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Different bases for the spin-1 density matrix are discussed to clarify the
connection between its components and observables measured in heavy-ion
collisions. The theoretical advantage of using the adjoint representation
for spin matrices is emphasized. Next, the equilibrium spin density matrix
and the corresponding Wigner function are introduced. With appropriate
definitions of the energy-momentum and spin tensors, this framework al-
lows for the formulation of perfect spin hydrodynamics in the same way
as previously done for spin-1/2 particles. Together, these results provide
a unified description of spin-1/2 and spin-1 particles.
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1. Introduction

The measurements of spin-related observables in heavy-ion collisions
have introduced a new perspective for studies of the properties of strongly
interacting matter. In addition to the data on particle abundances, spectra,
and correlations, we have gained a completely new characteristic of matter.
It is often emphasized that, through studies of spin polarization, we enter
a genuinely quantum realm of particle production processes.

The experimental measurements of spin polarization can be divided into
two categories: measurements of the spin polarization of spin-1/2 hadrons,
mainly A hyperons [1-7], and measurements of tensor polarizabilities of spin-
1 hadrons, mainly vector mesons [8—11|. In the last case, one concentrates
on the coefficient pgg or its deviation from 1/3 called alignment. On the the-
oretical side, these measurements have been analyzed (and in some cases,
originally proposed) in [12-14] and [15-27], respectively, for hyperon and
vector-meson results. For reviews, see, for example, [28-31]. Theoretical
advances directly related to spin physics include studies of the Wigner func-
tions [32-36] as well as the development of spin hydrodynamics [37—46].
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The briefly sketched landscape of spin physics above, highlights the im-
portance of a deeper investigation of the relationships between different ob-
servables, as well as between theory and experiment. In this paper, we study
fundamental relations among spin observables, aiming to clarify several is-
sues discussed in recent literature.

We start our discussion with the spin-1 density matrix p and argue that
its theoretical description is most conveniently formulated in the adjoint
representation, in which the antisymmetric part of p is directly expressed
by the spin polarization vector P¥, while the symmetric part (after sub-
tracting the Kronecker delta contribution) is given by the tensor polariz-
abilities 7H¥. This representation is connected with the use of longitudinal-
polarization vectors e* which are reduced to unit real vectors in the particle
rest frame (PRF). The adjoint representation proves particularly useful in
calculating the Wigner function for a relativistic gas of spin-1 particles,
which can then be employed to obtain the energy-momentum and spin ten-
Sors.

The central part of this work is devoted to the analysis of local equi-
librium. We argue that it can be defined analogously to the concept in-
troduced for spin-1/2 particles, i.e., as a state in which the spin part of
the total angular momentum is conserved separately. The adopted form of
the local-equilibrium spin density matrix uniquely determines the spin po-
larization vector and the tensor polarizabilities. This result is particularly
important, since it allows one to establish a connection between the hyperon
and vector-meson measurements. Previously, such a connection was found in
the coalescence model [18]. Here, we employ a different physical picture, in
which hadrons, rather than quarks, are equilibrated. A unified description
of spin-1 and spin-1/2 particles allows for the construction of perfect spin
hydrodynamics that simultaneously incorporates both types of particles.

Finally, we turn to the discussion of tensor polarizabilities. Since they
are measured in the basis in which the operator Jy is diagonal, it is necessary
to clarify the relation between this basis and the adjoint representation. We
find that the experimentally measured alignment is directly expressed by
the coefficient 722 evaluated in the PRF.

Conventions and notation: For the Levi-Civita symbol e#**8 we follow
the convention "% = —ep193 = +1. The tensor a®’ = (1/2) e*%a.5 is
dual to a®?. The metric tensor is of the form g = diag(+1,-1,—-1,-1).
Throughout the text, we make use of natural units, h = ¢ = kg = 1. The
scalar product of two four-vectors a and b reads a - b = a®0° — a - b, where
three-vectors are indicated in bold. The symbol tr denotes the trace over
Lorentz indices, for example, tr(p) = p},, while the trace over spin indices is
denoted by trs, e.g., tr3(pd) = 3, p;f‘r. The antisymmetric part of a tensor

r

TH is defined as T = (TH —TvH) /2.
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2. Spin density matrix for spin-1 particles

