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The Friedel formula describing oscillations of the electron density due to
the presence of a single impurity has been known for a long time. Here, we
derive a generalized formula for the case of many impurities and we discuss
in detail specific cases where few scattering centers are present. Interference
patterns in the density oscillations are shown. The arguments are presented
when the standard Friedel’s formula can be used additively and the inter
impurity scatterings might be neglected. One can view our result as the
Huygens principle applied to Friedel oscillations in many impurity cases.
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1. Introduction

The Friedel formula |1, 2]

n(r) =no + A(:()S(Qk::;—kgzﬁ) (1)
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is one of the best recognized results in solid state physics and quoted in many
textbooks, e.g. [3]. It describes how the density of free electrons n(r) oscil-
lates with the distance r far away from the localized impurity potential in
a d-dimensional system with the Fermi vector length kr at zero temperature.
A phase shift is denoted by ¢ and an amplitude constant is given by A. On
top of the algebraic, universal power-law decay of the density variation with
respect to the uniform case ng, i.e. without the impurity, there are Friedel
oscillations (FO) due to the Pauli exclusion principle obeyed by fermions.
The observation of FO in material systems is a direct confirmation of quan-
tum mechanics principles putting the Friedel formula on a pedestal of the
most important equations in physics.

Original motivation of Jacque Friedel’s works [1, 2| was to understand
metallic alloys; for more information, see recent reviews: [4-7]. The inven-
tion of scanning tunelling microscopy (STM) [8, 9] made a direct observation
of FOs possible [10-13]. Indeed, FOs were seen in various metals and semi-
conductors, e.g., on surfaces Cu(111), GaAs(111), or Si(111)Ag [10, 14, 15].

In particular, in quantum corrals [11-13, 16], the electron wave function
is scattered on a finite number of impurities arranged in some geometric pat-
tern. It is therefore a naturally interesting question how, if any, formula (1)
can be used to describe such systems where interference patterns due to
scattering on many centers play an important role.

As a matter of fact, the STM-like experiments map FO directly in the
local density of states (LDOS) on probed surfaces [9]. To obtain FO in
density of particles at zero temperature, one needs to integrate the LDOS
up to the Fermi level. Nevertheless, the oscillations in the LDOS and in the
density are of the same origin.

In this paper, we revisit the problem of multiple scattering theory, see
e.g. [16], and analyze it in the case of a small number of scattering centers.
We show directly that if the distance between impurities is large, one can
follow a kind of Huygens principle and describe the interference pattern by
summing the Friedel oscillations (1) from each impurity potential separately.
This Huygens generalization of the Friedel result to a few impurity problems
has not been discussed in detail yet. If distances between impurities or the
observation point from scattering centers are small, the multiple scattering
interference effects should be taken into account via off-diagonal elements of
the t-matrix.
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2. Exact formal solution

Our non-interacting system is described by the one-particle Green’s func-
tion [17]
G (r,7;w) = (r|———|), 2
(1) = (rl-—— 1" )
where hw is the real energy (h is the Planck constant) and the one-particle
Hamiltonian H is given by
. K2

H= f%v2 +V(r), (3)

which contains an external potential

Nimp

Vir) =Y Vir-1), (4)
=1

originated from Njmp-independent impurities located at positions I;, with
it =1,2,..., Nimp.- The vector r is the particle position variable and m is its
mass. All d-dimensional vectors are denoted in boldface. It is known that
the one-particle Green’s function in the presence of an external potential
V(r) obeys an integral (Dyson) equation [17]

G (r,r;w) =Go (r —r'sw) —I—/dr”Go (r—r"w)V (r") G (r",7";w) ,(5)

where Go(r — r’;w) is the free one-particle Green’s function, i.e. with
V(r)=0. In the d = 2 and d = 3 dimensions, it takes the explicit form [17]

—Q—miHa“(k:]r—r’]) for d=2,

2 4
ik|r—1/| (6)

GO(T_TI;W): for d=3

_2me™ T 1
h2 drlr—r'|

where k = k(w) = \/2mw/h and H (k|r — r'|) is the 0" order of the first
kind Hankel function [18]. We note that the one-particle Green’s functions
Go(r — r';w) in empty space are singular when |r — /| = 0. In d = 2, this
singular behavior is logarithmic [18]|. Here and in the following, we consider
the retarded (out-going) boundary condition, which implies that everywhere
w is replaced by w + i0", where 0" is an infinitesimally small imaginary
constant. R

Typically, the impurity potentials V;(7) in Eq. (4) are screened and short
range. Therefore, we model them by a zero-range pseudo-potential repre-
sented by a Dirac-delta distribution function with the proportionality con-

stant represented by the effective scattering strength a3t = V; L4, where L
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is some characteristic length and V; is the impurity potential strength. How-
ever, such an extremely localized and singular potential must be properly
regularized giving rise to the Fermi pseudo-potential [19-23].

