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In a recently proposed approach to testing models of inflation by Cos-
mic Microwave Background (CMB) radiation, the reheating temperature is
directly expressed in terms of the CMB observables. Its model-independent
bounds translate in a given model into narrow ranges of those observables.
In that approach, we analyse the polynomial class of the a-attractor in-
flaton potential models (P-models), in a broad range of polynomials and
with the inflaton decays and fragmentation in the reheating period taken
into account. The predictions for the CMB observables, the scalar spectral
index ns and tensor-to-scalar ratio r, are compared with the Planck and
Planck combined with ACT data. Both can be accommodated by that
class of the a-attractor models. The sensitivity of the results of that com-
parison to the reheating temperature and to the upper bound on the ratio
r is clearly demonstrated.
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1. Introduction

The inflation paradigm solves beautifully the large-scale homogeneity
and flatness problem of the universe. The thermal history of the universe,
beginning with the primordial Big Bang Nucleosynthesis (BBN), is well un-
derstood in terms of the Standard Model (SM) of elementary interactions.
However, very little is known about the cosmological history from after the
end of inflation until the BBN, which may span even more than 30 orders of
magnitude in time scales. And it is in that period when the two main cosmo-
logical puzzles, production of dark matter (DM) and generation of baryon
asymmetry (BA), must have happened. Moreover, it is well known that
some physics beyond the SM is necessary for understanding those puzzles.
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According to the successful thermal history, during the BBN era, the
universe was dominated by radiation (RD). This implies that there must
have been a period, called reheating of the universe, in which the empty
and cold universe after inflation evolved into the hot universe of the RD era.
Actually, the RD era could have started long before BBN. According to the
inflationary paradigm, in that process, the energy stored in the inflaton field
was used to produce plasma of relativistic particles. A crucial parameter
linked to the RD era is the reheating temperature T;e, the temperature of
the plasma at the beginning of the RD phase. The reheating temperature
depends on the details of the inflation process, behaviour of the inflaton
potential after the end of inflation, and on the reheating mechanism. It
provides the most important link between the evolution of the early universe
and beyond the SM physics, necessary to understand the DM production and
the BA generation, that could have happened either during the reheating
period or already in the RD, and was sensitive to the reheating temperature.

It has been emphasized for a long time that the measurement of the
CMB radiation can give us an important insight into the inflationary and
reheating periods, constraining theoretical models of both. The results from
WMAP |1, 2], Planck [3, 4], and BICEP /Keck [5, 6] for the spectral index
ng of the power spectrum of the scalar perturbations and the upper bound
for the ratio of the tensor to scalar perturbations r have provided quantita-
tive constraints on the theoretical models. More recently, the results of the
ground-based experiment, Atacama Cosmology Telescope (ACT) |7, 8] have
been released. The combination of the Planck+BICEP/Keck+ACT data
in conjunction with the results of the Baryon Acoustic Oscillations (BAO)
measured by the Dark Energy Spectroscopic Instrument (DESI) |9, 10] shifts
ns towards larger values [8] than the Planck+BICEP /Keck+DESI (P-BK-
D) results [6] (for the extensive discussion of the experimental situation,
see [11]). The new data and the global fit to the Planck+BICEP /Keck+
DESI+ACT (P-BK-D-ACT) results have further invigorated theoretical re-
search on inflationary and reheating models [12-43]. It has been shown that
the details of the inflaton potentials, modifying their approximate plateau,
change their predictions and make them consistent with one or another set
of data. The expected improvement in the precision of the cosmological
measurements will, of course, further constrain the models.

In a recent paper [44], there have been investigated several classes of the
a-attractor models of inflation [45-51], the so-called E-, T-, and P-models.
A systematic framework is presented that expresses all free parameters of
a given inflationary potential directly in terms of CMB observables (Ag, ns, 1),
and then uses a one-parameter reheating model (characterised by an infla-
ton equation-of-state parameter w and a dissipation rate I', or equivalently,
a reheating temperature T;e) to derive a consistency relation that uniquely
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fixes Tye in terms of the same observables. In Ref. [44], the emphasis is on
the direct link of the CMB observables to the reheating temperature Tie
instead of the number of e-folds Ny between the (event) horizon exit of the
experimentally observed perturbation with a comoving wave number &k and
the end of inflation. That approach is useful because there are model inde-
pendent bounds on T}, that can be used to constrain models of inflation and
the reheating dynamics. And, vice versa, with an improvement in the pre-
cision of the CMB data, one can get stronger bounds on T}. It is shown in
Ref. [44] that the model-independent bounds on the T, give different results
for different models of inflation, very narrow ranges of the power spectrum
index ng, and with interesting dependence on the value of r. A compari-
son of those predictions with the Planck, ACT, and DESI data has been
presented. For instance, it has been shown that the Starobinsky model of
inflation (which is the special case of the E-a-attractor model) is excluded
at the 20 level by the model-independent bounds on the T}, and the global
fit to ng given by the combination of the P-BK-D-ACT results, whereas it
remains consistent with the P-BK-D combination. More general versions
of the three classes of models remain consistent with both combinations of
the experimental results, however, with some model-dependent constraints
on the acceptable range of the Tie.

In the present paper, we apply a similar approach as in Ref. [44] to a
more detailed studies of the polynomial P «a-attractor models, which are
consistent with the results of the P-BK—D combination in a broader range
of model parameters and of the Ti.. Furthermore, we discuss the impact of
some non-perturbative effects on the reheating dynamics.