Information about the spin state is fully encoded in the spin density
matrix [47]. However, its explicit form depends on the specific choice of
both the Lorentz reference frame and the quantum basis used for the spin
states. For a massive particle, the spin density is commonly defined in the
PRF obtained by the canonical boost!. Regarding the spin-1 basis, three
options are commonly used. In the first (standard) case, we employ the
operators J,, Jy, J., which satisfy the angular-momentum algebra, with J,
being diagonal. In the second case, the spin operators are chosen as T, = J,,,
T, = J., and T, = J, (i.e. with diagonal T}), while the third case considers
the adjoint representation with operators S, = S*, Sy = 52, S, = 53, defined

by the relation '
(S") ;1. = —ieiji - (1)

Operators J, T, and S are equivalent and are related by similarity transfor-
mations of the form

UlyAUsp =B, AB=J,ST, UlzUip=1, (2)

presented schematically in Fig. 1.

Fig. 1. Schematic diagram of the transformations between different representations,
defined by the unitary matrices Uap, whose action is given by UI‘BAUAB = B,
where A, B =J,S5,T.

We note that, in general, the boost changes the directions of the refer-
ence frame axes, which in turn affects the choice of the spin basis [49, 50].
However, this effect was found to be very small in current heavy-ion colli-
sions [10], therefore, we neglect it in the present discussion.

The use of a basis with diagonal .J, seems to be natural when considering
the spin polarizations of both vector mesons and A hyperons. In the latter
case, we always use the Pauli matrices with diagonal o,. However, spin-1-
related measurements determine the spin alignment in the basis where T,

L The boost is directly determined by the three-velocity of the particle; for its explicit
form see, for example, [48].
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is diagonal [10]. The adjoint representation arises naturally if we use the
states corresponding to linear polarization [47]. We thus see that different
bases serve different purposes, making it useful to establish simple relations
between them.

In the PRF (denoted by an asterisk?), the spin density matrix can be
written in the form [47]

1
P* 3

1+ PZSZ \[7'” S'S7 + S]S’)] (3)

where P! are the components of the spin polarization vector and 7,7 are
tensor polarizabilities. In Eq. (3), we employed the spin operators S* but
one can equally well use J? or T*%. This yields alternative expressions, namely
p” and p”, that are interconnected by the unitary transformation (2). Using

(1) in (3), we find

Prsx =

Ors + Pl (S%), \f T (887 + 5757,

—_ W=

3
= g |:5rs - 573*617‘3 - \/67;5*:| 5 (4)

where r, s = 1,2, 3 are the spin indices. '
It should be emphasized that the spin polarization vector P} and the

tensor polarizabilities T are independent of the choice of representation
and are determined by the traces [47]

Pi = tr3 (PfAZ) ) A= Jv 57 Tv (5)

Ti = ;\/g (trg[ (APAT 4 AT AY)] ;L(sw) . (6)

Note that the element 7,22, which we find to be directly related to spin
alignment (see Sec. 8), may be written as

72 = (ima [ (42)7] = s [ (417
+trg [ pit (42)7] by [ (4%)7]) (7)

Analogous expressions can also be found for TH and 723, indicating that
the components 7' are sensitive to the anisotropy of the spin densities.

2 We note that the asterisk (appearing as an upper or lower index) should not be
confused with the complex conjugate.
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Due to its hermiticity, the spin density matrix can also be decomposed
into a linear combination of the Gell-Mann matrices, for such a decomposi-
tion of p2, see Appendix A.

3. J and S representations

In this section, we collect the most important information about the .J
and S representations. Although the formulas presented here are well known
and can be found in most of the quantum mechanics textbooks, assembling
them together helps us to proceed with the analysis of spin polarization
effects for spin-1 particles. The explicit forms of the J* spin matrices are

L [0 10 [0 -1 0
Jo=—|10 1], J=—[1 0 -1],
V2 0 1 0 V2lo 1 o
1 0 0
J.=10 0 o0 (8)
00 —1

The basis used in (8) consists of the eigenvectors of the matrix .J,, commonly
denoted as |1,+1), |1,0), and |1, —1). For brevity of notation, we will also
refer to these states as |[1) = |1, +1), |2) = |1,0), and |3) = |1, —1). The spin
matrices in the adjoint representation are defined by Eq. (1), which gives

0 0 0
0 —i|, S,=[0
i 0 —

0 —i
S.=11¢ 0
0

S O O
o O =
o O O

9)
The representations S and J are equivalent and related by a unitary trans-
formation,

Ul, S Usy = J?, (10)
that complies with (2) and where the matrix Ugy is defined by the expression

) -1 0 1
Ugj=—| —i 0 —i |. (11)
V2 0 V2 0

The transition from the J to the S representation can be understood as
a change of basis from |j) to |e;) (4,7 = 1,2, 3), defined by the relation

e} =301 (V) - (12)
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An explicit calculation gives

1
|€1> = ﬁ(‘l7—1>_‘1ﬂ+1>>7
le2) = E(|1»—1>+|1a+1>)7
le3) = [1,0). (13)

We note that these states satisfy the equations Jyle;) = 0, Jylez) = 0, and
J z’€3> = 0.

