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We study free open fermionic strings on a non-commutative phase-
space. Modified super-Virasoro algebras in both the Ramond and Neveu–
Schwarz sectors acquire non-commutativity anomalies, and this non-comm-
tativity breaks also the Lorentz symmetry and give a non-diagonal mass
operator. Redefining the Fock space diagonalizes the mass operator. Extra
constraints on non-commutativity parameters cancel the anomalies, restore
the standard spectrum, and make the GSO projection possible.
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1. Introduction

The non-commutativity was first studied by Connes [1], who considered
it as a relation between many connections in physics, and later in string
theory [2, 3].

One can also obtain non-commutativity when considering a string in-
teracting with an antisymmetric B-field or a Neveu–Schwarz (N–S) B-field
[4–11]. The main result is the fact that the equations of motion do not
depend on the B-field while the Noether currents, the boundaries condi-
tions, and in particular, the momentum do. A great number of works [4–13]
have investigated the covariant quantization of this theory and showed that
the coordinates extremities of the string are non-commutative and that the
physical states are subject to the Virasoro conditions, which depend on the
B-field. Throughout these works, the background antisymmetric field Bµν
is understood to have support only along the Neumann directions of the
Dp-brane, Bij with i, j = 0, . . . , p labeling directions along the brane world-
volume, since only these components contribute to the open-string boundary
variation and modify the effective worldvolume dynamics, while mixed or
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Dirichlet components do not. As a result, the effect of the B-field is fully
captured by an effective field strength Fij , and the induced non-commutative
structure arises solely on the D-brane worldvolume.

The B-field dependence of the momentum makes the definition of the
light-cone gauge difficult. This difficulty is resolved for the closed bosonic
string [14] when it wraps a compactified dimension along which the only
non-zero component of the B-field is present. The periodicity conditions
allow then for the use of the light-cone gauge.

Another way consists of considering a string propagating in a non-com-
mutative worldsheet. Our motivation for investigating non-commutativity
on the worldsheet stems from the fact that when the latter propagates in a
non-commutative spacetime, it inherits this non-commutative structure and
consequently becomes a two-dimensional non-commutative space [15–17].
The commutation relations between the modes and the Virasoro algebra are
modified. These modifications will affect the mass spectrum and the Lorentz
invariance.

It is important to emphasize that such a theory is inherently non-confor-
mal and lacks Lorentz invariance. Nevertheless, it is worthwhile to in-
vestigate this framework in order to explore possible ways of addressing
these issues by taking advantage of the existence of two independent non-
commutativity parameters θ(m) and γ(m), and examining potential relations
between them. This is the principal motivation for introducing non-commu-
tativity in the full phase-space, rather than only between coordinate vari-
ables, to explore whether the Virasoro (and Lorentz) algebras can be restored
or not, by imposing a consistent relation between the two deformation pa-
rameters, θ(m) and γ(m). Our results show that the Virasoro algebra can
indeed be recovered in a non-commutative phase-space when the deforma-
tion is restricted to the center-of-mass variables. On the other hand, in order
to restore the Lorentz algebra completely, one must return to an ordinary
(commutative) phase-space.

In contrast to the Seiberg–Witten framework [6], where non-commuta-
tivity arises in the target-space coordinates of open strings propagating in
a background antisymmetric Bµν field, the deformation considered here is
canonical rather than geometric: it affects the equal-time commutation re-
lations of the string coordinates and their conjugate momenta, while leav-
ing the target-space geometry itself commutative. As a result, the the-
ory does not define a non-commutative quantum field theory on spacetime,
and the well-known consistency and regularization issues discussed in non-
commutative gauge theories — such as UV/IR mixing, unitarity violation,
or renormalization ambiguities — do not arise within the present framework.
Moreover, since the super-Virasoro generators depend explicitly on both the
coordinate and momentum variables, a deformation restricted solely to the
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coordinate sector would generically obstruct the closure of the algebra. A si-
multaneous deformation of coordinates and momenta seems therefore to be
the minimal extension required to preserve the algebraic consistency pertur-
batively.