2. A brief recollection of the approach in Ref. [44]

At present, the CMB data give us the value of the spectral index ng(k.)
for the scalar perturbation mode with the (pivot) wavenumber k./ag =
0.05 Mpc~!, its amplitude Ag(ks) [3], and the upper bound on the ratio of
the tensor-to-scalar perturbation amplitudes r(k,). Following the inflation
paradigm, the values of those observables depend on the shape of the inflaton
potential, its independent parameters, and the value of the inflaton field ¢,
when the mode k, exits the horizon during inflation.

In the slow-roll approximation, the observables ns(k), r(k), and As(k),
where k is some comoving wavenumber of the metric perturbations, are
related to the inflaton potential as follows:

ns(k) = 1 —6e + 2y, (1)
r(k) = 16¢, (2)
Ay = Vo) (3)

247r26ka1) ’
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where Mp is the reduced Planck mass and ¢ is the value of the inflation
field at the time when the perturbation with comoving wavenumber k was
generated. The parameters €, and 7 read

L (fw(@)?

€L = ) P V(¢) o ) (4)
a8V (9)
_ @
Me = MP%W » (5)

We focus now on one class of the a-attractor inflaton models, the so-

called P-models, which can better describe the combined PACT data [8].
Its potential reads [45-51]

2n
¢ (6)

V(¢7 «, 1, Ainf) = A;lnf on 0
o ()

where A;,r represents a mass scale that determines the energy scale of the
inflation and /3a/2Mp is an effective scale that can be higher than Mp.

All the perturbation parameters ng(k) etc., expressed in terms of the
potential parameters, read (see Eqs. (1)-(6))

4 42 2 \" 2 \ M
A, = 1 Aty (205 14 295 ’ (7)
4872n2 MS SQM}% 3aM}2)
MQ 2¢2 n 2¢2 ny\ —2

c=1—4n—F 1+(2n+1 k 1 k

" g (”* +n >(3aM5> )( +<3aMI%>> 8

M2 2¢2 ny\ —2
=32n"— (1 iy : 9
" 3”¢z<+<3aM§>> ®)

The parameter n in the exponent in the potential (6) can be an integer or
it can take fractional values, and we consider it as a number which defines
the model'. The other parameters Ain¢, o, and the inflaton field value ¢
when the mode with the co-moving wavenumber k left the horizon can be
expressed in terms of the three observables by the inverse relations. It is
convenient to define the following combination of the CMB observables, ng
and r, and the potential parameter n:

gzn(sl_"s—1>. (10)

r

! We thank Renata Kallosh and Andrei Linde for drawing our attention to the fact that
for polynomial potentials like P-model, fractional values of n are also of theoretical
interest.



Testing a-attractor P-model of Inflation by Cosmic Microwave . .. 6-A16.5

We get then
o= () T 2l
or = MP\/?)»Z 3212 (12)
AL = ?iMP rAs (an;lg) . (13)

Thus, the values of the three observables for some comoving wavenumber k
fully determine the parameters of the a-attractor potential for a given choice
of the exponent 2n.

The experimental results are used to determine CMB observables and
usually presented as the experimentally allowed regions (at some confidence
level) in the plane (ng(k.),r(k«)), where k, is a conveniently chosen pivot
scale (in our calculations, we use k = k., = agx0.05 Mpc™1). It is customary
to compare them with models of inflation by checking if those allowed regions
are consistent with the assumed number of e-folds, usually 50=-60, during the
rolling down of the inflaton field from its value ¢, to the value ¢engq at the
end of inflation. However, the a priori acceptable range of N can actually be
very large and is correlated with the expansion during the reheating period
(see e.g. textbooks [52, 53]). It is then interesting, instead of assuming
a value (or range of values) of Ng, to calculate it, given some assumptions
about the reheating period.

The value of ¢epnq at the end of (slow-roll) inflation can be estimated by
the conditions for the slow-roll parameters ¢ = 1 or || = 1, whichever is
reached earlier. Contrary to E- and T-models, it is not possible to get a
closed expression for those conditions and solve them for (;Se(;)d in P-models
for arbitrary values of the parameter n because it is related to the solution of
equation (14 22") = const. One obvious exception is n = 5 The solutions
in such a case read

ST = 25Vt +f(§f2__1)1 =2 0. (14)

The explicit solutions in the case of n = 1 can also be found but they are
rather lengthy and complicated. For other values of n, solutions for ¢enq can
be easily found numerically.

The number of e-folds, Ny, is expressible via ¢ and @eng

Ny=——
FTTME ) oV
o
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Thus, using Eq. (12) and expressions (or numerical results) for ¢e,q, one
finds that Ny is determined by the observables ng and r. For the P-model
with n = 3, Eq. (14) may be used to obtain

Ly 2(26- VAT V@ -D)
N=Y2) . (16)
NACESY

For each considered model, the number of e-folds Nj, may be calculated
for each pair of values of the CMB observables ng(k,) and r(ks). However,
not every pair of such values is consistent with the model of inflation used for
calculating Nj, and the assumed description of the reheating process. One
of the reasons is related to the model-independent bounds on the reheating
temperature which characterizes the transition from the reheating era to the
radiation domination era. In our approach, this temperature is a function
of the CMB observables, and the bounds on it constrain their acceptable
range.