Any pure state can be represented as a linear combination of the sta-
tes |e;)

elfer) + e2les) + e¥les) (14)

Hence, it is defined by a three-vector e, = (e}, 2, ¢2), where the coefficients
gl are, in general, complex. The three-vector €, can be generalized to a four-
vector through the definition

g = (075*) = (0,6}(,65,62) . (15)
It is also useful to introduce the basis efy (r = 1,2, 3),

elit* = (0,1,0,0),
e, = (0,0,1,0),
e5, = (0,0,0,1), (16)

which corresponds to the linear-polarization states |e;) defined above by
Eq. (13). In the following, we will often use the relation

€, =0 =—5,. (17)

T*

4. Lorentz-covariant spin density matrix

We may define the polarization vectors e (p) for particles with momen-
tum p* using the canonical boost L}, (v,), which transforms p% = (m, 0,0, 0)
into p* = (Ep, p) [48],

pN = LMV(’UP)p: ’ €¢f - LMV(,UP)E?* . (18)

In the same way, we define the spin polarization four-vector P* and the
tensor polarizabilities 7" for particles with momentum p

Pl =LA (vp)PL, T = L (vp) Ls(0p) T (19)
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Here, we assume that 730 =0 and 7‘00 7"0 7'01 = 0. This leads to the
orthogonality conditions

Ptpu=Pip, = 0,
T'uypupu = T“”PZPZ =0,
THpu=T!p, = 0. (20)
At this point, it is convenient to define the spin density matrix in the
Lorentz space

puv(@,p) = €, (p)piS (z,p)es (p) (21)

where the polarization vectors are given by Eqgs. (16) and (18) and satisfy
the normalization conditions

GJ(p)esu(p) = —0ps . (22)
We note that throughout this work, we employ the basis of the adjoint rep-
resentation, in which the polarization vectors e,/ (p) are real. Consequently,
no complex conjugation appears in Eq. (22). Using Eq. (17), we find that
in PRF,
oy (23)
In the frame in which the particles carry momentum p, we find

pwj(%p) _ _1 |:(g;w . P;;g) n 3i6uu>\pp (x,p)p” V6T ;w(fE p)]

3 2m
(24)
It can be easily checked that Eq. (24) reduces to Eq. (23) in PRF. It is
important to stress that the matrix p*S is defined in the “spin” space, where
raising or lowering indices does not affect the sign. In contrast, the elements
of the matrix p,, generally depend on the index positions. This is reflected
in the traces of p* and p, which differ by a sign

tr(p) = P g™ = puijg” = = Y puijd? = —tr3 (p7) = -1.  (25)
ij=1
5. Conserved currents and Wigner function

With the goal of constructing spin hydrodynamics that incorporates
spin-1 particles, we consider a relativistic gas of particles described by the
Proca field. In this case, we may use the expressions for the energy-momen-
tum and spin tensors of non-interacting particles derived in [51]

T () = / Ak EPEY W (2, k)], (26)

SA (1) = 2i / Ak AW (2, k) (27)
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where WH is the Wigner function. Equations (26) and (27) were obtained
in the KG? pseudogauge defined in [51]. They are analogs of the expressions
derived for spin-1/2 particles in the GLW pseudogauge [28]. The symmetric
form of the energy-momentum tensor (26) implies that the spin tensor (27)
is conserved.

