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The Leggett–Garg inequality (LGI), an analogue of Bell’s inequality
involving correlations of measurements of one observable on a system at
different times, stands as one of the hallmark tests of quantum mechanics
against classical predictions. In this work, we investigate its implications in
the context of neutrino flavour (νLe ↔ νLµ ) and spin (νLe ↔ νRe ) oscillations
in the presence of a constant transverse magnetic field. For systems with
strong magnetic fields, we show that, for both cases, there are length regions
∆L where the LGI is violated, as quantified by the correlator functions K3

and K4.
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1. Introduction

Quantum mechanics describes microscopic systems in terms of the super-
position of distinct states associated with the spectra of physical observables.
When one measurement of these physical observables is performed on a quan-
tum system, it yields one single outcome, with some probability given by
quantum mechanics. This idea highlights the distinction between classical
systems and the quantum behavior of microscopic systems, as tested through
Bell’s and Leggett–Garg inequalities. Bell’s inequality concerns correlations
among measurements in a spatially entangled system, which is derived by
assuming a local hidden-variable theory [1]. The LGI is an analogous test
based on temporal correlations of measurements of one observable of a sys-
tem at different times [2]. Both Bell’s and Leggett–Garg inequalities are
fulfilled within their classical formulation; however, when the correlations
are obtained using quantum states, these inequalities are violated and can-
not be explained by classical theories.
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LGI is based on the concept of macrorealism (MR) and non-invasive mea-
surability (NIM). MR means that the system which has two or more macro-
scopically distinct states, pertaining to an observable Q̂, always exists in one
of these states, irrespective of any measurement performed on it. NIM states
that we can measure Q̂ without disturbing the future dynamics of the sys-
tem. Given the two-time correlation function Cij = ⟨Q(ti)Q(tj)⟩ for tj > ti,
with a dichotomous observable Q = ±1, the two simplest Leggett–Garg
functions are given by [2, 3]

K3 = C12 + C23 − C13 , (1)
K4 = C12 + C23 + C34 − C14 . (2)

It has been established that −3 ≤ K3 ≤ 1 and −2 ≤ K4 ≤ 2, but, as
discussed above, these inequalities are violated by quantum mechanics.

LGIs have been studied in many works, both theoretically and experi-
mentally [4–11]. Several studies have focused on LGI violations in neutrino
systems [12–19]. For the neutrino flavour oscillation in vacuum, as reported
in [18], an LGI violation is found with a maximum value of K4 = 2.76,
with equal interval times and values of ∆m2, and the mixing angle θ from
the KamLAND experimental setup. In addition, it has been found that the
maximum value of K4 depends sensitively on the mixing angle. In [19], it
has been demonstrated how oscillation phenomena can be used to test vio-
lations of the classical limit by performing measurements on an ensemble of
neutrinos at different energies, rather than on a single neutrino at different
times. Here, the quantities K3 and K4 have been studied as a function of
relative phases, yielding a prediction inconsistent with MR at the confidence
level of 7σ for K4, which constitutes a clear observation of LGI violations.

In this work, we study the LGI for neutrino flavour-and-spin oscilla-
tions in a constant magnetic field. This provides a suitable framework for
exploring quantum aspects in relativistic particle systems in astrophysical
contexts. We consider a neutron star, a system with an extreme astrophys-
ical environment and a strong magnetic field.

2. Massive neutrino in a magnetic field

In the initial formulation of the Standard Model, neutrinos are mass-
less particles with no electromagnetic properties. However, in an exten-
sion of this model, massive Dirac neutrinos have a non-zero magnetic mo-
ment, which implies that neutrinos have non-trivial electromagnetic prop-
erties [20, 21]. The magnetic moment of the neutrino mass states is given
by [20, 21]

µD
ii =

3eGFmi

8
√
2π2

≈ 3.2× 10−19
( mi

1 eV

)
µB , (3)



Leggett–Garg Test Inequality with Spin and Flavour Neutrino . . . 7-A3.3

where µB is the Bohr magneton. As a consequence of the interaction of the
neutrinos’ magnetic moment with a transverse magnetic field, phenomena
such as spin precession arise, and flavour oscillation patterns are modified.
Spin precession causes left-handed neutrinos to become right-handed neu-
trinos and vice versa. A similar change occurs with flavour oscillation. This
explains the four neutrino species that correspond to two different flavour
states with both right-handed and left-handed helicities.