In this paper, we investigate a fermionic open string theory that moves
in a non-commutative phase-space. In Section 2, we describe how non-
commutativity in the phase-space is obtained from non-commutativity in
the worldsheet. In Section 3, the commutation relations for the string coor-
dinates are postulated and the oscillator algebra is obtained. In Section 4,
we calculate the modified super-Virasoro algebra for both the Ramond and
Neveu–Schwarz sectors. In Section 5, we deduce the modified Lorentz al-
gebra. In Section 6, mass spectrum and the GSO projection are discussed.
Finally, we summarize our results.

2. Non-commutative phase-space from
a non-commutative worldsheet

In the standard formulation of string theory, the worldsheet is a two-
dimensional manifold parameterized by the coordinates σa = (τ, σ). How-
ever, in a non-commutative framework, these coordinates satisfy the funda-
mental commutation relation [16, 17] given by[

σa, σb
]
= iθab , (1)

where θab is an antisymmetric constant tensor representing the non-commu-
tativity of the worldsheet. As a result, a deformation of the usual product
of functions, introducing the Moyal star product [16, 17] is as follows:

(f ∗ g)(σ, τ) = f(σ, τ) e2iθ
ab←−∂a

−→
∂b g(σ, τ) . (2)

Expanding the exponential, we find

f(σ, τ) ∗ g(σ, τ) = f(σ, τ)g(σ, τ) +
i

2
θab∂af∂bg

−1

8
θabθcd (∂a∂cf) (∂b∂dg) +O

(
θ3
)
. (3)

For all calculations in the manuscript, we restrict ourselves to linear order
in θ, as higher orders produce higher-derivative (non-local) corrections which
are beyond the present semiclassical treatment. This truncation is consistent
with standard treatments of non-commutative field theory [16].

The action of the superstring in this framework is modified as well

S∗ = − 1

4πα′

∫
d2σ

(
∂aX

µ ∗ ∂aXµ − iψ̄µ ∗ ρa∂aψµ
)
, (4)
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where the star product replaces the usual multiplication in all field interac-
tions, and

ρ0 =

(
0 −i
i 0

)
, (5)

ρ1 =

(
0 i
i 0

)
(6)

that verify the Clifford algebra given by{
ρα, ρβ

}
= −2ηαβ . (7)

We will show how non-commutative structure propagates to the spacetime
coordinates.

The non-commutativity of the worldsheet directly induces non-commuta-
tivity in the spacetime coordinates [16]. By using the star product, the
commutator between spacetime coordinates takes the form[
Xµ(σ, τ), Xν

(
σ′, τ

)]
∗ = θ(2α′)3/2

∑
n̸=0

[
(pµανn − pναµn)]e

−inτ sin(nσ)
]

−2α′
∑
m̸=0

∑
n̸=0

(
1

mn
(αµnα

ν
m − ανnα

µ
m) e

−i(m+n)τ

× cos

(
m

(
σ +

1

2
nθ

))
cos

(
n

(
σ′ − 1

2
mθ

)))
.

(8)

This result shows that the non-commutativity of the worldsheet introduces
a deformed algebra for spacetime coordinates.

Since the momentum density is defined as

Pµ(σ, τ) =
1

2πα′
Ẋµ (9)

and inherits again the non-commutative structure as Xµ, the corresponding
commutator in the presence of a worldsheet non-commutativity is found to be[
Pµ(σ, τ), P ν

(
σ′, τ

)]
∗ =

1

2α′π2

∑
m ̸=0

∑
n̸=0

(
(αµnα

ν
m − ανnα

µ
m) e

−i(m+n)τ

× cos

(
m

(
σ +

1

2
nθ

))
cos

(
n

(
σ′ − 1

2
mθ

)))
.