In this work, we connect the Wigner function with the spin density ma-
trix using the formula

Wit k) == [ 4PED( = p) ol p) 2(o.p) punlep) . (25)

where dP is the Lorentz-invariant integration measure

d3p

dP = ———
(2m)3Ep’

(29)

with E, = \/m? + p? being the on-mass-shell energy. The function fj is the

spinless equilibrium (Maxwell-Jiittner) distribution function

fo(w,p) =exp[§(z) —p-B(2)], (30)

where £ = p/T, with p being the chemical potential connected with the
conserved charge carried by the vector meson (for example, electric charge),
and T being the temperature. The function * is defined as the ratio of
the hydrodynamic flow and the temperature, f* = w*/T. In Eq. (28),
the function Z(z,p) denotes the normalization of the spin density matrix,
used when the original spin density matrix is not normalized to unity. For
unpolarized particles, Z = 3. For simplicity, in the following, we set . =0
and thus consider a single species of particles whose number is not conserved.
With the Wigner function Eq. (28), Eq. (26) directly gives

T (z) = /de“p” fo(z,p)Z(x,p), (31)
while for the spin tensor, we obtain
A, v _ 1 A praf

As expected, the spin tensor depends solely on the spin polarization vector P
and not on the tensor polarizabilities 7T .

3 The acronym KG stands for an alternative Klein—-Gordon-type Lagrangian for massive
vector fields.
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6. Local equilibrium spin density

We have already introduced the concept of thermalization of particle
momenta with the help of the function f;. We now turn to the problem of
describing the thermal distribution of spin degrees of freedom. It was argued
in [18] (see also [52, 53]) that the equilibrium spin density matrix takes the
form
expla - S]

= P = Z7lexpla-
trg(expla-8)) ~ 2 Pl 8l (33)

S _
peq_

where ¢ plays a role of the angular velocity. The exponential function
appearing in (33) can be expanded as a series and rewritten as

e*S =14 (&-8)sinha+ (& - S)*(cosha — 1), (34)

where we have introduced the notation & = a/|a| and |a] = a. The
normalization in the denominator is

Z=2cosha+1. (35)

Equation (33) may be used to determine the spin polarization vector and
tensor polarizabilities

2sinh(a)
= Y 36
P 2cosha + 1 * (36)

. (3¢'a7 — 6%) (cosha — 1)
J = . 37
& V6 (2cosha + 1) (37)

It is instructive to rewrite Eq. (36) using the exponential functions

et _ g
Pi=—"T——0. 38
el 4e (38)
This formula suggests that the factor e® determines the probability of having
spin 1 oriented along the direction &. An analogous expression for spin 1/2
would be
1 e01/2 _ efa/2 X

(12) _ 2
P D) ea/2 + e—a/2 .

(39)
Comparing Eq. (39) to Eq. (38), we see that the prefactor 1/2 associated with
the spin of fermions becomes unity when describing the system of bosons. In
fact, formula (39) was obtained in our previous work, in which we established
the relation

o =2a,, (40)
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where a, is the spatial part of the four-vector a* defined in the PRF. The
four-vector a* is related to the spin polarization tensor w*” through the

relation
1

at = ——aop, . 41
2m by (41)

The tensor w*” plays a role of the Lagrange multiplier controlling the con-

servation of the spin part of the angular momentum. The explicit expression

for a, reads [4§]

b,

1 p-b
. 2 2m< P pxe Ep+mp> (42)

where e and b are the electric- and magnetic-like components of the tensor
wh”. The vector by is the magnetic part of w*” in PRF.

The fact that local-equilibrium spin densities are determined by the local
magnetic components of the spin polarization tensor is analogous to the
coupling of the local magnetic field to particle magnetic moments. We also
note that, in global equilibrium, the spin polarization tensor w*” coincides
with thermal vorticity. In this case, the vector o is determined by the
vortical properties of the fluid.

7. Thermodynamic relations and Pauli-Lubaiiski four-vector

7.1. Thermodynamics

With identification (40), we find the following forms of the energy-
momentum and spin tensors

T () = /de“p”fo [2 cosh(2a,) + 1], (43)
sinh (2\/ —a2>
v —a?

Following our previous analyses [54, 55|, we introduce the particle current

SAMHY () = 2 / dP p* fo " PBagpg . (44)

NH = /de“ tr(W) = /de”’fo [2 cosh(2ay) + 1] . (45)
Using (30) with the vanishing chemical potential (¢ = 0) and the derivative

(V) -

ep"ﬂ”af;p,{ dwpe , (46)

1
4m~/—a?
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we find the thermodynamic relation
1
dNH = —TF dBy, + 557 dwp (47)
Equation (47) implies that the energy-momentum and the spin tensors can

be obtained by differentiating the particle current N'* with respect to the
appropriate Lagrange multipliers, namely

pin = ONE g ONT (48)
0B O0wpo
With the conservation laws
0T =0, 9,57 =0, (49)

our description agrees with the structure of the divergence-type theory [56,
57]. The form of Eq. (47) also suggests that one can introduce the entropy
current defined by the expression

1
SH = THAB, — 33w + NI (50)
Equations (47) and (50) lead to the differential of the entropy current
1
dSH = By dTH* — 5 Wpo ASHE. (51)

This expression indicates that the entropy is conserved as a direct conse-
quence of the conservation of the energy, linear momentum, and spin. Fol-
lowing our previous studies, we interpret this case as the state of local ther-
modynamic equilibrium for spin-carrying particles. The dynamics of such
a state is described by perfect-fluid spin hydrodynamics.