2.1. Neutrino flavour and spin oscillations in a constant magnetic field

The two neutrino flavour states are given by equations∣∣νL(R)
e

〉
=

∣∣νL(R)
1

〉
cos θ +

∣∣νL(R)
2

〉
sin θ , (4)∣∣νL(R)

µ

〉
= −

∣∣νL(R)
1

〉
sin θ +

∣∣νL(R)
2

〉
cos θ , (5)

with ν
L(R)
i as the neutrino mass states helicity (i = 1, 2). There are many

ways to address neutrino oscillations in a magnetic field [22–25]. However,
in this work, we adopt the approach implemented in [26]. As helicity mass
states νL(R)

i are not stationary in the presence of a magnetic field, we expand
ν
L(R)
i over the neutrino stationary states ν

−(+)
i .

Neutrino states νsi (s = ±1) of a massive neutrino that propagates along
the nz direction in the presence of a constant and arbitrarily oriented mag-
netic field can be found as the solution of the Dirac equation

(γµpµ −m− µiΣ ·B) |νsi (p)⟩ = 0 , (6)

where µi is the neutrino magnetic moment and the magnetic field is given
by B = (B⊥, 0, B||). Equation (6) can be re-written in the equivalent form

Ĥi|νsi ⟩ = E|νsi ⟩ , (7)

where the Hamiltonian is

Ĥ = γ0γ · p+mγ0 + µiγ0Σ ·B . (8)

The neutrino energy spectrum is given by

Es
i =

√
m2

i + p2 + µ2
iB

2 + 2µis
√
m2

iB
2 + p2B2

⊥ , (9)

where s = ±1 corresponds to two different eigenvalues of the Hamiltonian
and p = |p|. For relativistic neutrino energies, we have p ≫ m, and for realis-
tic values of the neutrino magnetic moments and magnetic-fields strengths,
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we also obtain p ≫ µB. With this approximation, the energy values are
given by

Es
i ≈ p+

m2
i

2p
+

µ2
iB

2

2p
+ 2µisB⊥ . (10)

The corresponding spin operator that commutes with the neutrino Hamil-
tonian in the magnetic field (8) can be chosen in the form [26]

Ŝi =
1

N

[
Σ ·B − i

mi
γ0γ5(Σ × p)B

]
, (11)

with
1

N
=

mi√
m2

iB
2 + p2B2

⊥

. (12)

For stationary neutrino states, the spin operator Ŝi has to satisfy the equa-
tion

Ŝi|νsi ⟩ = s|νsi ⟩ , (13)

with again, s = ±1 and 〈
νsi
∣∣νs′j 〉 = δss′δij . (14)

A projector operator is introduced

P̂±
i =

1± Ŝi

2
, (15)

where for stationary states, P̂±
i must satisfy the eigenvalue equation〈

νsi
∣∣P̂±

i

∣∣νs′j 〉 = δss′δij . (16)

Neutrino helicity states can be expanded over the neutrino stationary states∣∣νLi (t)〉 = c+i e
−iE+

i t
∣∣ν+i 〉+ c−i e

−iE−
i t
∣∣ν−i 〉 , (17)∣∣νRi (t)〉 = d+i e

−iE+
i t
∣∣ν+i 〉+ d−i e

−iE−
i t
∣∣ν−i 〉 , (18)

where |ν±i ⟩ are stationary eigenstates of the Hamiltonian, and c±i , d
±
i are

time-independent coefficients determined from the initial conditions. Since
ultrarelativistic neutrinos are produced in weak interaction process always as
left-handed helicity states, in this approximation, helicity and chiral states
are almost indistinguishable.