(10)



Non-commutative Phase-space Effects in Fermionic String Theory 7-A6.5

Thus, both position and momentum variables obey the non-commutative
relations. This will leads to a fundamental deformation of the phase-space,
where both position and momentum no longer satisfy the usual Poisson
structure but instead obey a deformed algebra.

3. Non-commutative phase-space and oscillator algebra

Let us now consider a non-commutative phase-space described by the
following non-commutative commutation relations [18, 19]:[

Xµ (τ, σ) , P ν
(
τ, σ′

)]
= iηµνδ

(
σ − σ′

)
,[

Xµ (τ, σ) , Xν
(
τ, σ′

)]
= iθµν

(
σ − σ′

)
,[

Pµ (τ, σ) , P ν
(
τ, σ′

)]
= iγµν

(
σ − σ′

)
,{

ψµ (τ, σ) , ψν
(
τ, σ′

)}
= ηµνδ

(
σ − σ′

)
, (11)

where Pµ (τ, σ) = 1
2πα′∂τX

µ(τ, σ), θµν represents the non-commutativity
parameters of the space part, and γµν those of the momentum part of the
phase-space.

For the sake of simplicity, this non-commutativity is only postulated
by assuming the existence of a non-commutative worldsheet as the origin of
(11), without worrying about the latter. Consequently, since the equation of
motion remains unchanged (see Appendix B), the solutions and the Virasoro
operators also remain unaffected.

The equations of motions are(
∂2τ − ∂2σ

)
Xµ = ∂+ψ

µ
− = ∂−ψ

µ
+ = 0 , (12)

where ∂± = 1
2(∂τ ± ∂σ), while ψ− and ψ+ are the right- and left-moving

components of ψµ.
One can write the Fourier expansions for the variables θµν(σ − σ′),

γµν(σ − σ′) [18], and Xµ(τ, σ), ψµ(τ, σ) [20–22]

θµν
(
σ − σ′

)
=

+∞∑
n=−∞

θµνn ein(σ−σ
′) , (13)

γµν
(
σ − σ′

)
=

+∞∑
n=−∞

γµνn ein(σ−σ
′) , (14)

Xµ(τ, σ) = xµ + 2α′pµτ + i
√
2α′
∑
n̸=0

1

n
αµn cos(nσ) e

−inτ , (15)
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N–S sector : ψµ(τ, σ) =
1√
2

∑
r∈Z+ 1

2

bµr e
−ir(τ−σ) ,

R sector : ψµ(τ, σ) =
1√
2

∑
n∈Z

dµn e
−in(τ−σ) . (16)

By using equations (13)–(16), we can verify that equations (11) are equiva-
lent to the following commutation relations of the oscillator algebra [18]:

[pµ, pν ] = iπ2γ0
µν ,

[xµ, pν ] = iηµν − 2iπ2α′τγµν0 ,

[xµ, xν ] = iθµν0 − 4iπ2α′
2
τ2γµν0 , (17)

[αµm, α
ν
n] =

(
mηµν + i

(2πα′)2

2α′
γµνn + i

n2

2α′
θµνn

)
δn+m,0 , (18)

{
{dµm, dνn} = ηµνδm+n,0 ,

{bµr , bνs} = ηµνδr+s,0 .
(19)

4. Modified super-Virasoro algebra

We define the Virasoro generators in a quantized system as [20–23]

— For the Ramond sector:

Lm = Lαm + Ldm =


Lαm = 1

2

∑
n∈Z

: α−nαm+n :

Ldm = 1
2

∑
n∈Z

(
n+ 1

2m
)
: d−ndm+n :

(20)

Fm =
∑
n∈Z

α−ndm+n (21)

which represent the fermionic sector.

