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This contribution reviews recent progress in the low-lying scalar mesons
and glueballs. We propose a new classification for the scalar nonet that in-
cludes f,(980) and ao(980) as the lowest states, while we identify f;(1500)
as a primary glueball candidate. We demonstrate that the production yields
of these states in heavy-ion collisions are mutually consistent across statis-
tical, coalescence, and S-matrix frameworks. To investigate their internal
structure, we move beyond standard phenomenology by describing glueballs
as topological solitons. This approach yields an energy spectrum in excel-
lent agreement with lattice QCD and experimental data, while interpreting
f0(2470) as a tightly bound glueballonium to explain its anomalously long
lifetime. This non-perturbative framework provides a predictive basis for
the future experimental verification of exotic scalar states.
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1. Introduction

The classification of scalar mesons has been one of the long-standing con-
tentious issues in hadron physics [1]. Despite the success of the constituent
quark model, the scalar sector, comprising the fp(980), ao(980), K (1430),
and fp(1770), exhibits properties that are difficult to reconcile with simple
qq states. Furthermore, the search for the scalar glueball remains a central
challenge. Whereas various candidates such as fo(1500) and fo(1710) have
been proposed, a definitive consensus on their nature is still lacking.

In this contribution, we propose a novel classification scheme for the
scalar nonet and identify f,(1500) as a primary glueball candidate [2]. To ex-
amine the validity of this assignment, we investigate their production yields
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in relativistic heavy-ion collisions (HICs). By employing both the statistical
model and the coalescence model, we provide robust estimates that show
mutual consistency between the two frameworks. These results are further
supported by an analysis using the S-matrix approach.

To characterize the exotic nature of these states, we go beyond the stan-
dard phenomenological approaches: the study of glueballs in terms of topo-
logical solitons could shed light on the physics of exotic hadrons from a differ-
ent perspective. Conventional models often treat these particles as point-like
objects, leaving their internal structures, such as spatial sizes, shapes, and
energy density distributions, largely unexplored.

To address this gap, we employ a semiclassical description within the
Skyrme—Faddeev model [3]. This approach provides a direct parallel to the
Skyrme model, where nucleons emerge as topological solitons composed of
pion fields, similarly, in our framework, glueballs are described as solitons
(Hopfions) composed of gluonic fields. By quantizing these Hopfions as rigid
bodies, we construct energy spectra that can be directly confronted with
experimental data and lattice QCD results. This dual approach, combining
HIC phenomenology with a topological analysis of internal structure, offers
a comprehensive framework for unraveling the nature of glueball.

2. New scalar nonet

2.1. Motivations

Since the early stages of hadron spectroscopy, light-flavor scalar mesons
have been a focal point of intense research. They often manifest as exotic
hadronic structures beyond a conventional quark model, including multi-
quarks, hadronic molecules, glueballs, and hybrids. For decades, low-lying
scalar mesons, specifically the fo(500) (iso-singlet), K§(700) (iso-doublet),
f0(980) (iso-singlet), and a(980) (iso-triplet), have been considered as pri-
mary candidates for exotic states. This is motivated by a specific mass
hierarchy observed in experiments

M fo(500) < MKz (700) < T2 fo(980) = May(980) - (1)

This mass ordering remains a significant puzzle since it contradicts the
predictions of the naive quark model, which treats mesons as ¢ (quark—
antiquark) pairs in a relative P-wave state [4, 5]. In a conventional ¢g
framework, the mass ordering should be dictated by the mass of their con-
stituent quarks based on SU(3) flavor symmetry. Since the observed mass
ordering does not align with these g expectations, several alternative struc-
tures have been proposed to resolve the discrepancy: compact tetra-quarks
(¢®@®) [4, 5], extended hadronic molecules (w7, 7K, or KK) [6-11], other
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structures including glueballs and hybrid states. These models attempt to
provide a more accurate theoretical foundation for the unique properties ob-
served in the scalar sector. Whereas the diquark model requires a significant
ss component within fy(980), recent findings from the ALICE experiment
in p—Pb collisions suggest a small ss fraction, implying that it may be a con-
ventional meson without hidden strangeness, in contrast to compact tetra-
quark or hadronic molecular interpretations [12]. This observation highlights
the importance of revisiting the flavor structure of scalar mesons, including
fo(980).