The observables are measured by the Planck and other experiments for
the comoving wavenumber k = k, = ay, H,, with a;, and Hy, denoting the
scale factor and the Hubble scale at the moment of exit beyond the horizon
of the mode with comoving wavenumber k.. One has an identity

0= 1n< k. > —ln (aend Gre Q0 k. ) ’ (17)
ag, Hk* Gk, Qend Ore aOHk*

where a¢nq and aye are scale factors at the end of inflation and at the comple-
tion of reheating. The first three factors under the logarithm on the r.h.s. of
the above formula correspond to three periods of the universe evolution: in-
flation, reheating, and standard evolution after reheating, respectively. It is
a consistency relation reflecting the fact that the observed perturbation left
the (event) horizon at the scale factor ag, and reentered the (particle) hori-
zon when the scale factor had some known value (depending on the choice

of the pivot scale ky). The number of e-folds N, = In (%T“f) from the

horizon exit of the mode k, to the end of inflation has already been given
in Eq. (15) in terms of the inflaton potential parameters and the value of
the inflaton ¢enq at the end of inflation, expressed by the CMB observables
ns(ks), r(k«) and Ag(ky). Regarding the reheating period, we first adopt the
standard description by the Boltzmann equation of the energy density trans-
fer to radiation, with the inflaton dissipation rate I" as a free parameter. We
trade I for the reheating temperature Ty.. It is then clear that for a given
model of inflation, the identity (17) gives us the reheating temperature (or
I') fixed in terms of the observables Ag(ky), ns(k«), and (k). Conversely,
some well-motivated bounds on the reheating temperature, as we see later,
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can be translated into very severe tests of inflaton models by the CMB data.
Secondly, in this paper, we also investigate the dependence of the trajecto-
ries of fixed values of T in the (ng, ) plane on some non-perturbative effects
during the reheating period. Namely, we use numerical lattice simulations
based on the public package CosmoLattice [54, 55] to investigate possible
fragmentation of the inflaton condensate during its oscillations around the
minimum of the potential. In some cases, such fragmentation may substan-
tially change the reheating process, so also predictions of a considered model.
However, we start with the details of the perturbative part of the above out-
lined procedure, anticipating that in some models, fragmentation plays no
important role. Inflaton fragmentation will be discussed in Subsections 3.1
and 3.2 devoted to models for which fragmentation is important.

We define the reheating temperature Ty = T« as the temperature of
radiation at the moment when py, = pr, where py and pr are the inflaton and
radiation energy densities, respectively, that is, the time or the temperature
at which the energy densities cross each other. The value of Tk enters into

Eq. (17) in the ratios (aa—xd) and (3—2) (now aye = ax). The latter has the

standard form
43 \'3 1
ax _ ( 3 ) 0 (18)

ag 1195* Tix ’

ax

where Tj is the present temperature of the universe. The ratio ( re-

end

quires more attention. Perturbative reheating is described by the following

set of Boltzmann equations?:
P = —3(1+w)Hpy — I'py (19)
pr = —4Hpr + I'py, (20)
H? = Lo tiR (21)
M2

where dots denote derivatives with respect to the cosmic time. pg is the
total energy density of the inflaton field which consists of two components:
one from the oscillating homogeneous mode of the inflaton field and second
from the relativistic inflaton particles (if present). The inflaton equation-
of-state parameter w depends on the shape of the inflaton potential and
on the amount of inflaton particles. Thus, in general, w may change over
time. For now, we assume w to be constant. Corrections resulting from
production of inflaton particles due to fragmentation will be considered later
in Subsections 3.1 and 3.2. In the leading order of the expansion in the

2 We assume I" to remain constant during the entire reheating process.
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inflaton field, it is given by the following function of the potential exponent n:

-1
wr . (22)
n+1

It occurs that it is more convenient to analyze the above set of equations us-
ing the cosmic scale factor, a, instead of the cosmic time as the independent
variable. We will also apply the usual approximation consisting in neglecting
the radiation contribution to the total energy density during the reheating
process, i.e. pr <K pg, resulting in the following approximate expression for
the Hubble parameter:

H? ~ Pe .

3M3

This way, Egs. (19) and (20) with H given by (23) may be rewritten in the
following form:

(23)

apy = =3(1+w)py — V3MpI'\/pg (24)

apy = —4dpr + V3MpI'\/pg, (25)
where primes denote derivatives with respect to the cosmic scale factor a.
The above set of equations may be solved analytically. The solution reads

2

(147) (a;>g<1+w> —7] 7 (26)

e () -G )
_% <1 a <a:d)4>] ’ 27)

where A
77301 1 w) Hona |

and we used obvious initial conditions at the beginning of reheating (iden-
tified with the end of inflation): pgr(@end) = 0, pp(dend) = pend- For a given
model, the energy density at the end of inflation may be calculated in terms
of the CMB observables. In the case of the P-model with n = 1/2, it reads

Py = Pend

I
H end

PR = Pend

(28)

(n=1/2) _ o 2ppa, 4 E—1 VA+VI(E 1) -2
Pend f27rMPrAS§+1\/4+\/;(§2_1)+2. (29)

For P-models with other values of n, the numerically obtained value of penq
will be used.
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We define the end of reheating as the moment when the cosmic scale
factor is equal to ax for which py(ax) = pr(ax). It is possible to calculate
ax after neglecting terms proportional to (a/a@enq) # in (27). We obtain