Leggett–Garg Test Inequality with Spin and Flavour Neutrino . . . 7-A3.5

The coefficients c±i and d±i are given by the matrix elements of the pro-
jector operators (15)∣∣c±i ∣∣2 =

〈
νLi

∣∣P̂±
i

∣∣νLi 〉 =
1

2

(
1±

B||

N

)
, (19)

∣∣d±i ∣∣2 =
〈
νRi

∣∣P̂±
i

∣∣νRi 〉 =
1

2

(
1∓

B||

N

)
, (20)

(
d±i

)∗
c±i =

〈
νLi

∣∣P̂±
i

∣∣νRi 〉 = ∓1

2

p
(
B|| + iB⊥

)
miN

, (21)

and, again 1/N is given by Eq. (12). Neutrino stationary states are given
by |νsi (t)⟩ = e−iEs

i t|νsi (0)⟩, from which the flavour states (4) and (5) can be
written as ∣∣νLe (t)〉 =

[
c+1 e

−iE+
1 t
∣∣ν+1 〉+ c−1 e

−iE−
1 t
∣∣ν−1 〉] cos θ

+
[
c+2 e

−iE+
2 t
∣∣ν+2 〉+ c−2 e

−iE−
2 t
∣∣ν−2 〉] sin θ , (22)∣∣νLµ (t)〉 = −

[
c+1 e

−iE+
1 t
∣∣ν+1 〉+ c−1 e

−iE−
1 t
∣∣ν−1 〉] sin θ

+
[
c+2 e

−iE+
2 t
∣∣ν+2 〉+ c−2 e

−iE−
2 t
∣∣ν−2 〉] cos θ , (23)

where, for simplicity, |ν±1,2⟩ = |ν±1,2(0)⟩. The probability of flavour oscillation
νLe ↔ νLµ is given by the expression

PνLµ→νLe
(t) =

∣∣〈νLµ (0)∣∣νLe (t)〉∣∣2 , (24)

which, with Eqs. (22) and (23) becomes

PνLµ→νLe
(t) = sin2 θ cos2 θ

∣∣∣− ∣∣c+1 ∣∣2e−iE+
1 t −

∣∣c−1 ∣∣2e−iE−
1 t

+
∣∣c+2 ∣∣2e−iE+

2 t +
∣∣c−2 ∣∣2e−iE−

2 t
∣∣∣2 . (25)

The oscillation probability in Eq. (25) has a set of characteristic energies. For
simplicity, we consider the case where µ1 = µ2 = µ. In the ultrarelativistic
approximation (p ≫ m), these characteristic energy values are

E+
1 − E−

1 = E+
2 − E−

2 = 2µB⊥ , (26)

E+
2 − E+

1 = E−
2 − E−

1 =
∆m2

2p
, (27)

E−
2 − E+

1 =
∆m2

2p
− 2µB⊥ , (28)

E+
2 − E−

1 =
∆m2

2p
+ 2µB⊥ . (29)
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The probability of flavour oscillation PνLµ→νLe
(t) is simplified if one accounts

for the relativistic neutrino energies (p ≫ m) and for realistic values of the
neutrino magnetic moments and the strengths of magnetic fields (p ≫ µB).
In this case, we obtain from Eqs. (19) and (20) that |c±i | = |d±i | ≈ 1/2.
Therefore, applying these conditions to the expression in Eq. (25), the prob-
ability of flavour oscillations νLµ ↔ νLe becomes

PνLµ→νLe
(t) = cos2(µB⊥t) sin

2 2θ sin2
(
∆m2

4p
t

)
. (30)

For completeness, the survival relation probability

PνLe →νLe
(t) =

∣∣〈νLe (0)∣∣νLe (t)〉∣∣2
= cos2(µB⊥t)

[
1− sin2 2θ sin2

(
∆m2

4p
t

)]
(31)

is also calculated. The probability PνLµ→νLµ
is analogous to that in Eq. (31).

Notice that the probability of finding νLµ and νLe at time t is not 1, i.e.,

PνLµ→νLe
(t) + PνLµ→νLµ

(t) = cos2(µB⊥t) . (32)

This result implies that there will be regions where the probability of finding
νLe and νLµ will be appreciable, i.e., when PνLµ→νLe

(t) + PνLµ→νLµ
(t) ≈ 1.

The spin oscillation νLe ↔ νRe probability is given by

PνLe →νRe
(t) =

∣∣〈νLe (0)∣∣νRe (t)〉∣∣2
= sin2(µB⊥t)

[
1− sin2 2θ sin2

(
∆m2

4p
t

)]
, (33)

which are obtained in a similar way to the probability of flavour oscilla-
tion (30).