The scalar sector below 2 GeV comprises a variety of states, see Fig. 1.
Although the fo(500), K (700), fo(980), and ap(980) are traditionally viewed
as an SU(3) octet, we re-examine this classification by excluding the fo(500)
and K3(700). Given their significant decay widths, we argue that these
broad resonances should not be categorized alongside the more stable scalar
multiplets. Instead, in Ref. [2], we propose a new nonet structure composed
of f0(980), ao(980), K;(1430), and fo(1770) as in Fig. 1 and Fig. 2 (a).
The fp(980) and ag(980) are regarded as the lowest states in the new nonet.
This classification follows a hierarchy analogous to the well-known vector
meson nonet, consisting of w(782), p(770), K*(892), and ¢(1020), as shown

[MeV] A non-strangeness strangeness
2000 — .
| a,(1950) —— K;(1950)
J 3s (P) £ (1770)
4 — 7(1710), a,(1710) new nonet
1500 o =295 fo(1500) )
| —— a,(1450) K¢ (1430)
£,(1370)
nn (P
1000 — 2P £(980), 4 (980)
4 —— K}(700)
500 — — £,(500)

Fig. 1. Mass spectra of scalar mesons with non-strangeness and strangeness below
2 GeV. The new nonet scalar mesons, fo(980), a¢(980), K(1430), and fo(1770),
proposed in this study are indicated by arrows. The glueball candidate, fo(1500),
is shown by dashed line. Figure taken from [2].
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in Fig. 2 (b). The fo(1710) and a¢(1710) are not included in our primary
nonet scheme, as they cannot be reconciled with the expected mass ordering
alongside fp(980). It is far more likely that these resonances, together with
K}(1950), form part of a distinct heavier nonet. Under this assumption,
f0(2100) or f,(2200) would serve as the Ss constituent.

() (b) K*0(892) K**(892)
K;°(1430) Kq*(1430) ~5d ~Su
~5d ~Su
10(980) w(782)
ay (980) ag(980) \/~uu +dd__\ q}(980) p=(770) p°(770) \/~au+dd \ p+(770)
~du ~uu—d £o(1770) ~id ~du ~uu —dd $(1029) ~td

~8s ~5s

Kg~ (1430 K;°(1430 ' P

e & (L0 K*=(892) R*0(892)
~Us ~ds

Fig.2. The SU(3) flavor diagrams: (a) new nonet scalar mesons proposed in this
study and (b) ordinary vector mesons. Figures taken from [2].

2.2. Production of scalar mesons and glueballs in heavy-ion collisions

The production mechanisms of the suggested scalar nonet and glueball
states can be studied in the context of heavy-ion collisions (HICs). To
establish a baseline, we first apply the statistical model, subsequently, we
incorporate the quark coalescence model to investigate the sensitivity of
yields to the underlying structures of mesons.

We begin with employing the statistical model [13]|, which determines
hadron yields based on the thermal distribution function at a given tem-
perature. The model is characterized by its simplicity, requiring only the
hadron mass and the degree of degeneracy as fundamental inputs. Never-
theless, it has demonstrated remarkable success in describing the experimen-
tal yields of various hadrons and nuclei, including resonances, produced in
HICs. Therefore, utilizing the statistical model serves as a reliable baseline
for evaluating our proposed scalar nonet and glueball states. The parame-
ters used in this work follow Refs. [14, 15|, with hadronization temperature
Ty = 162 (156) MeV, volume Vi1 = 2100 (5380) fm?, baryon chemical poten-
tial pp = 24(0) MeV, and strangeness chemical potential pg = 10(0) MeV
chosen for RHIC (LHC). As noted in [16], these parameters account for the
isentropic expansion of the medium, linking the temperature and volume.
This parameter set is well validated, as it successfully explains the yields of

