Acta Physica Polonica B 57, 5-A8 (2026)

PROBING FRUSTRATED SPIN SYSTEMS
WITH IMPURITIES*

MAKSYMILIAN KLICZKOWSKI ®, JAKUB GRABOWSKI
MACIEJ M. MASKA ©f

Institute of Theoretical Physics
Wroctaw University of Science and Technology
Wybrzeze Stanistawa Wyspianskiego 27, 50-370 Wroclaw, Poland

Received 16 February 2026, accepted 16 March 2026,
published online 15 May 2026

We investigate the effective interaction between two localized spin im-
purities embedded in a frustrated spin—% J1—Jo Heisenberg chain. Treating
the impurity spins as classical moments coupled locally to the host, we
combine second-order perturbation theory with large-scale density matrix
renormalization group (DMRG) calculations to determine the impurity—
impurity interaction as a function of separation, coupling strength, and
magnetic frustration. In the weak-coupling regime, we show that the inter-
action is governed by the static spin susceptibility of the host and exhibits
oscillatory power-law decay in the gapless phase, modified by universal log-
arithmic corrections at the SU(2)-symmetric critical point. In the gapped
dimerized phase, the interaction decays exponentially with distance. For
intermediate and strong impurity—host coupling, we observe a crossover to
a boundary-dominated regime characterized by pronounced parity effects
associated with the length of the chain segment between impurities, signal-
ing a breakdown of the simple RKKY-like description. Our results establish
impurity—impurity interactions as a sensitive probe of frustrated quantum
spin liquids and provide a controlled framework for distinguishing gapless
and gapped phases through local perturbations.
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1. Introduction

Quantum spin liquids (QSLs) are paradigmatic examples of strongly
correlated quantum matter, characterized by the absence of conventional
symmetry-breaking magnetic order even at zero temperature and by the
presence of highly entangled ground states and fractionalized excitations
[1-3]. While much of the modern interest in QSLs focuses on two-dimensional
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frustrated magnets [4-13], one-dimensional quantum spin systems provide
an essential theoretical laboratory in which many key features of spin-liquid
physics — such as strong quantum fluctuations, the absence of long-range
order, and spin fractionalization — can be studied in a controlled and often
analytically tractable setting [14-19].

A canonical example is the spin-5 frustrated J;—J> Heisenberg chain. By
tuning the ratio Ja/J1, this model exhibits a quantum phase transition from
a gapless Luttinger-liquid phase with algebraically decaying spin correlations
to a gapped, spontaneously dimerized phase with short-range correlations
[20-22|. The gapless phase is often regarded as a one-dimensional quantum
spin liquid in a broad sense, featuring deconfined spin—% spinon excitations
and power-law correlations, while the gapped phase provides a minimal re-
alization of a valence-bond solid state induced by frustration. Throughout
this work, we use the term “quantum spin liquid” to refer to a magnetically
disordered state with fractionalized excitations and algebraic correlations.
This definition does not imply topological order.

Magnetic impurities constitute a powerful probe of correlated quantum
spin systems [23-25]. A single impurity locally perturbs the host and gen-
erates an extended polarization cloud that reflects the intrinsic spin correla-
tions and low-energy excitations of the system [26, 27]. When two or more
impurities are present, their interaction is mediated by the host degrees of
freedom and encodes detailed information about the static and dynamical
spin response. In itinerant electron systems, this mechanism is well known
as the Ruderman-Kittel-Kasuya—Yosida (RKKY) interaction [25, 28-30].
In quantum spin systems, however, the absence of fermionic quasiparticles
and the presence of strong correlations lead to qualitatively distinct behav-
ior, raising fundamental questions regarding the spatial range, oscillatory
structure, and symmetry properties of impurity-induced interactions. As an
example, a characteristic critical behavior of the Friedel oscillations was
recently reported in the spin-% frustrated J;—J2 Heisenberg chain in the
spin-nematic regime, in the presence of impurities of the local-bond disorder
type [31].