__2
ax v (16 4+ 3(1 + w)v/9 — 3w) | 4+

Qond 2(1 4+ 7)(5 — 3w) (30)

The used above approximation is very good when two conditions are met.
First, w < % which is always the case in the a-attractor models considered
in this paper. Second, 7 is not too large. We checked by solving numerically
the Boltzmann equations (19)—(21) that the accuracy of analytical results
is very good if I" is not much bigger than about 0.1Hg,q. The results for
bigger values of the ratio I'/ Hepnq becomes gradually less precise but this
causes no real problem for our analysis. For I' of the order of or bigger
than Henq, we are close to the instant reheating limit for which the whole
analysis of the reheating process is no longer needed. The instant reheating
limit comes down to the assumption that reheating is so rapid that no details
of it matter.

Calculation of T« with such a simplifying assumption is straightforward.
The energy density at ax equals px = pglax) + pr(ax) = 2ps(ax). Substi-
tuting ax given by (30) into (26), we obtain the following simple result:

2—|-\/9—3w}2
<50 |

3w

_ Pend
2

Px [3(1 + w)y (31)
From the equality ps(ax) = pr(ax), one may calculate the reheating tem-
perature as a function of v (defined in Eq. (28))

T4 _ 30 px 30 [3 24++v9 - 3w

= - = —(1
x = g2 2 gur2 Pend |5 (1 +w)y 5 3w

’ [IRC

which may be easily inverted

T2 20+ (5 — 3w)
VPend V 15 3(1+w) (249 —3w)

In calculations with fixed reheating temperature T, one should replace ~y
with the above function of T 5.

The result (30) is important for us because the ratio ax /aeng, after substi-
tuting 7 given by (33), may be directly used in relation (17) (with aye = ax).

v = (33)

3 Notice that our procedure avoids using the effective equation of state parameter weg,
often used in the literature.
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Finally, using the Friedman equation and definitions of the parameters r
and Ag, one obtains the following expression for Hy:

Hy = %Mp\/T‘AS. (34)

This completes our task of relating the values of the observables ng, r, Ag to
a value of Ty in an a-attractor inflation potential with a given exponent n.
This is an important prediction due to the following: Firstly, there are
model-independent bounds on the reheat temperature of the universe

10 MeV < Ty <2 x 10" GeV. (35)

The lower bound is the BBN energy scale, while the upper one follows from
the fact that the consistency condition (17) with higher reheat temperatures
has no physically meaningful solutions (it can be formally solved but only
with negative number of e-folds during reheating). They provide strong tests
via the CMB data on the models of inflation. Secondly, that explicit link
of the CMB data to the reheat temperature may have important particle
physics implications.

Since at present only the upper bound on r is known experimentally, it
is interesting to illustrate the above results in the (ng, r) plane as a function
r(ng) = f(n, As,ns, Tx), for several fixed values of the exponent n. This is
done in the next section.

In many models, the allowed region in the (ng, r) plane has only some
partial overlap with the region corresponding to the often used condition
50 < N < 60. Clearly, the approach based on well-motivated bounds
on Ty may give significantly different results compared to an (essentially
arbitrary) ansatz for Ng.

Our method described in this section and used in the next Section to
investigate considered models of inflation is based on the presented above
analytical formulae. Some approximations and simplifications have been
used to derive those formulae. For example, we used the slow roll approach
to inflation; we neglected the fact that, just after the end of inflation, the
inflaton potential is not exactly a monomial of the inflaton field, so for some
time parameter w is not exactly given by Eq. (22); we neglected the contribu-
tion of pr to the Hubble parameter during the reheating process. With this
in mind, one should ask how accurate the results obtained by this method
are. In order to check this, we compared some of our results with corre-
sponding results obtained with more precise numerical calculations®. This
comparison showed that our results are quite accurate. Typical differences
of values of ng obtained both ways are not bigger than 0.0005.

4 We thank Renata Kallosh and Andrei Linde for sharing some of their results and one
of their computer codes.
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3. Results

Using the formalism summarised in the previous section, with inflaton
fragmentation taken into account when necessary, we present now the predic-
tions for the CMB observables obtained for several values of the n parameter,
n € {1/2,3/4,1,2,3,5} in the class P of a-attractor models®.

We start with models for which inflaton fragmentation plays no impor-
tant role, leaving more complicated cases to next subsections. The analysis
is the simplest for n = 2 i.e. for models with inflaton potential which around
its minimum may be approximated by a quartic function. Quartic potential
results in two features following from the fact that in this case, all three
components of the energy density (inflaton oscillations, relativistic inflaton
particles, and relativistic SM particles) have the same w = 1/3. First, the
equation-of-state parameter w during oscillations of the inflaton field is the
same as during the RD era, so the evolution of the scale factor does not de-
pend on the reheating temperature T . Second, the possible fragmentation
of the inflaton condensate also has no impact on the expansion of the uni-
verse because production of relativistic inflaton particles does not change w.
As a result, for any value of r, only one value of ng is allowed, independently
of the reheating temperature Ty (see the right panel of Fig. 1).