— For the Neveu–Schwarz sector:

Lm = Lαm + Lbm =


Lαm = 1

2

∑
n∈Z

: α−nαm+n :

Lbm = 1
2

∑
r∈Z+ 1

2

(
r + 1

2m
)
: b−rbm+r :

(22)

Gr =
∑
n∈Z

α−nbr+n (23)

which represent the bosonic sector.
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Due to the modifications in the oscillator algebra (18), one can deduce the
modified super-Virasoro algebras for both sectors[

L(α)
m , L(α)

n

]
= (m− n)L

(α)
n+m +

d

12
m
(
m2 − 1

)
δm+n,0 +Rmn , (24)

where n represents the integer modes of the bosonic oscillators, where n ∈ Z,
and Rmn represents the anomaly part due to the non-commutativity, defined
as

Rmn = −1

2

+∞∑
p=−∞

[
2iα′π2

(
γνµp−n + γµνm−p

)
+

i

2α′
(
(p− n)2θνµp−n + (m− p)2θµνm−p

) ]
αµpα

ν
m+n−p , (25)

which is not the same result given by Mousavi in [18].
The super-algebra then, is given by

— For the Neveu–Schwarz sector:

[Lm, Ln] = (m− n)Ln+m +
D

8
m
(
m2 − 1

)
δm+n,0 +Rmn , (26)

[Lm, Gr] =

(
1

2
m− r

)
Gm+r + Vmr , (27)

{Gr, Gs} = 2Lr+s +
D

2

(
r2 − 1

4

)
δr+s +Brs , (28)

with the new anomaly terms Brs and Vmr given by

Brs = −1

2

+∞∑
q=−∞

[
2iα′π2

(
γνµq−s + γµνr−q

)
+

i

2α′
(
(q − s)2θνµq−s + (r − q)2θµνr−q

) ]
bµq b

ν
r+s−q , (29)

Vmr = −1

2

+∞∑
q=−∞

[
2iα′π2

(
γνµq−r + γµνm−q

)
+

i

2α′
(
(q − r)2θνµq−r + (m− q)2θµνm−q

) ]
αµq b

ν
r+m−q , (30)

where n ∈ Z and r ∈ Z+ 1
2 . In Brs, q sums over all half-integer modes,

while in Vmr, q sums over all integer modes.



7-A6.8 M.A. Abdelmoumene, N. Belaloui

— For the Ramond sector:

[Lm, Ln] = (m− n)Ln+m +
D

8
m3δm+n,0 +Rmn , (31)

[Lm, Fn] =

(
1

2
m− n

)
Fm+n +Wmn , (32)

{Fr, Fs} = 2Lr+s +
D

2
r2δr+s +Drs , (33)

again with the new anomaly terms Drs and Wmn given by

Drs = −1

2

+∞∑
q=−∞

[
2iα′π2

(
γνµq−s + γµνr−q

)
+

i

2α′
(
(q − s)2θνµq−s + (r − q)2θµνr−q

) ]
dµq d

ν
r+s−q , (34)

Wmn = −1

2

+∞∑
q=−∞

[
2iα′π2

(
γνµq−n + γµνm−q

)
+

i

2α′
(
(q − n)2θνµq−n + (m− q)2θµνm−q

) ]
αµq d

ν
n+m−q , (35)

where n, r ∈ Z and q sums over all integer modes.

5. Modified Lorentz algebra

The angular momentum Mµν is given by [20–23]

Mµν =



xµpν − xνpµ − i
∞∑
n=1

1
n

(
αµ−nα

ν
n − αν−nα

µ
n

)
− i

4

+∞∑
r=−∞

(
bµ−rb

ν
r − bν−rb

µ
r

)
→ N–S sector ,

xµpν − xνpµ − i
∞∑
n=1

1
n

(
αµ−nα

ν
n − αν−nα

µ
n

)
− i

4

+∞∑
m=−∞

(
dµ−md

ν
m − dν−md

µ
m

)
→ R sector ,

(36)

By using equations (17)–(19), a direct calculation (see Appendix A) gives
the following modified Lorentz algebra:[
Mµν ,Mρλ

]
= −iηνρMµλ + iηµλMρν + iηνλMµρ − iηµρMλν + Tµνρλ , (37)

[pµ,Mνρ] = iηρµpν − iηνµpρ +Kνµρ , (38)

