, in
which the overall bond energy is reduced as shown in Table 1.

Table 1. Comparison of bond lengths, Ebond, and J
Ekex

(on one particle) for H +
2 ,

H2, and H –
2 .

Molecule Req (a0) Ebond [eV] Jkex

Eeff

H+
2 2.53 −1.7721 N/A

H2 1.43 −4.0749 3.86

H−
2 3.56 −2.1792 0.22

The presented values of the bond energy indicate that in either H +
2 and

H –
2 ions are lower than in the case of H2, whereas the value of the ratio of

effective kinetic exchange energy to potential energy is significantly larger
than 1 only for H2. Interestingly, the ratio for H –

2 takes a value significantly
lower than 1.

In Fig. 4, the kinetic-exchange energy and the effective Coulomb inter-
action, both as a function of interatomic distance R, are compared for H2
and H –

2 . From the bonding perspective, the plots provide an insight into
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the nature of bonding in those molecules. The H2 molecule exhibits charac-
teristics typical of covalent bonding, with the kinetic exchange interaction
comparable to the effective Coulomb interaction near the equilibrium dis-
tance (it is almost 4 times stronger). The effective kinetic energy decreases
as the distance increases, still remaining larger than the effective potential
energy. For H –

2 , the exchange interaction energy decreases steadily with the
increasing R with the Jkex/Eeff ratio less than 1 around Req.

Fig. 4. Comparison of kinetic-exchange energy (left y-axis) and effective Coulomb
interaction (right y-axis), both as a function of interatomic distance for the H2
molecule (top) and H –

2 (bottom). The red curve in the bottom figure is not smooth,
likely caused by numerical artifacts introduced during the calculations.

In Table 2, the basic quantities for H2 and H –
2 are listed and compared

at Req. For H2, the ground-state energy per particle is lower by about 3 eV
as compared to that for H –

2 .
A smaller orbital size in the case of H2 suggests that the electrons on

orbitals are more tightly bound than in the H –
2 case. For the molecular ion,

two α0 values are provided, since the sizes of the 1s orbitals are not the same
as they are occupied by either one or two electrons. The hopping parameters
for these two systems indicate that electron mobility is significantly higher
for H2 (about four times larger). Additionally, Coulomb’s repulsion magni-
tude is stronger in the case of H2. Both interatomic and intraatomic values
of repulsion are approximately twice as high as for the former. Similarly,
the correlated hopping and exchange integrals are stronger in the neutral
molecule.
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Table 2. Comparison of key parameters: orbital size, ground-state energy per one
particle, and microscopic parameters at the points of minimal energy for H2 and H –

2 ,
respectively. α0 is the inverse atomic orbital size at Req (the two values in H –

2 case
correspond to the localized (tighter-bond) and resonating electron, respectively).

Parameter H2 H –
2

EG/N [eV] −15.599 −12.87

α0 0.839 1.25/1.33
t [eV] −9.905 −1.487

U [eV] 22.490 13.99
K [eV] 13.007 6.705
V [eV] −0.1578 −0.1265

J [eV] 0.2857 0.1238
4(t+V )2

(U−K) [eV] 37.39 1.604

Finally, the ratio 4(t−V )2

U−K is 37.39 eV for H2 and 1.604 eV for H –
2 , in-

dicating a significantly stronger kinetic exchange interaction in the neutral
molecule. This stronger kinetic exchange interaction enhances effective elec-
tron sharing (virtual hopping between the sites), promoting a much stronger
covalent bonding in H2.

4. Conlcusions

We have analyzed here the covalency, atomicity, and ionicity as the fun-
damental bonding characteristics for hydrogen-based systems, H2, and H –

2 .
The results provide a nuanced view of how bonds evolve between the differ-
ent regimes: covalent, atomic, and ionic as the atoms move closer or sepa-
rate from each other. In this work, we tested and developed the conceptual
framework that employs the formalism of combined first and second quanti-
zation. We have discussed the exact solution of the extended Heitler–London
model for the systems which allowed us to single out different contributions
coming from kinetic energy, kinetic exchange, and effective Coulomb inter-
actions. The analysis concentrates on the chemical bonding resulting from
competition between those energies. By examining these interactions ver-
sus interatomic distance R, we offer an intuitive understanding of bonding
nature, and in particular, highlight the evolution from covalent to ionic or
atomic character in the ground and excited states, at least for the H2 case.

This work was supported by grants No. UMO–2021/41/B/ST3/04070
and No. 2023/49/B/ST3/03545 from the National Science Centre (NCN),
Poland.
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