In one-dimensional spin chains, the impurity problem has attracted long-
standing interest, particularly in the context of Kondo physics and bound-
ary critical phenomena [24, 32]. In gapless spin chains, impurity-induced
correlations decay algebraically, suggesting long-ranged effective interac-
tions between impurities, while in gapped systems, such interactions are
expected to be exponentially suppressed beyond the correlation length. In
frustrated chains, additional richness arises from incommensurate correla-
tions and frustration-induced oscillations, which can generate competing
effective couplings and potentially favor non-collinear or helical arrange-
ments of impurity moments, even though the host system itself remains
non-magnetic [23, 33].
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Understanding impurity—-impurity interactions in frustrated spin chains
is therefore closely connected to quantum spin liquids [34|, where Kondo
physics with highly unconventional characteristics may arise [35-40]. First,
such interactions provide an indirect, yet sensitive diagnostic of the host’s ex-
citation spectrum and correlation length, allowing one to distinguish gapless
and gapped quantum phases without directly probing bulk excitations. Sec-
ond, impurity spins may develop collective behavior — such as frustration-
driven non-collinear order — that reflects the underlying spin-liquid corre-
lations of the host. Finally, impurity physics is of practical relevance to real
materials, where disorder and substitutional defects are unavoidable, and to
engineered quantum systems, including cold-atom simulators and solid-state
spin-chain platforms.

Previous studies of impurities in one-dimensional quantum spin chains
have focused primarily on single-impurity physics [24], boundary critical
phenomena, and Kondo-like screening effects in gapless systems [26, 27, 32].
These works have provided a detailed understanding of how a localized de-
fect modifies local observables, induces polarization clouds, or renormalizes
boundary conditions at low energies. By contrast, the problem of effective
interactions between multiple impurities, particularly in frustrated spin
chains, has received comparatively less attention [25]. In such settings, impu-
rities are not merely passive probes of the host but can interact non-trivially
through the collective spin degrees of freedom, giving rise to distance-depend-
ent, oscillatory, and potentially frustrated effective couplings.

In the present work, we move beyond the single-impurity perspective
and explicitly focus on the two-impurity problem in the frustrated Ji—Js
Heisenberg chain. This allows us to directly connect impurity—impurity
interactions to the intrinsic correlation functions of the host and to elu-
cidate how these interactions evolve across the transition between gapless
and gapped quantum phases. Unlike studies centered on boundary impu-
rities or Kondo screening, we treat impurities as local moments embedded
in the bulk and analyze their mutual interaction as a function of separation
and orientation. This approach highlights the role of frustration and incom-
mensurate correlations in shaping impurity-induced physics and establishes
impurity interactions as a sensitive probe of one-dimensional quantum spin
liquids. To our knowledge, a systematic comparison between perturbative
susceptibility-based predictions and non-perturbative DMRG calculations of
impurity—impurity interactions across the J;—Js phase diagram has not been
reported.

2. The model

We consider a frustrated spin—% Heisenberg chain locally coupled to two
impurity spins. The Hamiltonian is
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H = HJ1—J2 + Himp7 (1)

where
Hyp g, = J1 Z S; - Siy1+ Jo Z S; - Sita, (2)
Himp = Je <Sc,1 S+ S.o- Sj) - (3)

Here, S; denotes a quantum spin—% operator at the chain site ¢, while S, and
S.,2 are classical impurity spins coupled to chain sites ¢ and j, respectively.
Our goal is to derive an effective interaction between the impurity spins
mediated by the spin chain,

V(Se1,Se2,r ZJab ) 581505, (4)

where r = |i — j| is the separation of impurities. We are particularly in-
terested in how the decay of the interaction with increasing r depends on
whether the bulk system’s spectrum is gapped or gapless. This may be use-
ful for probing the nature of the underlying quantum state using magnetic
impurities in QSLs.