standard hadrons like p(770), ¢(1020), and £2(1670).
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The internal structures of final-state hadrons are addressed through the
coalescence model, where the ¢qq and gg wave functions are essential com-
ponents. By convoluting these wave functions with the thermal distribution
functions of quarks and gluons, we determine the production yields. Fol-
lowing the methodology in [16-18|, we adopt a harmonic oscillator potential
within a non-relativistic Schrodinger equation to describe the confined bound
states. The glueball is specifically modeled as a two-gluon system with an
effective dynamical mass m,. Following Ref. [16], we determine the crit-
ical parameters T and Vo through entropy conservation, considering two
specific scenarios:

Scenario 1: Assuming a continuous crossover transition where Tc =
Ty and Vo = Vi. Here, the statistical and coalescence models are
expected to yield identical hadron numbers.

Scenario 2: T( is adjusted so that the coalescence yields at the critical
point equate to the statistical yields at Ty.

The spatial extension of a hadronic wave function is governed by the oscil-
lator frequency wy. We calibrate wy, such that the coalescence model yields
for non-exotic hadrons match the predictions of the statistical model. This
matching condition is grounded in the fact that the statistical model serves
as a reliable prototype for hadron production in HICs, given its consistent
agreement with experimental data.

We further estimate yields using the S-matrix formulation, where the
thermal properties of interacting hadrons are determined by scattering phase
shifts. Here, the energy derivative of the phase shift functions as an effective
density of states, allowing for the full interaction dynamics to be reflected
in the resulting statistical yields.

2.8. Hadron yrelds

The calculated yields for the proposed scalar nonet mesons fall predom-
inantly within the range of 107! to 10°. These values are comparable to the
yields of the reference particles, p(770), ¢(1020), and £2(1672), despite their
distinct internal angular momentum structures. Consequently, our results
suggest that the experimental detection of the nonet scalar mesons, specif-
ically f0(980), ap(980), K(1430), and fy(1770), is highly feasible in future
measurements at RHIC and the LHC.

The yields for fy(1500) are calculated, considering various internal struc-
tures: gg (S-wave), nn (P-wave), and n?n? (S-wave). We find that the
production rates are strongly dependent on the assumed substructure. The
nn configuration exhibits a higher yield than the gg state, as the lightness
of the u,d quarks compensates for the P-wave centrifugal barrier. On the
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other hand, the tetra-quark (n?n?) yield is suppressed relative to the glueball
(g9g) state. This reflects the reduced formation probability of a four-body
bound state compared to a two-body system, assuming identical angular
momentum. Detailed numerical results can be found in Ref. [2].

To clarify the correspondence between the coalescence and statistical
models, we examine their yield ratio, coal./stat. Consistent with previous
findings, Fig. 3 shows that for RHIC parameters under Scenario 1, the ratios
for normal hadrons (p, ¢, and §2) are approximately one. This indicates that
the two models are in good agreement for conventional states. A similar
trend is observed when applying LHC parameters. The yield ratios for the
new nonet scalar mesons are also shown in the same figure: While these
ratios are around unity, they exhibit a slightly more pronounced deviation
than those of conventional hadrons. It is noted that the yield ratio for
fo(1500) under the S-wave gg assignment is also close to one, mirroring the
behavior of both normal hadrons and the new scalar nonet. In contrast, the
P-wave ni and S-wave n?n? configurations for fo(1500) result in anomalous
ratios with significant deviations from unity. Consequently, we conclude that
the S-wave gg structure is a more plausible interpretation for fy(1500) than
the alternative ones.