7.2. Pauli—-Lubaniski four-vector

Following earlier studies [48], we define the phase space density of the
Pauli-Lubariski four-vector by the formula

dAIL,(z,p) 1 dJrve(z, p) p?
S = e An@E " PR (52)

Ep d3p m

The quantity AX) represents a volume element over which particles with

momentum p are considered. After integration over momentum and space,
we obtain the total conserved charges, for example

Ve / Ay (z) / dP JM(z,p). (53)
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Splitting the angular momentum tensor into orbital and spin parts,
JAM(x,p) = LMV (z,p) + SMV(z, p), we find that only the spin part con-
tributes to (52) — the orbital part includes terms proportional to p” and p®,
which vanish upon contraction with the Levi-Civita symbol in (52). Thus,
we arrive at the formula

danm, 1 AX)\(x)
Ep d3p T T g2 tnes (2m)3

P2 fo(x,p)e" P Popop” . (54)

Similarly, we obtain the number of particles in the volume AX)(x),

dAN dNA
= B AN =
d3p PEEN @By T (20)3

E, AX\pAZ fo(x,p) (55)

This allows us to find the polarization per particle. Calculating the ratio of
Eq. (54) and Eq. (55), we obtain

dATT 1 s
AN = ~gyeas Popor” =Py (Pl (56)

Since P - p = 0, see Eq. (20), we find

dATI,
daN — °H (57)

This form supports our expression that relates the Wigner function to the
spin density matrix (28).

It is interesting to compare our results with the expressions obtained
before for spin-1/2. The formula derived in [54] gives

aam(’? 1 a
Tt _— Ztanh vV —a2 [l
AN 5 tan vV —a — (58)

which has the following limits for v—a2? < 1 and v/ —a? > 1, respectively,

dam” 1 Ay 1 a,
dAN 2% AAN 2 v—aZ’

(59)

Combining (32) and (44), we obtain

; )
dAHM _ 251nh(2\/ a ) a, (60)
dAN 2008h(2\/ —a2) +1V—a?
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with the corresponding limits (again for v —a? < 1 and v —a? > 1)

dAIl, 4 dATI,  a,
AAN ~ 3™ dAN T a2

(61)

It is instructive to see that for v—a? > 1, the quantity dAIIl,/dAN is
bounded by 1/2 and 1, respectively, for spin 1/2 and 1. This indicates the
correct normalization of our spin densities.

8. T representation and alignment measurements

Let us turn to the discussion of the T" representation, which is used in
measurements of the spin alignment. The T* matrices are explicitly given by

SN R r— o0 o
ov2lo 1 0 ) ! 00 -1/
L (010
Tz—ﬁ(l)(l)(l). (62)

The unitary matrices that connect the J and S representations with the T
representation are

1o 1 19 i
2 V2 2 V2 V2
ur=| v Y wu |, Urs=| 0 -+ 0
o1 1 i
2 V2o 2 V2 V2

From this we can obtain the spin density matrix in the T' representation.
Since pl,, is Hermitian, its elements read:

1
) 3iPL + 3P2 + 26 (T, +iT,"2
pgl* = p?Z* = ( ) ) (64)

6v/2

27;11 + 22'7;13 +7;22

p{i’)* = ﬁ?’:l* = \/6 ’ (65)
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1 2
T 7—22
P22x 3 \/; * ) ( )

—3iP! +3P3 — 2v/6 (T2 — iT1?)

ng* = ﬁg2* = 6\/§ ) (67)
1
Pige = 5 (2 —3P% 4 \/67*22) : (68)

where the overbar indicates complex conjugation.

In the spin literature, it is common to label the elements of the spin
density matrix p! with indices —1,0, 1 instead of 1,2,3 (to underline the
connection between the matrix elements and the spin quantum numbers).
Therefore, in this section, we adopt the traditional indexing scheme (e.g.,
PO—1 = Plag P00 = Phas P10 = Paoes PI—1 = Piy,, etc.) when presenting
expressions for experimentally studied observables.