3. Weak-coupling regime

We first focus on the weak-coupling regime J. < Ji,J2, where the
impurity-chain interaction can be treated perturbatively. Using the stan-
dard Rayleigh—Schrodinger perturbation theory, the second-order correction
to the ground-state energy reads

AE® = =% <0|Him%|n)_(7”gHimp|0> (50)
n£0 n 0
_ (05¢|n) (n] S10) + (0155 |n) (n|S¢10)
- Ry o (5))
015%|n)(n|S?|0 0152|n) (n|St|0
D (st IS + OO S0

b n#0
(01¢1) (113410) + (08¢ 0l S210)

—J2 Eb: 02 5 —  (5d)

n#0
= AEY + AE() + AEY (5¢)
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where {|n)} are the excited eigenstates of H s, with energies E,. AEg)

(AEg)) corresponds to impurity 1 (2) interacting with itself via the chain.

AEg) is the cross-term that describes the effective interaction between im-
purities 1 and 2. For now, we will focus on this term.

The sum over intermediate states in Eq. (5d) can be related to the re-
tarded spin susceptibility of the host chain,

Xao(r:t) = =i (1) ([S7(1), $5(0)] ) . (6)

where r = |i — j| and S¢(t) = e'H172t 8% e7iH02t Tts Fourier transform,

() = [ ater o ([$20),850)]) )
0

admits the Lehmann representation

(015¢n)(n] S?|0) (0158 |n) (n|S¢10)
2 (cu — (Bn —Eg)]+i0+ CwH (én — Fo) +z’0+> - 8

)

Xab (T7 W) =
n#0

Taking the real part of Eq. (8) at w = 0, one finds that it coincides with the
sum appearing in Eq. (5¢). As a result, the impurity—impurity interaction
energy can be written as

V(Sc,l) 2, ) = _J2 Z 152,2 ReXab(ruw = 0) . (9)

Equation (9) is the direct analog of the RKKY interaction in itinerant elec-
tron systems, with the electronic spin susceptibility replaced by the static
spin susceptibility of the quantum spin chain. Thus, in the weak-coupling
regime, the effective interaction between impurities is entirely governed by
the static spin response of the host.

If the spin chain is SU(2)-symmetric and invariant under time reversal,
the susceptibility tensor is diagonal, xu(r,w) = dap x(r,w), and Eq. (9)
reduces to the isotropic bilinear form

V(Se1,8c2,7) = —Jc2 Rex(r,w=0)Sc1-Sc2. (10)

Since the magnitude of the classical spins is fixed S, = S|, Heg depends
only on 7 and the angle 6 between S.; and S, 1,

V(r,0) = —(J.Se)> Re x(r,w = 0) cosf. (11)
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Although the full lattice-scale form of Re x(r,w = 0) is not known an-
alytically for the J1—Jo Heisenberg chain, its long-distance behavior is well
established. In particular, the low-energy limit of this model is well under-
stood in terms of the Wess—Zumino—Witten non-linear ¢ model with k =1
[41]. For r > 1, one finds

— Rex(r,w =0) ~ (=1)"r~1 in the gapless phase, Jo/J; < J§ ~ 0.2411,
as follows from the Luttinger-liquid description of the spin—% Heisen-
berg chain [22, 42, 43].

— At the SU(2)-symmetric point, this power-law decay is modified by
the universal multiplicative logarithmic corrections originating from
a marginally irrelevant current—current interaction in the low-energy

theory
1
Rex(rw = 0) ~ (-1 Y0 12
T
where 7 is a non-universal microscopic length scale [44].

— Rex(r,w =0) ~ (=1)"r~1/2e77/¢ where ¢ denotes the spin correla-
tion length in the gapped, dimerized phase, Jo/J; > J5, as described
by the massive sine-Gordon field theory [20, 22]. The exponent 1/2
in this phase reflects the relativistic massive field-theory description of
the dimerized state.

— In this phase, there is a special point, Jo = J;/2, known as the
Majumdar-Ghosh (MG) limit [21, 45-47]. At this point, the ground
state is an exactly dimerized valence-bond state with strictly short-
ranged spin correlations. Consequently, in the weak-coupling regime,
the impurity—impurity interaction is exponentially short-ranged, with
a correlation length of the order of one lattice spacing.