1.2
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Fig. 3. The ratios of the hadron yields from the statistical model and the coalescence
model for the RHIC parameter set in Scenario 1. The normal hadrons are indicated
by the black dots, while the new nonet mesons by the red squares. The ratios from
the S-matrix formulation are shown by black-triangles. Figure taken from [2].
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3. Glueballs as topological solitons
3.1. The Skyrme—Faddeev model

Recent high-energy experiments by the BESIII Collaboration [19] have
reported the observation of a prominent glueball candidate, X (2370), fol-
lowing earlier attempts [20]. The measured mass, ranging between 2.3 and
2.6 GeV, aligns closely with predictions from both lattice QCD (LQCD) [21]
and holographic QCD models |22, 23|. Despite the available LQCD date |21,
24-29| and other theoretical approaches for investigating glueball proper-
ties [30-37|, their definitive experimental verification remains exception-
ally challenging. These experimental challenges may be overcome by gain-
ing deeper insights into the internal structures of glueballs, including their
shapes and energy density distributions, alongside their masses and produc-
tion/decay properties. Such characteristics are directly accessible via the
Hopfion approach [38-41], which semiclassically describes glueballs as Hop-
fions or knot solitons. This framework treats glueballs as topological solitons
composed of gluons, in parallel to the Skyrme model [42, 43|, where nucleons
emerge as Skyrmions (topological solitons composed of pions).

In Ref. [3], we developed a Hopfion-based description of glueballs by
performing a comprehensive comparison between the energy spectra derived
from quantized Hopfions and the results obtained from both experimental
data and lattice QCD. In the Skyrme—Faddeev approach [38, 39, 44, 45], the
SU(2) Yang—Mills theory is mapped onto an O(3) nonlinear sigma model
featuring a four-derivative stability term. The dynamics are governed by
the Lagrangian density

12
L= ZTr(Oyn(?“n) +

3902 Tr[0,n, Oyn)?, (2)

where the target space is parameterized by a unit vector m on the two-
sphere S? via the relation n = 7 - n with a vector whose components are
Pauli matrices. The model is characterized by two fundamental constants:
K, which has the dimension of mass, and the dimensionless coupling e. The
Skyrme-Faddeev model admits stable and finite-energy solitons called Hop-
fions. These states are classified by their Hopf charge @), an integer invari-
ant reflecting the topological mapping 73(S?) ~ Z. For axially symmetric
configurations, the Hopf charge @) is given by the product of two integers,
Q = ¢m?, where m and ¢ denote the winding numbers associated with the
structure and internal phase of the soliton, respectively. In what follows, we
focus on low-lying glueball states and, accordingly, restrict our analysis to
Hopfions with topological charges @ =1 and Q = 2.
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Hopfion energy spectra can be constructed via collective coordinate quan-
tization, treating the soliton as a rigid body. Similar to the quantization of
Skyrmions in the context of baryons, this method promotes the parameters
associated with symmetries of the static energy. The dynamical system is
then quantized using standard canonical procedures. Technical details can
be found in Ref. [3].

Quantized Hopfion energies follow the relation

J(J+1) <1 £2>K§
E=My+22 22 (2 )28 3
. 2V Usz Vi ®)

where M, is the static mass, Ujp and Vj; are the inertial tensors, and J
and K3 serve as the spin and isospin-like quantum numbers, respectively.
By fixing the topological winding numbers (¢, m) and the quantum numbers
(J,|K3]), the mass of each state can be evaluated for any specified coupling
constants.