In the following, we write

1mp

Z a;s(r —1;) (7)

and the one-particle Green’s function Go(0;w) are supposed to be ade-
quately renormalized quantities [20-22]. In particular, in odd dimensions, it
is enough to start with the one-particle Green’s function in the time domain

- 'y m o \d/2 s m(r-r')?
Golr=rst) = (grm) o 7 ®)

which is a Gaussian propagator with ¢ > 0 and is regular in the |r — /| — 0
limit. To derive Go(r — r';w) when |r — /| — 0, we firstly find G(0;¢)
and then take the Fourier transform to obtain G¢(0;w) [20]. In d = 3,
we get explicitly Go(0;w) = —2v/7(m/27h%)3/?\/w. The d = 2 needs the
dimensional regularization d = 2 — ¢ with ¢ — 0 and the final result is
explicitly given in [20].

For a system with impurity pseudo-potentials (7), the integral equation
reads

Nimp
G(r,7;w) =Go (r—r’;w) + Z ViGo (r — lj;w) G (L, s w) . (9)
i=1
Expressing the left-hand side at » = [;, we obtain a set of linear equations
to determine G(l;, r’;w), i.e.

unp
G (lj,7";w) =Go (L — 75 w) Z ViGo (1 ;w)G (I, 7";w) . (10)
This set of equations can be written in a matrix form

1mp

Z Mij(w) G (Ij,r"sw) = Go (L — 7"w) | (11)

where the M matrix is M;j(w) = [6;; — VjGo(l; — l;w)]. The diagonal
elements of this matrix M;;(w) = [1 — V;Gp(0;w)] are not singular due to
a regularization procedure discussed above and in Refs. [20-22|. Then, by
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inverting this matrix, in the absence of bound states, either analytically or
numerically for each w, we find the solution of Eq. (10)

1mp

G (1;,7;w) ZM w)Go (L — r'jw) . (12)

Finally, by using Eq. (9), we determine the exact one-particle Green’s func-
tion

Nimp
G (r,r’;w) Go r — 7/ w Z Go (r ) Tij(w)Go (lj — r’;w) ,
=1
" (13)
where Tjj(w) = VzMzgl(w) is a t-matrix.
The LDOS is provided by the diagonal (r = 7') part of the one-particle
Green’s function
p(rw) = ! Im G (r,r;w) , (14)

™

and the local density of non-interacting fermions at 7" = 0 with the Fermi
energy Ey is given by

Erp Ep
n(r) = /dw p(rsw) = —i/dw Tm G(r,r5w). (15)
0 0

It is clear that in the multiple impurity case, the terms Go(r — 1;; w)Go(l; —
r;w) are responsible for an oscillatory behavior with respect to r of the
LDOS and the local density. Note that, for simplicity, we neglect the spin
of particles, which otherwise would lead to a trivial factor of two in the
corresponding equations.

3. Explicit analytical and numerical solutions in special cases

For a small number of scattering centers, one can invert the matrix M
analytically and investigate Friedel oscillations in detail.

3.1. A single impurity

For example, for Niy,, = 1 we find that M;;(w) =1 — V1Go(0;w) and
therefore

G (r,r’;w) =Gy (r — r’;w) + Go(r — l1;w)T11(w)Go (ll — r’;w) ,  (16)
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where T11(w) = V1/(1—=V1Gp(0;w)). In Fig. 1 left panel, we present the real
and imaginary parts of the t-matrix for the single impurity with V3 = 1 in
three dimensions. Herein, we have used units where 2m/h? = 1. The Fermi
energy Fr is fixed by demanding that the uniform particle density is equal
to one. At w = 0, the real part of T1; approaches a finite value V; and its
imaginary part vanishes. For a small V] parameter, the term V1Gy(0;w) in
the denominator can be neglected and the t-matrix is a real w-independent
constant equal to V;. This is a weak coupling, linear regime, for which the
original Friedel formula (1) was derived. At large Vj, the t-matrix might be
approximated by Ti1(w) = —Go(0;w)™ " ~ (—i)73/2/\/w. Apparently, the
V1 — oo limit is non-analytical and leads to an unphysical infinitely large
imaginary part of Th;1 at zero frequency.