Of particular importance is the central element of the spin density ma-
trix, which defines the alignment

_ L2
A=po—3 = \/;T* : (69)

We observe that pgg is determined by 7,22, although it is measured in the
T representation. In this respect, our approach differs from [21], where the
alignment is expressed by 7,33. Furthermore, in contrast to [21] and [22], our
analysis indicates that a non-trivial alignment can occur in local equilibrium
— it does not require dissipation.

Using the expression

722 _ (363 —1) (coshar — 1) ’ (70)
V6 (2cosha + 1)
we find that the alignment is given by the formula
A (363 —1) (coshar — 1) (1)
3(2cosha+1)
For small values of «,
A~ Lt (33— 1) 1BaJ? (72)
18 2 % *|

where we have used the fact that o = 2a, = —b,. Other experimentally
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accessible observables include [18]

~VaRe(pro) ~ Relpoo)] = 22T, (73)
Vallm(pio) ~ m(po-)] = ~ 222732, ()
7;11 _ 7;33

—V2Re(p1-1) = 5 (75)

27;13
\/g .

We observe that in all these cases, the measured quantities can be expressed
by the tensor polarizabilities rather than the spin polarization vector.

We conclude this section by the remark that knowledge of the spin po-
larization tensor w* on the freeze-out hypersurface X* allows us to obtain
the alignment for particles with a given momentum,

[ dXpP 2 fo(z, p)Alz, p)
Alp) = JAZ\pA 2 fo(z, p)

V2Im(pi1) =

(76)

(77)

9. Summary

In this work, we have studied several issues related to the description of
spin-1 particles in heavy-ion collisions. We have demonstrated that the ad-
joint representation is particularly convenient for analyzing spin observables
and calculating the energy-momentum and spin tensors. The local equilib-
rium spin density matrix was introduced and its advantages emphasized: it
leads to thermodynamically consistent relations and allows one to construct
a unified description of spin-1 and spin-1/2 particles. The last property may
soon allow for a direct check of whether the spin polarization data for hyper-
ons and vector-mesons are driven by the same physical mechanism. We have
also shown that the KG definition of the spin tensor is consistent with the
definition of the Pauli-Lubanski four-vector, and that the obtained equa-
tions of spin hydrodynamics have the structure of a divergence-type theory.

This work was supported in part by the National Science Centre (NCN),
Poland, grant No. 2022/47/B/ST2/01372.
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Appendix A

Decomposition of the density matriz in terms of the Gell-Mann matrices

While the main text focused solely on using the spin operators to express
the form of the spin density matrix pf, it can also be decomposed into a
linear combination of the Gell-Mann matrices. Such decompositions depend

on the chosen representation and are generally given as

1 3
szg (14‘22524)\1) ;
i=1

where \; are the Gell-Mann matrices, and the coefficients lf‘ are given as

lf‘ =tr (,O*A)\Z') .

(A1)

(A.2)

For the adjoint representation, the decomposition can be written explicitly as

1 2 1
Py = 5 - \/; (TPM + T A+ T2 X6) + 3 (PiX2 = PIXs + Pihr)

3

+1(
V6

Spin density matriz in the J representation

7;22 o 7;11) )\3 +

1

7;33)\ )
\/i 8

Appendix B

(A.3)

The elements of the spin density matrix in the J representation read

J
P11x

J _ =J
P21x = P12«

J o J
P13+ = P31+« —

V6
_1 233
3 \/;T*’

J
P22x

J _ =J
P23+« = P324

J
P33x

6

3iP; + 3P} +2V6 (T.*! +4T.%%)

L (2 1 3p3 \/67;33) :

6v/2

27;22 + 22'7;21 _+_7;33

)

)

—3iP2 4+ 3P — 2v6 (T2 —iT. %)

L
6

6v/2
(2 3P% + V6T, .

)

(B.1)

(B.2)

(B.3)

(B.4)

(B.5)

(B.6)
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Note that this representation can be obtained from p!, see Egs. (63)—

(68), by permuting the indices (1 — 2, 2 — 3, 3 — 1) of the polarization
components in the T representation. Furthermore, by performing the same
permutation of the indices of p;, one straightforwardly obtains the density
matrix with spin quantized along the z-axis, where J, is diagonal.
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