[pµ, pν ] = iπ2γµν0 , (39)
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where Tµνρλ andKνµρ represent the anomalies due to the non-commutativity
and are given by

Tµνρλ = iπ2
(
γνλ0 xµxρ + γνρ0 xµxλ ++γµλ0 xνxρ + γµρ0 xνxλ

)
+2iπ2α′τ

(
γνρ0 xµpλ − γµλ0 xρpν + γνλ0 xµpρ − γµρ0 xλpν + γµρ0 xνpλ

−γνλ0 xρpµ + γµλ0 xνpρ − γνρ0 xλpµ
)

+
(
iθµρ0 − 4iπ2α′

2
τ2γµρ0

)
pλpν +

(
iθµλ0 − 4iπ2α′

2
τ2γµλ0

)
pρpν

+
(
iθνρ0 − 4iπ2α′

2
τ2γνρ0

)
pλpµ +

(
iθνλ0 − 4iπ2α′

2
τ2γνλ0

)
pρpµ

+

(
i
(2πα′)2

2α′
γνρn + i

n2

2α′
θνρn

)(
αµ−nα

λ
n + αλ−nα

µ
n

)
+

(
i
(2πα′)2

2α′
γµλn + i

n2

2α′
θµλn

)(
αρ−nα

λ
n + αλ−nα

ρ
n

)
+

(
i
(2πα′)2

2α′
γνλn + i

n2

2α′
θνλn

)(
αρ−nα

µ
n + αµ−nα

ρ
n

)
+

(
i
(2πα′)2

2α′
γµρn + i

n2

2α′
θµρn

)(
αλ−nα

ν
n + αν−nα

λ
n

)
, (40)

Kνµρ = 2iπ2α′τγνµ0 pρ − 2iπ2α′τγρµ0 pν + iπ2γµρ0 pν − iπ2γµν0 pρ . (41)

6. Mass spectrum and GSO projection

The calculation of the mass spectrum required working in the light-cone
coordinates. Equation (18) will take the form[

αim, α
j
n

]
=

(
mηij + i

(2πα′)2

2α′
γijn + i

n2

2α′
θijn

)
δn+m,0 , (42)

where i, j = 2 . . . D − 1 represent the transversal indices, while the anti-
commutation relations between the fermionic modes remain unchanged{

dim, d
j
n

}
= ηijδm+n,0 , (43){

bir, b
j
s

}
= ηijδr+s,0 . (44)

The mass operator for both sectors are given by

— For the Ramond sector:

M2
R =

1

α′

( ∞∑
n=1

αi−nα
i
n +

∞∑
r=1

rdi−rd
i
r

)
. (45)
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— For the Neveu–Schwarz sector:

M2
NS =

1

α′

 ∞∑
n=1

αi−nα
i
n +

∞∑
r= 1

2

rbi−rb
i
r −

1

2

 . (46)

We need to diagonalize the antisymmetric matrices θijm and γijm by introduc-
ing the unitary matrix Um such that(

U−1m iθmUm
)ij

= Dij
m = µ

(m)
i δij , (47)

and, (
U−1m iγmUm

)ij
= T ijm = ν

(m)
i δij , (48)

with [θm, γm] = 0, and µ
(m)
i and ν

(m)
i being the eigenvalues of iθmij and

iγm
ij respectively.
This latter diagonalization, given by equations (47) and (48), can be ob-

tained through a redefinition of the Fock space [24] in order to get a diagonal
mass in the new basis. The redefinition takes the form

D−1∏
i=2

∞∏
m=1

(
αi−m

)λm,i

D−1∏
j=2


∏

r= 1
2
, 3
2
...

(
bj−r

)ρr,j
or∏
n=1,2...

(
dj−n

)ρn,j

∣∣p+, p⃗T 〉

→
D−1∏
i=2

∞∏
m=1

{(
U−1m α−m

)i}λm,i
D−1∏
j=2


∏

r= 1
2
, 3
2
...

(
bj−r

)ρr,j
or∏
n=1,2...