10!
—— Im Ty (w)

Re Tii(w) 100

const./r?
0.6

single impurity data

—— Friedel formula

021 N\

0.0

0.0 0.5 1.0 1.5 2.0 25 3.0 2.5 5.0 75 10.0 12.5 15.0 17.5 20.0
w r

Fig. 1. Left panel: The real and imaginary parts of the t-matrix for a single impu-
rity with V7 = 1. Right panel: Friedel oscillations due to a single impurity with
V1 = 1 in three dimensions. The orange curve represents the result determined
using the exact t-matrix. The blue curve shows the behavior of the envelope which
asymptotically decays with a distance as 1/r® (the constant is 0.15 in this param-
eter selection). The green curve represents oscillatory behavior derived from the
asymptotic Friedel formula (18).

The changes in the local density of particles with respect to the empty
space are determined by
Ep
1
An(r) = —— /dw Im Go(r;w)T11(w)Go(—7;w) . (17)
T
0
In Fig. 1 right panel, we present the exact result for the changes in the
particle densities from the potential located at the origin with the vector
l = 0. The little stepwise behavior at large r is due to a finite numerical
accuracy in determining the integrals. It can be easily verified that at large
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distances, the amplitudes of the oscillation decay as 1/r3, which is described
by the original Friedel formula in three dimensions, namely

_ Jscatt COS(2kFT + ¢8)

An(r) 3

, (18)

where 5 is the constant proportional to the effective scattering length
[24]. In deriving Eq. (18), the w-dependence of the t-matrix is neglected and
it is approximated by its value in the w — 0 limit, see [24] for details. In
Fig. 1 right panel, we plot the density changes determined from the asymp-
totic Friedel formula (18) and we see that at distances r > 7, it practically
gives the same results as those obtained exactly.

3.2. Two impurities

For Nimp = 2 impurities located at points {1 and I, we find the explicit
solution (13) in the form

G(r,r';w) =Gy (r —r';w)
+G0(T — ll;w)TH(w)Go (l1 — 7“/; w) + Go(’r —ly; w)Tlg(w>G0 (lz — ’I“l; w)
—i—G()(’r’ — lz;u))Tm (w)Go (l1 — T/; w) + Go(’l’ — 1o w)TQQ(w)GO (lg — ’I“/; w) R

(19)
where
Ti(w) = h
[1-V1Gp(0;w)][1—V2Go(0;w)] —ViVaGo(l1 —l2; w)Go(la—11; w)
x[1 = VaGo(0;w)], (20)
Tia(w) = h
[1-V1Go(0;w)][1—VaGo(0; w)]|—ViVaGo(l1 —l2; w)Go(la—11;w)
xVaGo(l — l;w), (21)
To(w) = Ve
[1-V1Go(0;w)][1—VaGo(0;w)]| = Vi VaGo(l1 —lo; w)Go(la—11;w)
xV1Go(la — l;w), (22)
and
Ty () = V2
[1-V1Go(0;w)][1—VaGo(0; w)]|—ViVaGo(lh —l2; w)Go(la—11;w)
x[1 —V1Gy(0;w)] . (23)

Due to the multiple scattering between the two impurities, the t-matrix is
not a simple sum of t-matrices for two independent impurities located at
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different points. In fact, it is a matrix function whose elements depend on
the energy w and the distance between the impurities Al = [I; — l2|. In
the limit with I; = l5, we obtain the expression for the Green’s function
G(r,r’;w) in the form of Eq. (16) with the total potential V; + V5.

In Fig. 2, we plot the real (top panels) and imaginary (bottom panels)
parts of the off-diagonal t-matrix elements for different distances between
the impurities in three dimensions. For comparison, we also present the
ratios of real and imaginary parts between off-diagonal and diagonal matrix
elements, respectively. Due to the inter-impurity scattering and interference
of quantum waves, the t-matrix oscillates and changes a sign in contrast to
the single impurity case as presented in Fig. 1 left panel. Moreover, we can
see that with increasing the inter-impurity distance, the relative values of
the off-diagonal elements with respect to the diagonal ones are decreasing.