Analysis of models with the quadratic inflaton potential, i.e. with n =1,
are also relatively simple. The reason is that there is no fragmentation
during oscillations in a quadratic potential®. But, contrary to the n = 2
case, there is T« dependence of the results. Now, during reheating, w = 0,
so it is different from w = 1/3 during the RD period. Thus, the consistency
condition (17) results in a nontrivial relation between T and the CMB
parameters ng and r. Allowed curves on the (ng,r) plane are different for
different T (see the left panel of Fig. 1). For a given value of r, the value
of ng increases with T« and changes by about 0.009 when T increases from
the lower to the upper limit of the allowed range (35). For a given T, the
spectral index ng changes with 7 and is maximal for r ~ 1073.

A given model may be self-consistent only if it predicts a point on the
(ns, r) plane between the outermost colored curves because only then the
consistency condition (17) and the model-independent bound on the reheat
temperature (35) are fulfilled”.

5 P-type a-attractor models with n = 1 and n = 10 were investigated in [44].

5 We do not consider more complicated models in which strong coupling of the inflaton
to other fields may lead to fragmentation also in quadratic potential [56-58].

" The highest T presented in figures in this section equals 1.6 x 10'® GeV and is some-
what smaller than the model-independent upper bound (35). For Tk approaching
the upper bound, the length of the corresponding curve would shrink to a point quite
close to the presented curve for T =1.6x 10'® GeV. Observe that pairs of neighboring
color curves in Figs. 1, 2, and 4 correspond to temperatures differing by a factor of
2 x 10*, while T =1.6 x 10'® GeV is only 20% smaller than the upper limit in (35).
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Fig.1. Curves of constant reheating temperature T« on the (ng,r) plane for the
a-attractor P-models (color solid lines) with n = 1 (left panel) and n = 2 (right
panel). Different colors correspond to different values of Ty: 1072 (blue), 2 x 10?
(green), 4 x 10° (orange), 8 x 10! (magenta), and 1.6 x 10*® (red) — all in units
of GeV. In the case of n = 2, all five curves coincide. Dotted black curves show
constant values of the number of e-folds, Vi, from the time when the pivot scale
k = ag x 0.05 Mpc~?! crossed the Hubble horizon till the end of (slow roll) inflation.
Curves for three values of Nj are labeled on the right panel. Analogous curves for
N equal 50, 55, and 60 (from left to right) are shown also on all panels of Figs. 1, 2,
and 4 but without labels. Some curves of constant values of the potential parameter
« (see (6)) are shown by gray lines. The shaded regions indicate 1o and 20 regions
preferred by experiments. Light blue regions are for P-BK-D [6], while gray regions
are for P-BK-D-ACT |[8] combinations.

For model building, of some interest are the values of the parameter «
across the (ng,r) plane. They are indicated in the plots by gray lines. They
change weakly with ng, especially for small values of r. For fixed T, they
are monotonically growing functions of r. The value of « for a given pair
of CMB parameters, ng and r, is for n = 2 bigger then for n = 1 (and
even bigger for n = 3 and n = 5 — see Fig. 2 in the next subsection). For
example, for r ~ 0.02, the values of a are: a« = O(10) for n = 1 and « ~ 50
for n = 2. Such behavior is mainly caused by the factor of n? in Eq. (11).

Figure 1 shows that the model with n = 1 can accommodate the P-
BK-D data even at the 1o level (for some range of r) in the full allowed
range of reheating temperatures, and P-BK-D-ACT data at 20 level for
temperatures in the range from about 2 x 10> GeV up to ~ 10" GeV. For
n = 2, the temperature-independent curve fits the P-BK-D combination in
the whole range of r and the P-BK-D-ACT combination for » < 0.01. The
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plots clearly show that the expected improvement in the upper bound on r
at the level of 1073 [59] will provide strong tests of those cases. One can see
on the left panel of Fig. 1 that in the model with n = 1, the range of values of
the number of e-folds during inflation (after the pivot scale left the horizon),
Ny, is substantially different from the usually assumed 50 = 60. The biggest
possible N depends on r and may be only slightly bigger than 55. On the
other hand, values of N; much smaller than 50 are allowed for low reheating
temperature. N may be as small as about 43 for T = 10 MeV.

Analysis of models with other values of n is more complicated, because in
most cases, the effects of fragmentation must be taken into account. As a re-
sult of fragmentation of the inflaton condensate, some of the energy stored in
coherent inflaton oscillations is transferred to relativistic inflaton particles.
The equation-of-state parameter of oscillating homogeneous mode of the in-
flaton field depends on the shape of the potential as w = (n —1)/(n + 1).
The analogous parameter for relativistic particles is w = 1/3. The value of
w determines how fast the energy density of a given component decreases
during the expansion of the universe. The larger w, the faster is dilution
of energy. Thus, for n > 2, the energy of oscillations decreases faster than
the energy of particles produced during fragmentation. As a result, the
energy of produced relativistic inflatons sooner or later dominate over the
energy of oscillating condensate. The situation is opposite in models with
n < 2. Usually, fragmentation is not fully complete, so some energy stays
in the form of coherent oscillations. The parameter w for such oscillations
with n < 2 is smaller than 1/3 so its energy decreases slower than the en-
ergy of produced relativistic inflaton particles. Thus, such fragmentation
results in only temporary increase of average w (averaged over both contri-
butions from the inflaton) which after some time, returns to its initial value
w=(n-1)/(n+1).