3.2. Enerqgy spectra

To evaluate the Hopfion energy spectrum, we determine the coupling
constants /e and ke? by aligning the model with established scalar and
tensor mesons (JP = 07,2%): By identifying the Q@ = 1 Hopfion with
fo(1500), we obtain x/e = 5.54 MeV. This single parameter successfully
reproduces the mass of fy(2470) via the QQ = 2 configuration. Additionally,
the model predicts a currently unobserved Q = 2 state at 2814 MeV, pro-
viding a target for future experimental verification. Incorporating quantum
corrections, we fix ke? = 88.5 GeV by identifying the lowest Q = 1 state
with the tensor glueball candidate f;(2220). This leads to a triplet structure
for f2(2220), f2(2300), and f2(2340), and all of which are viable tensor glue-
ball candidates. Furthermore, the model predicts a unique Q = 2 doublet,
representing a genuine signature of the Hopfion approach to be assessed in
future experiments.

We provide a summary of the Hopfion energies in Fig. 4 illustrating
their alignment with PDG scalar/tensor mesons and LQCD glueball can-
didates [21]. We emphasize that the masses of fy(2470), f2(2300), and
f2(2340) emerge naturally within this framework without fine-tuning. This
systematic consistency underscores the robustness of the model, especially
as other parameter configurations failed to yield satisfactory results.

In the Hopfion model, heavier scalar glueballs emerge as composite glue-
ballonia states [16]. This arises from ) = N Hopfions being interpreted as
bound systems of N @) = 1 units. We identify the fp(2470) as a tightly bound
Q@ = 2 state with binding energy of 577 MeV, while predicting a novel more
loosely bound exotic-state at 2814 MeV with binding energy of 230 MeV.
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Fig.4. Comparison between the Hopfion energy spectra and the mass spectra of
light unflavored mesons listed in PDG and glueballs predicted by LQCD [21]. The
black dots indicate established particles. Figure taken from [3].

We note that the predictive power of this model remains stable even if
f0(1710) is adopted as the primary glueball candidate instead of f(1500).
Using fo(1710) leads to k/e = 6.31 MeV and a spectrum that aligns well with
lattice QCD benchmarks [21]. As discussed in [3], these results, assuming
also several other possibilities, demonstrate the robustness of our qualitative
conclusions regardless of the initial input.

4. Summary

Based on a new scalar nonet and fy(1500) as a glueball 2], we have
provided a comprehensive analysis of their production yields in HICs. The
robustness of our results is demonstrated by the agreement between the
statistical and coalescence models, as well as the S-matrix formulation. Such
theoretical consistency underscores the importance of future experimental
searches to validate our classification of the scalar sector.

While the statistical and coalescence models provide insights into pro-
duction yields, a deeper understanding of the dynamical nature of glueballs
is required. To this end, shifting from conventional frameworks to the study
of glueball production in terms of topological solitons offers a distinct per-
spective on exotic hadron physics. We have studied low-lying scalar and
tensor glueballs in a Hopfion approach [3], validated against current exper-
imental data and LQCD predictions. A key finding is the interpretation of
f0(2470) as a tightly bound glueballonium, contrasting with a newly pre-
dicted, loosely bound scalar state. Thus, the Hopfion approach explains
the unnaturally long lifetime of f((2470). The experimental detection of
the novel glueballonium would serve as a critical verification of our model.
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Furthermore, we identified several other () = 1 and () = 2 Hopfion states,
both known and predicted, which are classified into characteristic multiplet
structures dictated by the underlying topology.

The formation of glueballonia from constituent glueballs warrants further
investigation through a synergistic approach combining relativistic heavy-ion
collisions with the real-time dynamics of Hopfions. In addition, exploring
quantum transitions between distinct glueball states remains a vital task
within the Hopfion framework. Future research should also prioritize the
coupling of Hopfions to dynamical quarks; such a development is essential
for modeling glueball decays into quark—antiquark pairs and enabling a more
realistic comparison with experimental observations.

The author is grateful for fruitful collaboration with Y. Amari, S.H. Lee,
P.M. Lo, M. Nitta, K. Shigaki, S. Yano, and S. Yasui. This work is supported
in part by the National Science Centre (NCN), Poland, under OPUS Grant
No. 2022/45/B/ST2/01527 and the World Premier International Research
Center Initiative (WPI) through MEXT, Japan.
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