0.4 — Al=1 — Al=5 0.10

— Al=3 — Al=9
0.2 — 005

— Al=1 — Al=5
— Al=3 — Al=9

1
0.00

0.05

—0.10

ReTia(w)
( w
ImTya(w)

ImTy2(w)/ImTy(w)

ReT)a(w)/ReTy(w)

Fig. 2. Real (upper panel) and imaginary (lower panel) of the off-diagonal t-matrix
elements and their ratio with respect to diagonal elements for different distances
between impurities with V; = V5 = 1 in three dimensions.

In Fig. 3, we present exact results for FO in the case of two impurities in
three dimensions for different distances Al. Strong interference oscillations
are visible between the impurities. Outside the impurities, the oscillation
amplitudes decay as 1/r3, similarly as in the one impurity case. In Fig. 3, we
also plot the results when the off-diagonal t-matrix elements are not taken
into account. Differences are rather small and mostly visible in the space
between the impurities. Outside them, the results depicted by blue (exact)
and orange (approximate) lines are almost the same. We have checked that
with increasing the inter-impurity distance Al further, the contributions
from off-diagonal elements of the t-matrix can be completely neglected. This
observation gives rise to an approximate treatment in the next section.
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Fig.3. The Friedel oscillations due to two impurities with V; = V5 = 1 at dif-
ferent distances Al in three dimensions (here, plots are along the axis connecting
the two impurities). The blue curves represent the exact result determined using
the t-matrix, Egs. (20)—(23). The orange curves show the behavior of the Friedel
oscillations when the off-diagonal elements of the t-matrix are not taken into ac-
count. The green curves represent oscillatory behavior derived from the generalized
Friedel formula (26).

For Nimp = 3 or 4, it is still possible to invert the matrix M analytically
and obtain the exact analytical expressions for the one particle’s Green’s
functions. This should also allow us to investigate FO in analytical detail.
However, the final equations become more and more cumbersome, cf. [21].

4. Approximation in diluted impurity limit
and generalized Friedel formula

An important simplification occurs when the impurities are far away
from each other, i.e., |l; — ;| is large as compared to other relevant dis-
tances, e.g., the Fermi wave length. In this diluted limit, we can neglect the
off-diagonal elements of the matrix M because the Green’s function decays
as Go(l; — lj;w) ~ 1/|l; — 1;/9"D/2 ¢f Fig. 2 and the discussion in Sec-
tion 3. In this limit, M;;"(w) = 6;;/(1—V;Go(0;w)) and Tj;(w) = 6;;V;/(1—
ViGo(0;w)). The t-matrix is diagonal and each matrix element takes into
account only multiple scattering off the corresponding single impurity. Inter-
impurity scattering effects are neglected in this limit. The one-particle

Green’s function is now given by G(r,r’;w) = Go(r —r’;w) + Zﬁr{lp Go(r—
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li;w) T (w)Go(l; — ';w). The change of the LDOS, due to multiple impuri-
ties scatterings, is Ap(r;w) = — X ‘mp Im Go(r —1l;;w) Ty (w)Go(l; — 73 w).

Finally, the change in the local élrensmy is determined from

An(r) =~ f/dw Im Go(r — L) Tu(w)Goli — mw) . (24)

In the limit of diluted impurities, the FO pattern is a sum of FO patterns
coming from each scattering center independently. It resembles the Huygens
principle, a well-known theory from classical physics of waves. According to
it, each scattering center (point) is a source of an independent spherical
wave. These waves add together giving rise to an interference pattern.

Using an explicit form of the one-particle Green’s function in three di-
mensions (Eq. (6)) and approximating the t-matrix by an effective scattering
length b5 = limy_, f; (k), where hw = h?k*/2m and f;" (k) is the scat-
tering amplitude due to the i*" impurity and obtained directly from the
t-matrix T;;(w), we find that the change in the particle density is expressed
by

e 2kl — L)) cos(2hr|r — L)) — sin(2hke[r — L)
An(r) = et FIT — bi]) COSLARRIT = bif) — SIARR|T — & , (25
(r) ; kel — L)) (25)

where 5t ~ p3att are constants depending on the impurity potential
strengths V; [24]. In the asymptotic limit |r — ;| > 1/kp, we obtain a gen-
eralization of the Friedel result to the multiple impurities case

g (2ber — L))
An(r) = pocatt ORI = 2

In the dilute limit, one expects that the FO pattern is a sum of FO patterns
yielded by each independent impurity. The oscillatory behavior decays as
the cubic distance from the impurities. In Fig. 3, we plot the results for FO
based on the generalized formula (26) in the case of two impurities in three
dimensions and compare them with the exact results. The w dependence
of the diagonal t-matrix elements seems to be relevant is space between the
impurities. However, outside the impurities, Eq. (26) practically describes
FO from two impurities very well.