As we see, the effects of fragmentation are quite different in models with
n > 2 as compared to those with n < 2. Thus, we will discuss them sepa-
rately. First two models with n = 3,5 and then two models with fractional
n =1/2,3/4. We consider models in which fragmentation is caused only by
inflaton self-interactions, i.e. we assume that no fields couple to the inflton
strongly enough to substantially modify the fragmentation process (see, e.g.
[56-58]).

3.1. a-attractor P-models with n > 2

First we discuss two P-type a-attractor models with n = 3 and n = 5.
The curves of fixed reheating temperatures T on the (ng, r) plane are shown
in Fig. 2. There are some differences with respect to the n = 1 case. First, as
for all models with n > 2, the relation between the reheating temperature
T« and the spectral index ng is opposite to that for models with n < 2.
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Namely, for a given value of r, bigger values of ng correspond to lower T.
Second, the range of values of ng allowed for a given r with T« changing
in the full range (35) is much smaller than for n = 1 (and slightly bigger
for n = 5 than for n = 3). Third, fragmentation of the inflaton condensate
must be taken into account.

0.06- 0.06-
0.059 \ 0.054
0.04-
r 0.03—"'*, r 0.031_
0.024 .,

0.014 0.019"

T + = T T — T
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0.960 0.965 0.970 0.975 0.960 0965  0.970  0.975

n n
s s
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Fig.2. Curves of constant reheating temperature Ty on the (ng,r) plane for the
a-attractor P-models with n = 3 (left panels) and n = 5 (right panels). Notation as
in Fig. 1, with two modifications. Dashed color lines correspond to fixed values of
T, which are obtained without effects of fragmentation taken into account. Thick
blue lines show the results with fragmentation included and for all values of T«
which in the approximation without fragmentation are to the right (dashed lines,
bigger ns). The same results are shown in linear (upper panels) and logarithmic
(lower panels) vertical axes in order to show better both, relatively big and small,
regions of r.
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The number of e-folds after which fragmentation starts strongly depends
on the exponent 2n in the potential (6) [60]. It is of order O(10) for n = 3
and O(20) for n = 5. And once it starts, the process proceeds relatively
quickly, leading to the conversion of most of the inflaton field energy into
relativistic inflaton particles. As a consequence, the parameter w of the
inflaton stays constant for quite a long time and then changes quickly from
the initial value of (n—1)/(n+1) to 1/3. In our analysis, we approximate this
process by a step change of w at the number of e-folds after the beginning
of reheating taken from [60].

The fragmentation (for n > 2) influences those models for which duration
of the reheating process calculated with only perturbative inflaton decay
taken into account is bigger than the time at which fragmentation starts.
Expansion of the universe after fragmentation is completed and does not
depend any longer on the reheating temperature because w stays constant
at the value 1/3 (until the end of the radiation domination era). As a result,
there is one curve on the (ng,r) plane which corresponds to all reheating
temperatures not bigger than such 7% for which the reheating completes
just before fragmentation. This is a solid blue curve on each panel in Fig. 2.
The dashed lines to the right from it correspond to lower Ty obtained with
fragmentation not taken into account. Those lines are plotted to illustrate
the impact of fragmentation on the allowed region on the (ng, r) plane. Only
the region between solid red and blue lines is allowed. It is much narrower for
n = 3 as compared with n = 5 (range of ng for a given r of about 0.001 and
0.003, respectively). There are two reasons for that. First — the range of ng
allowed without fragmentation (between solid red and dashed blue curves)
is narrower when n is closer to n = 2 (for which all curves coincide). Second
— the effect of fragmentation is weaker for bigger n because fragmentation
starts later, so it affects a smaller range of T . Fragmentation plays no role
if n 2 7 because for such n, the reheating process is completed before the
onset of fragmentation even for the lowest considered Tx = 10 MeV. For
example, the results for the P-model with n = 10 presented in [44] are not
altered by fragmentation.

Plots for n = 3 and n = 5 in Fig. 2 are shown in two versions, one
with linear (upper panels) and second with logarithmic (lower panels) scale
of the vertical axis. The logarithmic scale is used to show more clearly
the results for small values of . One can see on those plots that the red
curves corresponding to Ty = 1.6 x 10" GeV end at r slightly smaller than
10~*. The reason is that those end-points correspond to instant reheating.
Solutions of the consistency condition (17) for even smaller » would require
a negative number of e-folds during reheating, which physically makes no
sense. Curves describing other values of Tk also have such end-points but
for very small r (outside the ranges shown in our figures). For example,
magenta curves of T = 8 x 1019 GeV end at r = O(1072!).
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Figure 2 shows that for models with bigger n, experimental data lead to
stronger upper bounds on r. Compatibility with the P-BK-D data at the
20 level may be achieved only when r < 0.025 (r < 0.018) for n =3 (n = 5).
Compatibility with the combined P-BK-D—-ACT data requires even smaller
values of r below 1072. For sufficiently small r, both models, with n = 3
and n = 5, predict values of ng within 1o region derived from P-BK-D
data and 20 region of P-BK-D—-ACT data for the full allowed range of the
reheating temperatures. Compatibility with P-BK-D-ACT data is lost if r
is too small. For values of r below about 10712, the predicted value of ng
becomes too small (such values of r are outside the range shown in Fig. 2).

Contrary to the case of n = 1, now the range of values of the number
of e-folds during inflation is quite narrow, and those values are relatively
big. Namely, for both models with n > 2, we obtain Ny = 54. The biggest
possible values of Ny depends on n: N < 60 for n = 3 and Ny < 63 for
n =>5.