3. Leggett–Garg inequality for neutrino flavour and
spin oscillations in a magnetic field

The correlation function Cij is defined as [3]

Cij =
∑

Qi,Qj=±1

QiQjPij(Qi, Qj) . (34)

Here, Pij(Qi, Qj) represents the joint probability of measuring Qi = ±1 at
time ti and Qj = ±1 at time tj . Most systems in which LGI has been
tested use a single observable, but here we can test inequalities using two di-
chotomous observables, i.e., flavour and spin. We study each case separately
here.
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3.1. LGI for neutrino flavour oscillation

Let us consider neutrino flavour oscillations in a magnetic field, taking
the main system νLe → νLµ . We take Q = +1 when the system is in the
|νLe ⟩ state and Q = −1 when the system is in the |νLµ ⟩ state. The correlation
function C12 given by Eq. (34) can be expressed in terms of joint probabilities
using the notation introduced in [18]. If |νLµ ⟩ is the initial state, we write
the joint probability as

PνLµ→νLe
(t1)PνLe →νLe

(t2) = PνLe ,ν
L
e
(t1, t2) , (35)

and thus we have the correlation function in terms of four joint probabilities,
given by the expression

C12 = PνLe ,ν
L
e
(t1, t2)− PνLe ,ν

L
µ
(t1, t2)− PνLµ ,ν

L
e
(t1, t2) + PνLµ ,ν

L
µ
(t1, t2) . (36)

Again, in this context PνLe ,ν
L
e
(t1, t2) denotes the joint probability of finding

the state |νLe ⟩ at t1 and t2, and PνLe ,ν
L
µ
(t1, t2) is the joint probability of finding

the states |νLe ⟩, |νLµ ⟩ at the respective times t1 and t2, etc.
The flavour oscillation probabilities are given by Eqs. (30) and (31). If

|νLµ ⟩ is the initial state, the joint probability of finding the state |νLe ⟩ at t1
and t2 is

PνLe ,ν
L
e
(t1, t2) = sin2 2θ sin2

(
∆m2

4p
t1

)
cos2[µB⊥t1]

×
[
1− sin2 2θ sin2

(
∆m2

4p
∆t

)]
cos2(µB⊥∆t) , (37)

where ∆t = t2 − t1. The remaining three joint probabilities can be calcu-
lated in a similar way. The above allows us to determine the correlation
function C12

C12 = cos2(µB⊥t1) cos
2(µB⊥∆t)

[
1− 2 sin2 2θ sin2

(
∆m2

4p
∆t

)]
. (38)

Notice that C12 no longer depends on t1 when B⊥ = 0, but there can still
be values of ∆t for which C12 ̸= 0. The correlation functions C23, C34, C13,
and C14 are calculated similarly to Eq. (38), as in the calculation of the
functions K3 and K4 in Eqs. (1) and (2). We assume equal time intervals
between measurements for all correlation functions, i.e., t4 − t3 = t3 − t2 =
t2 − t1 = ∆t. This gives t2 = t1 +∆t and t3 = t1 + 2∆t, which is important
for calculating Cij and subsequently the K3 and K4 functions. They are
written in terms of a distance function using the relativistic limit t ≃ L.
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Therefore, L1 and ∆L represent the distances traveled by the neutrinos in
time t1 and interval ∆t, respectively. The final results for the functions K3

and K4 of the neutrino flavour oscillation are

K3 = cos2(µB⊥∆L)

[
cos2(µB⊥L1) + cos2{µB⊥(L1 +∆L)}

]
×
[
1− 2 sin2 2θ sin2

(
∆m2

4p
∆L

)]
− cos2(µBL1) cos

2(2µB⊥∆L)

[
1− 2 sin2 2θ sin2

(
∆m2

4p
2∆L

)]
,

(39)

K4 =

[
cos2(µB⊥L1) + cos2{µB⊥(L1 +∆L)}+ cos2{µB⊥(L1 + 2∆L)}

]
× cos2(µB⊥∆L)

[
1− 2 sin2 2θ sin2

(
∆m2

4p
∆L

)]
− cos2(µB⊥L1) cos

2(3µB⊥∆L)

[
1− 2 sin2 2θ sin2

(
∆m2

4p
3∆L

)]
.