In a similar way, one can obtain the generalization of the Friedel result
in two dimensions

1mp

(2l — L))
IscattS1n F 27
= 2 M ) (21)
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The last result required an asymptotic form of the Green’s function in two
dimensions, which is found from an asymptotic expansion of the Hankel
function H,f (2) ~ \/2/mz expli(z — (2v + 1)7/4)]. The oscillatory behavior
decays as the square distance from the impurities.

Finally, we note that a superposition of FO from independent impuri-
ties gives rise to the interference patterns. A few cases, determined from
Eq. (27) for multiple impurities in two dimensions, are shown in Fig. 4. We

5
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2

! 0
0

-1 -2

10 15 20 25 10 15 20 25

5 5
4 4
3 3
2 2
1 1
0 0
-1 -1

10 15 20 25 10 15 20 25

2.0
15
1.0
0.5
0.0
0 -0.5

5 10 15 20 25 5 10 15 20 25
ke X

IS

N

Fig.4. The Friedel oscillations and interference patterns in the two-dimensional
system of non-interacting fermions. Upper left panel: A single impurity with Iy =
24 placed at 1; = (16,16). Upper right panel: Two impurities close to each other
with I; = Iy = 24 placed at I3 = (16,16) and I = (16, 20). Middle left panel: Two
impurities far away from each other with I; = Iy = 24 placed at I; = (16,16) and
lo = (16,27). Middle right panel: Two impurities placed diagonally with I} = I, =
24 placed at I; = (10,10) and Il = (16, 16). Lower left panel: Three impurities with
different strengths I; = 10 at I; = (16,16), I = 10 at I; = (10,15), and I3 = 5
at I3 = (20,25). Lower right panel: Multiple impurities with I;—;, 5 = 5 and at
positions Iy = (3,3), s = (20,5), I3 = (5,20), Iy = (25,22), and I5 = (17, 28). Here,
the uniform density of particles is set by kr = 1, which leads to a characteristic
wavelength scale \p = 27/kp =~ 6.



5-A6.12 J. SkoLIMOWSKI, B. CHATTERJEE, K. BYCZUK

selected the phase shifts ¢; = 0 for each impurity and kg = 1, which sets
a characteristic wavelength scale A\p = 27 /kp. Hence, the uniform density of
particles is different from that in Section 3. The presented patterns resemble
those seen in various STM experiments on metallic surfaces with subsurface
defects or impurities [25].

5. Conclusions

In this paper, we revisited the problem of scattering off a few localized
impurities and analyzed analytically and numerically the behavior of the
particle density oscillations. The relevance of the diagonal and off-diagonal
elements of the t-matrix was discussed. When the distance between impuri-
ties is large, compared to the Fermi wavelength, the role of the off-diagonal
matrix elements of the t-matrix is negligible. Then, following the Huygens
principle, one can view an interference pattern as a sum of independent
waves in the density profiles — a sum of Friedel oscillations. The general-
ized Friedel’s formula due to many impurities was derived.

This superposition principle holds for the density oscillations, not true
waves, and is valid only if distances between impurities and the point of ob-
servation are large. Nevertheless, this is an interesting and perhaps practical
result that would help to analyze STM images seen experimentally. It would
be exciting to check if, for example, quantum mirage can be seen within our
generalized Friedel formula, when applied to quantum corrals. Further de-
velopments of our finding toward the Kondo effect for fermions scattered off
a few magnetic impurities is also a requested topic for the future.

On the occasion of the scientific jubilee of Professor Jozef Spalek, the
authors would like to congratulate him on his wonderful achievements in
theoretical physics and in the theory of strongly correlated electron systems,
and to wish him many more years of further successes in physics, as well as
good health and prosperity in his life.
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