4. Strong-coupling regime

When J. > Ji, Jo, each impurity no longer acts as a weak probe of the
spin liquid. Instead, it pins a quantum spin into a strong composite object
with the impurity. For J. — oo, the quantum spin at the impurity site is no
longer a dynamical degree of freedom. Rather, it becomes a static boundary
condition for the remaining chain. As a result, the chain is effectively cut
into three segments, as illustrated in Fig. 1. In addition to having shared
boundary conditions, the individual segments are coupled via J2, as shown
by the red dashed lines. While the polarization of the spin at the impurity-
coupled site is fixed, the rest of the system remains in the form of quantum
chains whose lengths depend on the positions of the impurities. In particu-
lar, if the impurities are coupled to lattice sites 41 and 79, the length of the
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Fig. 1. Hlustration of how the chain is divided into three segments for J. — oo.

chain between them is [ = io — i3 — 1. For even [, the chain has a singlet
ground state, whereas for odd [, it is an effective spin % doublet. Therefore,
unlike the weak-coupling regime, the total ground-state energy depends sen-
sitively on the parity of the segment length between impurities. This leads
to an intrinsic alternation of the two-impurity energy with separation. This
non-perturbative parity effect cannot be absorbed into a smooth envelope,
which signals the breakdown of the weak-coupling RKKY description. In the
appendix, we prove that the fact that the orientation of classical spins enters
the energy only through the dot product of the vectors is a general property
of SU(2)-symmetric systems and is not limited to the weak-coupling regime.
However, unlike in the weak-coupling case, the dependence of the energy on
the dot product can be non-linear. This implies that the interaction energy
is not simply proportional to cosf.

Unlike in the weak-coupling regime, the MG limit can be non-trivial
for J. 2 Ji,Jo. A strong impurity at a given lattice site breaks a local
singlet, creating a free Spin—% soliton that can propagate along the chain at
a finite energy cost. In the case of two impurities, the two released spins
interact, and their interaction energy depends on their relative position. This
produces an impurity—impurity interaction mediated by spinon exchange
rather than by conventional susceptibility, as in the weak-coupling regime.
The effective interaction decays exponentially with a decay length set by the
spinon localization length. However, this interesting regime is beyond the
scope of this work. A

For J. — oo, the quantum spins S; at the impurity sites are fully po-
larized along the classical spins S, /5. Therefore, there are no low-energy
fluctuations left at these sites. This limit is exactly solvable, because it
reduces to open Heisenberg chains plus constants. For large but finite J,,
one can perform a Schrieffer—Wolff (strong-coupling) expansion in powers of
J12/Jc. To leading order, corrections scale as J1272 /Je, indicating that the
strong-coupling fixed point is stable. However, this is beyond the scope of
this work.
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The transition between the weak- and strong-coupling regimes as a func-
tion of J. constitutes a crossover between bulk-mediated and boundary-
mediated impurity interactions.

5. General case

When the value of the coupling J. between the impurities and the Ji—Jo
chain does not allow for a perturbative treatment, numerical methods must
be applied to determine the effective impurity—impurity interaction. For this
purpose, we apply the Density Matrix Renormalization Group (DMRG) ap-
proach. This procedure involves finding the ground state-energy as a func-
tion of the impurity spins’ orientation and the distance between the impu-
rities. Therefore, Eq. (11) needs to be generalized

V(r,0) = —(J. S.)? f(r,cos ), (13)

where f(r,cosf) must be determined numerically.

6. Numerical results

To numerically calculate the effective interaction potential between the
impurity spins, we calculate

V(T, 9) = (Elg(r, COS 9) — E(]) — (El — EO) — (E2 — E(])
= FEjo(r,cosf) — Ey — Es + Ey (14)

where Eia(r,cosf), Ei9, and Ejy, are the ground-state energies with two,
one, and no impurities, respectively. In the thermodynamic limit, for the
fixed J.S¢, E12(r, cosf) depends solely on the relative separation of the im-
purities and on the angle between their spins, while 1 = E5 and is indepen-
dent of both the impurity’s position and the orientation of its spin. However,
in the DMRG calculations, a finite chain with open boundaries is used and
in this case, the values of both E3(r, cos @) and E 5 depend on the absolute
positions of the impurities. This is particularly pronounced when J/.J; is
close to the critical value, where boundary effects decay only algebraically.
To minimize this effect, we position impurities 1 and 2 symmetrically around
the center of the chain. This has two advantages: (i) for small and inter-
mediate distances r, the impurities are relatively far from the boundaries
of the chain, and (7i) the boundary-induced Friedel oscillations cancel out
as much as possible. Additionally, we calculate £1 and Es for impurities 1
and 2 located on the same lattice sites as when calculating F1o(r, cosf), as
illustrated in Fig. 2.
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Fig. 2. Illustration of how the components of the interaction energy (14) are calcu-
lated.