(40)

As special cases, when B⊥ = 0, Eq. (40) reduces to

K4 = 2− 2 sin2 2θ

[
3 sin2

(
∆m2

4p
∆L

)
− sin2

(
∆m2

4p
3∆L

)]
, (41)

which is the usual LGI for vacuum neutrino flavour oscillation studied in [18].
The experimental values of ∆m2 and θ, taken from the KamLAND experi-
ment, are 7.58×10−5 eV2 and 36.80◦, respectively [27]. The Standard Model
prediction (3) for the magnetic moment is µ ∼ 10−19µB for a neutrino mass
of m = 0.5 eV.

Several options for L1 can be chosen; however, we find that LGI violation
occurs only when L1 lies within length intervals where the probability of
oscillation is appreciable. This is given by the oscillation length L+∆L =
1/(µB). For a neutron star, such as magnetar [28], whose size is L ∼ 20 km
and magnetic field values B ∼ 1012–1015 T, we can extend our study of
LGIs to this kind of system. In Figs. 1 (a) and 2 (a), we show the plots
of the K3 and K4 functions for neutrino flavour oscillations in a transverse
magnetic field with B⊥ = 1012 T, a distance L1 = 0 km, and neutrino energy
p = 1 MeV. These values generate a length oscillation ∆L = 1/(µB) ∼
30 km, which is of the order of a magnetar’s size. Both functions display
regions where flavour oscillations lead to violations of the LGI. In Figs. 1 (b)
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and 2 (b), we show plots for K3 and K4 functions for cases with and without
magnetic field, but within a smaller length region, i.e., a region of size
comparable to the neutron star where LGIs are violated. We observe an
interesting behavior of the LGIs when the magnetic field is non-zero: there
are values of ∆L, where the LGI is not violated when B ̸= 0; however, in
these same regions, the LGI is violated when B = 0.

0 10 20 30 40 50 60 70
L (km)

3

2

1

0

1

K 3

(a)

B 0
B = 0

0 2 4 6 8 10
L (km)

0.9

1.0

1.1

1.2

1.3

1.4

1.5

K 3

(b)

B 0
B = 0

Fig. 1. (a) K3 plot for the flavour oscillation in a transverse magnetic field B =

1012 T, a neutrino energy p = 1 MeV, ∆m2 = 7.58×10−5 eV2, a magnetic moment
µ = 10−19µB, and a mixing angle θ = 36.80◦. The horizontal black line denotes
the maximum value of K3 allowed by LGI. (b) K3 for the flavour oscillation within
a smaller length region, where K3 > 1, B⊥ = 0, and B⊥ ̸= 0.

0 10 20 30 40 50 60 70
L (km)

3

2

1

0

1

2

3

K 4

(a)

B 0 B = 0

0 2 4 6 8
L (km)

2.0

2.2

2.4

2.6

2.8

K 4

(b)

B 0
B = 0

Fig. 2. (a) Plot of K4 for the flavour oscillation in a transverse magnetic field
B = 1012 T, a neutrino energy p = 1 MeV, ∆m2 = 7.58 × 10−5 eV2, a magnetic
moment µ=10−19µB, and a mixing angle θ=36.80◦. Horizontal black lines denote
the maximum and minimum values of K4 allowed by LGI. (b) K4 for the flavour
oscillation within a smaller length region, where K4 > 2, B⊥ = 0, and B⊥ ̸= 0.
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Within the plotted range of ∆L, a maximum peak appears in both K3

and K4. Specifically, the maximum values attained within the length region
from 0 to 70 km are K3 = 1.39 and K4 = 2.62, occurring at ∆L = 5.06 km
and ∆L = 3.76 km, respectively. Notably, all these regions in which LGIs
are violated lie within the magnetar’s size order of magnitude. For com-
parison, in the zero-field case, the maximum values reached are K3 = 1.46
and K4 = 2.76. In addition, LGIs are violated over larger length intervals.
For instance, we obtain K3 = 1.42 at ∆L = 104.80 km and K4 = 2.52 at
∆L = 103.50 km; however, these lengths are significantly larger than the
magnetar size.