3.2. a-attractor P-models with n < 1

The a-attractor P-models with fractional values of n are interesting for
several reasons. One, discussed for example in [51], is that such models may
accommodate bigger values of the spectral index ng (as compared to models
with n > 1) which are supported by new experimental data [5, 6]. Infla-
ton condensate fragmentation is important for the analysis of such models.
Moreover, the fragmentation process for models with n < 2, so also for n < 1
considered in this subsection, proceeds in a different way than in the case of
models with n > 2 (described in the previous subsection). Thus, we start
with discussing this fragmentation in some detail.

One crucial difference between models with n bigger and smaller than 2
is that the parameter w describing oscillations in a potential which may be
approximated by the monomial |¢|?" (the absolute value of ¢ must be used
in models with fractional n) w = (n—1)/(n+2), so is smaller (bigger) than
1/3 for n < 2 (n > 2). The energy density of relativistic particles produced
during fragmentation decreases faster (slower) than the energy density of
the remaining condensate if n < 2 (n > 2). Thus (contrary to the case with
n > 2), the remaining condensate plays important role in models with n < 2
because sooner or later it starts to dominate over the produced inflaton
particles.

The differences in fragmentation in different models are also reflected in
different behavior of the w parameter for the total inflaton energy (conden-
sate plus particles). At an early stage of reheating, w = (n — 1)/(n + 1).
During fragmentation, due to the contribution from relativistic inflaton par-
ticles, the value of w changes towards 1/3. For m > 2, this tendency re-
mains also after the end of fragmentation and w asymptotically approaches
1/3. In models with n < 2, the increase of w is only temporary and after
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the end of fragmentation, w asymptotically returns to its initial value of
(n—1)/(n+2). Examples of such evolution obtained by numerical simula-
tions using CosmoLattice are shown in Fig. 3. Color curves in the upper
panels in that figure show the evolution of total inflaton energy density (red
curves), and also its potential (green curves) and gradient (orange curves)
components (the kinetic component is not shown in order not to complicate
the plots). The gradient component is to a very good approximation equal
to one half of the energy of produced relativistic inflaton particles (part of
the kinetic component is the other half). Orange curves in Fig. 3 illustrate
the above discussed temporary increase of the importance of relativistic in-
flatons and the resulting temporary increase of the inflaton equation-of-state
parameter w.
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Fig.3. Evolution of different components of the inflaton energy density (upper
panels) and the resulting evolution of the inflaton equation-of-state parameter w
(lower panels) as functions of the number of e-folds from the beginning of the
reheating process. Left panels are for the model with n = 3/4, while right panels
are for the model with n = 1/2. In the upper panels shown are (from top down):
total inflaton energy (red curve) and its potential (green) and gradient (orange)
components. In the lower panels, the blue curves show w(N) and orange curves
correspond to w averaged over oscillation periods. The black dashed lines show
value of w corresponding to pure inflaton condensate i.e.: —1/7 for n = 3/4 and
—1/3 for n = 1/2. In both cases, parameters of the inflaton potential were chosen
in such a way that without fragmentation they would give Ty, = 4 x 106 GeV and
r = 0.01. The results were obtained by performing numerical simulations with the
help of CosmoLattice program [54, 55| run on a 1283 lattice with pir /w. = 1.

For models with n < 1 discussed in this subsection, a described above
temporary increase of inflaton w caused by fragmentation leads to faster de-
crease of the inflaton energy density. As a consequence, the energy density at
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the end of reheating (with a given perturbative decay rate) is smaller. Thus,
for a given model, taking into account the fragmentation process results in
lower reheating temperature 7.

For most of the temperature range (35) considered in this work (for which
the time scale of perturbative reheating is much longer than the time scale of
fragmentation in models with n < 1), the whole effect of fragmentation may
be very well approximated by an appropriate change of the number of e-folds
of the reheating process used in the consistency condition (17), as compared
to calculations with non-perturbative effects neglected. A given value of Ty
determines the value of the energy density at the end of reheating. Due to
fragmentation (in models with n < 2), this energy density is achieved earlier
than in the same model but with fragmentation neglected®. The difference
in the number of e-folds in both cases, AN, may be approximated by

_ Jw(N) —wo)dN
AN ~ — T , (36)

where wy = (n — 1)/(n + 1) is the value of w parameter of the inflaton
before and well after fragmentation, while w(V) is the value of this param-
eter during fragmentation which changes due to changing contribution from
produced inflaton particles.

In order to determine quantitatively the discussed above effects we per-
formed numerical lattice simulations for several sets of parameters (11)—(13)
typical for considered models with n = 1/2 and n = 3/4. The obtained
results allowed us to find modification of the expansion of the universe and
additional dilution of the inflaton energy density caused by fragmentation
to be used in the consistency condition (17) in order to find the relation
between CMB parameters and the reheating temperature. Numerical simu-
lations allowed us to determine function w(NV) used in Eq. (36) for each set
of parameters. Resulting AN depends on values of the inflaton potential
parameters, so also on ng and r, and for the considered models, typically
is O(1) or slightly smaller. For the examples shown in Fig. 3, we obtained
AN =~ —0.35 for n = 3/4 and AN ~ —0.6 for n = 1/2.