The results are summarized in Fig. 3, where the effective interaction is
shown for different Jo (between 0.1 and 0.4) and different J. (between 0.1
and 0.5). Two system sizes were studied: L = 160 and L = 300 lattice
sites. Since the perturbation approach predicts oscillating behavior in all
cases, with the sign of the effective interaction changing every lattice site, the
results presented are multiplied by (—1)", where r is the distance between the
impurities. Furthermore, according to Eq. (13), the results were normalized
by dividing by J..

On the basis of these plots, several observations can be made. Since
the perturbation results are for r — oo, it cannot be expected that they fit
the numerical curves precisely at small distances. Disagreement is observed
mainly for small Jo and small J.. Interestingly, the power-law perturbative
formula works for J. = 0.5, which is when the perturbative approach is least
valid. However, while the exponential decay of the effective interaction can
be clearly visible for Jo > J§ and almost all values of J., for J. < J¢, the
numerical results deviate from the perturbative predictions even when the
impurities are distant. This is particularly evident in the insets of panels
(a), (b), (d), (e), (g), and (h), which present the same results on a log—log
scale. In this case, power-law behavior should manifest itself as straight
lines. We attribute these deviations mainly to finite-size effects. First, the
deviations are mostly present for Jo < J§, where the correlation length is
clearly much larger than for Jy > J§, for which the exponential decay fits
very well. Furthermore, these deviations decrease as J. increases, i.e., as
the range of the effective interaction decreases.

Another observation is that the magnitude of the effective interaction
oscillates. A detailed analysis reveals that the main period is four lattice
constants. This arises from the superposition of oscillations with two slightly
different periods, each corresponding to twice the lattice constant. These
oscillations clearly increase with increasing J.. The occurrence of these
oscillations indicates that the system is no longer in the RKKY-like state,
but is approaching the strong-coupling regime. In this regime, the energy



5-A8.10 M. KLICZKOWSKI, J. GRABOWSKI, M.M. MASKA

T 0
| 100 \‘ (c) 10
1.5 L5t 1072
= \ —L=160
S . |L=300 104
= \10 " b « \/logGrir)/
T 102100 § prmmmmm 100, 10°
0.5 0.5 B=024111 || TS 10 1o
Je=001] [tr=160 11076
[CYiEss s (®) ’ e 1078
0ot H=01 Je=001" "
1.5 1.5 =
\ 10" Y I 10 b ®
= Eeh | _
< \ \ 10 2
N \ \ —L=160
= X \1o™ L=300
T 10 o \/Tog(rro) /. 107
05 10° 05 1072 AL 10° | Fmm
o | -
c=VU. e
@ s,=01 =005 (e) e
0 e 0.0
r T
rof | 2 N Lof i 10°F X
\ J
\ =)
ao i b 10
~ \ \ 10 * F—L=160
2 \ \ L=300 .
= ) L | = Vot 107
n 107 7L 10° | | e
2 =JOE401 } \\lgf 160 10_6
c=0. ha ) g
® 5,=0.1 J.=0.1 (h) et Y107
0.0 0.0
0.4 5— 0.4 o
(6)) = (k) 5 (0]
(::Qj 1 10 10_1 i 10_2
S I
N - i — [—L=160 i -3
i; 1072 —L=300 102 rveiin, 3 J,=0.3110
o L=160 o= — =04 4
\|, = - 1/r 10_3 = o/ log(r/ro) /1 0 L Jc=0-5 10
10_2 r/L 10 10_2 r/L 10 SR 10_5
NL=160{10" -
0.1 =01 101 J,=02411 S :8_5 107
Je=0.5 Je=0.5 ot scgmrlE TN 107 10,7
0'00 50 100 150 0'00 50 100 150 0 50 100 150
r r r