Let us consider the case where ∆m2 = 0. In this scenario, there will
obviously be no flavour oscillation, and Eq. (41), when the field is zero, in-
dicates that we remain in the classical regime, with K4 = 2. However, if we
instead set ∆m2 = 0 in Eqs. (39) and (40), where the magnetic field remains
non-zero, an LGI violation still persists with maximum values of K3 = 1.08
for ∆L = 14.50 km and K4 = 2.02 for ∆L = 6.46 km. In [15], where
the LGI for three-flavour neutrino oscillations was studied, the authors also
examined the case ∆m2 = 0 and found an LGI violation. This result can
be explained by the fact that, for three-state neutrino oscillations, there are
three neutrino mass states, and if two of them become equal, then there will
be the possibility of neutrino oscillations because there are now effectively
two masses. In our case, the violation of the LGI when ∆m2 = 0 is explained
by the fact that although the flavour transition probability is zero, the sur-
vival probability is still non-zero. This indicates that, if we consider |νLµ ⟩
as the initial state, the probability of detecting |νLe ⟩ is zero. However, the
probability of finding |νLµ ⟩ is not equal to 1, as stated in Eqs. (30) and (31).
This implies that measurements of the initial state |νLµ ⟩ are not trivial. Thus,
LGI violation when ∆m2 = 0 can be clearly attributed to the influence of
the magnetic field on the probabilities of flavour oscillation.

Although the present analysis has been restricted to the two-flavour ap-
proximation, it is important to note how the situation changes when the
full three-flavour framework is considered. The behavior of three-flavour os-
cillations in a magnetic field reproduces the qualitative effects observed in
the two-flavour case [29]; namely, the magnetic field modulates the vacuum
oscillation probabilities. However, both two- and three-flavour systems pos-
sess their own dynamical structure, so their quantitative evolution differs,
even though the qualitative behavior of K3 and K4 remains similar.

Moreover, in the three-flavour case, the mixing matrix involves three
mixing angles and one complex phase that introduces possible CP-violating
effects, which may modify the temporal correlations relevant to the LGI. For
instance, Ref. [15] reported that the presence of the CP-violating phase δCP



Leggett–Garg Test Inequality with Spin and Flavour Neutrino . . . 7-A3.11

can enhance the maximum violation of the LGI, indicating that CP violation
may strengthen the quantum nature of the three-flavour neutrino oscillation
system [15].

3.2. LGI for neutrino spin oscillation

For neutrino spin oscillations in a magnetic field, we take the main system
to be the νLe → νRe system. The spin oscillation probabilities are given by
Eqs. (33) and (31). We assign Q = +1 when the system is in the |νRe ⟩ state
and Q = −1 when it is in the |νLe ⟩ state.

In the same way as described in Section 3.1, the correlation function C12

is expressed in terms of the four joint probabilities PνRe ,νRe
(t1, t2), PνRe ,νLe

(t1, t2),
PνLe ,ν

R
e
(t1, t2), and PνLe ,ν

L
e
(t1, t2), which can be calculated similarly to the case

of flavour oscillations. Therefore, the time-dependent function C12 obtained
in this case is given by

C12 =
(
1− 2 sin2(µB⊥∆L)

) [
1− sin2 2θ sin2

(
∆m2

4p
L1

)]
×
[
1− sin2 2θ sin2

(
∆m2

4p
∆L

)]
. (42)

Applying the same procedure described in Section 3.1, the functions K3 and
K4 are obtained straightforwardly, and their corresponding results are

K3 =

[
2− sin2 2θ sin2

(
∆m2

4p
L1

)
− sin2 2θ sin2

(
∆m2

4p
(L1 +∆L)

)]
×
(
1− 2 sin2(µB⊥∆L)

) [
1− sin2 2θ sin2

(
∆m2

4p
∆L

)]
−
(
1− 2 sin2(2µB⊥∆L)

) [
1− sin2 2θ sin2

(
∆m2

4p
L1

)]
×
[
1− sin2 2θ sin2

(
∆m2

4p
2∆L

)]
, (43)
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K4 =
(
1− 2 sin2(µB⊥∆L)