The results of our analysis including fragmentation for two fractional
values of n, namely n = 3/4 and n = 1/2, are presented in Fig. 4. Curves
of constant Ty with fragmentation taken into account are shown by solid
color lines. They should be compared to dashed color curves obtained with
fragmentation process neglected. The differences between solid and dashed
lines for n = 3/4 are smaller than for n = 1/2. Such a result could be
anticipated because n = 3/4 is closer to n = 1 for which there is no frag-
mentation at all. Fragmentation is stronger in the case of n = 1/2 but still

8 Of course, in order to fulfill the end of reheating condition p, = pr earlier, the
inflaton decay rate I" must be bigger.
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Fig.4. Curves of constant reheating temperature T« on the (ng,r) plane for the a-
attractor P-models with n = 3/4 (left panel) and n = 1/2 (right panel). Notation
as in Figs. 1 and 2 with one modification: additional dashed color lines show curves
of constant T« obtained with effects of fragmentation not taken into account.

not strong enough to produce very large corrections. For a reheating tem-
perature equal to 4 x 106 GeV, inclusion of fragmentation leads to a change
in ng of order 0.001 (see orange lines on the right panel of Fig. 4). Correction
for T = 8 x 10’ GeV (magenta lines) is even smaller.

Taking into account fragmentation effects in models with n < 1 causes
a shift of (some) lines of constant T towards larger values of ng. The
opposite tendency was observed in the previous subsection for models with
n > 2. The difference is due to the fact that wo = (n —1)/(n+ 1) is smaller
(bigger) than 1/3 for n < 1 (n > 2) so inflaton particles produced during
fragmentation cause the inflaton equation of state parameter w to be bigger
(smaller).

Comparing with the result for n = 1 (left panel of Fig. 1), one can
see that maximal possible values of ng, obtained for the maximal reheating
temperature and » = O(1073), are bigger. However, differences are not very
large. Such maximal ng is approximately equal to 0.973 for n = 1, while
it is around 0.974 and 0.976 for n = 3/4 and n = 1/2, respectively. Much
bigger differences may be observed for lower T. For model with n = 1, the
difference in predicted ns between the lowest and the highest T (distance
between blue and red curves) is about 0.008. Such a difference grows quite
quickly with decreasing n. For n = 3/4, it is about 0.017, while for n = 1/2,
it is almost 0.06. This is the reason why on the right panel of Fig. 4 only
three solid color curves are visible. Two remaining are far outside the shown
range of ng. For the lowest T, = 10 MeV, the predicted value of ng is close to
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0.915 which is by far beyond the experimentally acceptable region. Thus, in
the case of small n, experimental data may be used to set lower bounds on
T, which are stronger than the model-independent requirement T« > TgpN.
For example, for n = 1/2, the 20 limit from the P-BK-D combination may
be satisfied when Ty > 1.2 x 10° GeV. The corresponding condition for the
n = 3/4 case is much weaker: T 2 60 MeV.

Relatively wide ranges of values of ng which may be obtained in models
with n < 1 result in wide ranges of values of allowed N;. The biggest N
is similar to that for n = 1, i.e. Ny < 56. But the lowest possible values of
Ny are much smaller. The lower bounds on Vi result from the experimental
data (even smaller values could be accommodated in models with n equal 3
and 5). We found the following bounds: Ny = 36 for n = 3/4 and Ny 2 34
for n =1/2.

There is a relatively narrow range of high Ty for which time scales of
fragmentation and perturbative decay of inflaton are similar. Our procedure
of combining lattice simulations with approximate analytical calculations de-
scribed in Section 3 cannot be used in such a situation. One should perform
numerical simulations with both perturbative and non-perturbative effects
taken into account simultaneously. Such calculations are beyond the scope
of the present work. However, it is clear that corrections from fragmentation
are in such cases smaller than for lower T because there is not enough time
for fragmentation to fully develop.

For even higher T (for example for Ty = 1.6 x 10'> GeV corresponding
to red lines) there are no corrections at all because reheating completes
before fragmentation could start.

4. Conclusions

In this paper, there have been analysed constraints on the a-attractor
P-models, with different powers of the exponent n, following from the CMB
data. The emphasis is on the role of the reheating temperature which has to
satisfy model-independent bounds, given from below by the BBN and from
above by the theoretical self-consistency. For the reheating dynamics, both
perturbative inflaton decays into radiation and non-perturbative fragmenta-
tion of the inflaton condensate into relativistic inflaton particles are included.
For certain values of n, the latter modifies the inflaton equation-of-state pa-
rameter w and for n < 1, stronger bounds on the reheating temperature
emerge than the model independent ones. In an approach with the reheat-
ing temperature expressed directly in terms of the CMB observables, the
bounds on it translate for each value of 7 into narrow ranges of the spectral
index ng, dependent on the exponent n. There are shown the results for
n = 1/2,3/4,1,2,3,5 to illustrate the general patterns. It is shown that
for all those values of n, both P-BK-D and P-BK-D-ACT combinations
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of experimental results can be accommodated at the 20 level. However, the
corresponding ranges of acceptable reheating temperatures are different in
different cases. The P-BK-D combination of data is easily consistent with
a broad range of parameters of the a-attractor P-models, whereas the P—
BK-D—-ACT combination is more selective. Also one can clearly see that
the expected from LiteBIRD sensitivity to r ~ 1073 will be very important
for further tests of the model.

We thank Renata Kallosh and Andrei Linde for fruitful discussions and
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