Fig.3. The effective interaction, V(r,0 = 0) (c¢f. Eq. (14)), for different values of
Jo and J.. The first and second columns show the results for Jo = 0.1 and Jo = J§,
respectively. The third column shows the results for J, = 0.3 and Jo = 0.4. The
first, second, third, and fourth rows show the results for J. equal to 0.01,0.05,0.1,
and 0.5, respectively.
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depends on the parity of the section between the impurities, as described
in Section 4. The complex pattern of these oscillations results from the
fact that energy depends not only on the length of the section between the
impurities, but also on the lengths of the sections between the impurities
and the edges of the chain. This can be inferred from the dependence of
energy on the position of a single impurity (F1, E2, cf. Eq. (14)) coupled to
the chain (not shown).

We also performed the DMRG calculations for larger values of J and J,,
but the results of these calculations are not shown in the plots. They can be
summarized as follows: as Jy approaches the MG point J; /2, the correlations
become extremely short. At precisely Jo = J1/2, the ground state is an exact
product of nearest-neighbor singlets, resulting in the correlations limited to
one lattice constant. Beyond the MG point, for Jy slightly larger than
J1/2, the dimerized phase persists but the ground state acquires quantum
fluctuations, leading to a finite correlation length and a short-ranged but
non-vanishing impurity interaction.

For stronger coupling, the results generally follow the tendency already
observed for J. increasing from 0.01 to 0.5: the energy exhibits an increas-
ingly pronounced even—odd dependence on the length of the segment be-
tween impurities. Consequently, V() exhibits an intrinsic alternation that
cannot be absorbed into a smooth envelope by multiplying by (—1)".

The results are presented only for the angle between the impurity spins
6 = 0. This is sufficient in the weak-coupling regime, where the interaction
in an arbitrary configuration can be obtained by multiplying the effective
potential by cosf. While the SU(2) symmetry ensures that the interaction
depends only on cos 8 also beyond this regime, for larger J,., the dependence
can be non-linear. However, verifying the full angular dependence numeri-
cally in the strong-coupling regime remains computationally demanding and
is left for future work

7. Summary and outlook

In this work, we have investigated the effective interaction between two
localized spin impurities coupled to a frustrated one-dimensional Ji—Jo
Heisenberg chain, combining controlled perturbation theory with the large-
scale DMRG calculations. By treating the impurity spins as classical vectors
of fixed magnitude, we were able to extract the impurity—impurity interac-
tion energy directly from the ground-state energies and to analyze its depen-
dence on impurity separation, coupling strength, and relative orientation.

In the weak-coupling regime J, < Jp, Jo, we demonstrated that the ef-
fective interaction is governed by the static spin susceptibility of the host,
in close analogy with the RKKY mechanism. The distance dependence of
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the interaction thus provides direct access to the long-distance spin corre-
lations of the underlying spin liquid. In particular, the oscillatory behavior
and decay of the interaction encode whether the host is in a gapless or
gapped quantum spin liquid phase. At the SU(2)-symmetric critical point
that separates these phases, our numerical results are consistent, within ac-
cessible system sizes, with the field-theoretical prediction of multiplicative
logarithmic corrections to the power-law decay, highlighting the sensitivity
of impurity probes into subtle marginal effects.

These perturbative results have been confirmed by the DMRG calcula-
tions, which extend beyond the weak-coupling regime to provide results also
for intermediate and strong coupling J.. In particular, we observed that
for J. comparable to Ji,J2, the impurity—-impurity interaction is strongly
affected by the parity effects associated with the length of the interven-
ing segment and cannot be described by a simple RKKY picture. This is
consistent with the scenario where the impurities pin local host spins and ef-
fectively impose boundary conditions that cut the chain into finite segments.
This regime reveals a crossover from a bulk-response-dominated interaction
to a boundary-dominated one, providing a clear diagnostic of the breakdown
of linear-response descriptions.