) [
1− sin2 2θ sin2

(
∆m2

4p
∆L

)]
[
3− sin2 2θ sin2

(
∆m2

4p
L1

)
− sin2 2θ sin2

(
∆m2

4p
(L1 +∆L)

)
− sin2 2θ sin2

(
∆m2

4p
(L1 + 2∆L)

)]
−
(
1− 2 sin2(µB⊥3∆L)

) [
1− sin2 2θ sin2

(
∆m2

4p
3∆L

)]
×
[
1− sin2 2θ sin2

(
∆m2

4p
L1

)]
. (44)

In Figs. 3 and 4, we show the plots of the K3 and K4 functions for neutrino
spin oscillations using the same values as in Section 3.1 for p, B, µ, and
∆m2. Regions where the LGI is violated can be identified. The maximum
LGI violation values obtained in the plotted region are K3 = 1.08 at ∆L =
4.02 km and K4 = 2.08 at ∆L = 2.03 km. Moreover, the LGI is violated over
larger length intervals; for example, we obtain K3 = 1.28 for ∆L = 97.51 km
and K4 = 2.63 for ∆L = 98.62 km. As a special case, we consider the
situation where ∆m2 = 0. Here again, the LGI violation persists alongside
the flavour oscillations, as can be seen in Figs. 3 (a) and 4 (a). A maximum
LGI violation occurs at K3 = 1.5 and K4 = 2.82. Finally, we consider the
case where we set B⊥ = 0 in Eqs. (43) and (44) for K3 and K4. Here,
we get a violation of the LGI, with, e.g., K3 = 1.06 for ∆L = 4.29 km
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Fig. 3. (a) K3 plot for the spin oscillation in a transverse magnetic field B = 1012 T,
a neutrino energy p = 1 MeV, ∆m2 = 7.58 × 10−5 eV2, a magnetic moment
µ = 10−19µB, and a mixing angle θ = 36.80◦. The horizontal black line denotes
the maximum value of K3 allowed by LGI. (b) K3 for the spin oscillation with a
smaller length region, where K3 > 1, ∆m = 0, and ∆m ̸= 0.
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and K4 = 2.01 for ∆L = 1.73 km. Again, this situation is analogous to
flavour oscillations with ∆m2 = 0, with the distinction that in this case, the
violation arises from the dependence of the spin–oscillation probabilities on
∆m2.
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Fig. 4. (a) K4 plot for the spin oscillation in a transverse magnetic field B = 1012 T,
a neutrino energy p = 1 MeV, ∆m2 = 7.58 × 10−5 eV2, a magnetic moment
µ = 10−19µB, and a mixing angle θ = 36.80◦. Horizontal black lines denote the
maximum and minimum values of K4. (b) K4 for spin oscillation within a smaller
length region, where K4 > 2, ∆m = 0, and ∆m ̸= 0.

4. Conclusions

We studied the LGIs for the cases of neutrino flavour oscillations, νLe ↔νLµ ,
and spin oscillations, νLe ↔ νRe , in the presence of a constant magnetic field
through the K3 and K4 functions. We determined that these functions ex-
hibit ∆L regions where LGI violations occur. For flavour oscillations, we
found maximum values of K3 = 1.39 and K4 = 2.62, whereas for spin os-
cillations, we obtained K3 = 1.08 and K4 = 2.08. As special cases, we also
studied the regime with ∆m2 = 0 and again identified regions where LGI
violations persist, finding maximum values of K3 = 1.08 and K4 = 2.02 for
flavour oscillations, and K3 = 1.5 and K4 = 2.82 for spin oscillations. It
is worth highlighting that all the scenarios investigated here correspond to
systems with strong magnetic fields, such as the extreme astrophysical envi-
ronments discussed in [26]. In this context, magnetars are systems to which
the results obtained here for neutrino oscillations can be applied. Finally, in
the case of a vanishing magnetic field, we also identified ∆L intervals where
the K3 and K4 functions violate the LGIs for flavour oscillations (as studied
in [19]), and additionally for spin oscillations — an aspect less commonly
explored in neutrino theory.
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