More broadly, our results establish impurity—impurity interactions as
a versatile probe of quantum spin liquids. Unlike conventional correlation
functions, impurity interactions integrate dynamical spin correlations over
space and time and can therefore amplify long-distance and low-energy fea-
tures that are otherwise difficult to resolve. From an experimental perspec-
tive, this suggests that controlled magnetic defects, adatoms, or substituted
spins could be used to infer the nature of spin-liquid correlations indirectly
through their effective interactions. In solid-state systems, magnetic or non-
magnetic defects — introduced either intrinsically, by chemical substitution,
or controllably, for example, via adatoms in scanning tunneling microscopy
— act as localized perturbations that couple to the surrounding spin envi-
ronment. The effective interaction between such impurities, inferred from
local spectroscopy or thermodynamic signatures, offers indirect but sensitive
access to the host’s spin correlations without requiring direct measurement
of bulk dynamical response functions. Complementary opportunities arise
in cold-atom and programmable quantum simulator platforms, where local-
ized spins or controlled defects can be engineered and positioned with high
precision. In these settings, impurity—impurity interactions could serve as
tunable probes of correlation length, excitation gaps, and critical behavior,
providing a versatile experimental diagnostic of quantum spin liquid phases
across different dimensions and microscopic realizations.
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Several directions for future work naturally emerge. Extending this ap-
proach to two-dimensional quantum spin liquids — such as Kitaev, kagome,
or triangular-lattice systems — would allow one to probe fractionalization,
gauge-field-mediated interactions, and topological effects through impurity
responses. Generalizing the impurities to quantum spins would enable the
study of Kondo-like screening and impurity entanglement in spin liquids. Fi-
nally, exploring the effects of anisotropies, external fields, or non-equilibrium
driving could further enrich the use of impurities as diagnostic tools for ex-
otic quantum phases.
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Appendix A
Symmetry constraint on the impurity—impurity interaction

Lemma 1 (Rotational invariance of the impurity energy). Consider a spin
system described by the Hamiltonian

H<SC,17 SC,Q) = Hhost + Jc (Sc,l : gz + 55,2 : g]) ) (Al)

where:
1. Hyest 18 invariant under global SU(2) spin rotations,
2. the impurity—host couplings are isotropic (Heisenberg form),
3. Sc1 and S are classical vectors of fized length.

Then the spectrum of H, and in particular its ground-state energy, is invari-
ant under a simultaneous rotation of the impurity spins

E(S.1,Se2) = E(RS.1,RS.2) VReSO3). (A.2)

As a consequence, for fixed impurity spin magnitudes, the ground-state en-
ergy can depend on the impurity orientations only through rotationally in-
variant combinations. In particular, for two impurities,

E=F(S.1-S.2), (A.3)
for some function F', independent of the coupling strength J..
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Proof. Let R € SO(3) be an arbitrary global spin rotation. Since the host
Hamiltonian is SU(2) invariant, there exists a unitary operator U(R) acting
on the host Hilbert space such that

UR)S,UR)'=RS, for all sites ¢, (A.4)
and
U(R) Hhost U(R)T = Hhost . (A5)

Treating S.1 and S 2 as external classical vectors, we find

U(R) H(Se1,Se2) UR)! = Hygwt + Jo (S - RS, + Se - RS;)
= Hhost + Jc [(R_lsc,l) ' S'z + (R_1SC,2) ' SA’]}
= H (Rilsc,laRilsc,Q) > (AG)

where we used the identity a - (Rb) = (R~1a) - b. Since unitary conjugation
leaves the spectrum invariant

spec H(Sc1,8Sc2) =spec H(RS.1,RS.2), (A.7)
and in particular,
E(Sc1,8c2) = E(RS.1,RSc>2) . (A.8)

For two spins of fixed magnitude the only independent scalar invariant is
their dot product. This proves that the exact impurity—impurity interaction
must be of the form,

E=F(Sc1-8c2), (A.9)

independently of the strength of the impurity—host coupling. Importantly,
this constraint holds independently of the impurity—host coupling strength
and does not rely on perturbation theory. O
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