(
dj−n

)ρn,j

∣∣p+, p⃗T 〉 , (49)

where the non-negative integer λm,i shows [20] how many times the creation
operator αi−m appears, and ρn,k takes either zero or one.

In order to get an equivalent of a GSO projection, one can follow the
usual way to get the following steps summarized in Table 1 and Table 2. The
results of the GSO projection for the two sectors are grouped in Table 3.
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Table 1. The mass spectrum in terms of redefined modes for the Neveu–Schwarz
sector.

Level Neveu–Schwarz sector

State Mass

0 |0⟩ − 1
2α′

1 bi− 1
2
|0⟩ 0

2 bi− 1
2
bj− 1

2

|0⟩ 1
2α′

U−1
1 αi

−1|0⟩ 1
α′

(
1
2
− 1

2α′

(
µ
(1)
j + (2πα′)

2
ν
(1)
j

))
3 bi− 1

2
bj− 1

2

bk− 1
2
|0⟩ 1

α′

bi− 3
2
|0⟩ 1

α′

U−1
1 αi

−1b
j

− 1
2

|0⟩ 1
α′

(
1− 1

2α′

(
µ
(1)
j + (2πα′)

2
ν
(1)
j

))
4 bi− 1

2
bj− 1

2

bk− 1
2
bl− 1

2
|0⟩ 3

2α′

bi− 3
2
bj− 1

2

|0⟩ 3
2α′

U−1
2 αi

−2|0⟩ 1
α′

(
3
2
− 1

2α′

(
4µ

(2)
j + (2πα′)

2
ν
(2)
j

))
U−1

1 αj
−1U

−1
1 αk

−1|0⟩ 1
α′

(
3
2
− 1

2α′

(
µ
(1)
j + (2πα′)

2
ν
(1)
j + µ

(1)
k + (2πα′)

2
ν
(1)
k

))
U−1

1 αj
−1b

k
− 1

2
bl− 1

2
|0⟩ 1

α′

(
3
2
− 1

2α′

(
µ
(1)
j + (2πα′)

2
ν
(1)
j

))
5 bi− 1

2
bj− 1

2

bk− 1
2
bl− 1

2
bm− 1

2
|0⟩ 2

α′

bi− 5
2
|0⟩ 2

α′

bi− 1
2
bj− 1

2

bk− 1
2

2
α′

U−1
2 αj

−2b
k
− 1

2
|0⟩ 1

α′

(
2− 1

2α′

(
4µ

(2)
j + (2πα′)

2
ν
(2)
j

))
U−1

1 αj
−1U

−1
1 αk

−1b
l
− 1

2
|0⟩ 1

α′

(
2− 1

2α′

(
µ
(1)
j + (2πα′)

2
ν
(1)
j + µ

(1)
k + (2πα′)

2
ν
(1)
k

))
U−1

1 αj
−1b

k
− 1

2
bl− 1

2
bm− 1

2
|0⟩ 1

α′

(
2− 1

2α′

(
µ
(1)
j + (2πα′)

2
ν
(1)
j

))
U−1

1 αj
−1b

k
− 3

2
|0⟩ 1

α′

(
2− 1

2α′

(
µ
(1)
j + (2πα′)

2
ν
(1)
j

))
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Table 2. The mass spectrum in terms of redefined modes for the Ramond sector.

Level Ramond sector

State Mass

0 |0⟩ 0

1 dj−1|0⟩ 1
α′

U−1
1 αj

−1|0⟩ 1
α′

(
1−

(
1

2α′µ
(1)
j +

(2πα′)
2

2α′ ν
(1)
j

))
2 dj−2|0⟩ 2

α′

dj−1d
k
−1|0⟩ 2

α′

U−1
2 αj

−2|0⟩ 1
α′

(
2− 1

2α′

(
4µ

(2)
j + (2πα′)

2
ν
(2)
j

))
(
U−1
1 αj

−1

) (
U−1
1 αk

−1

)
|0⟩ 1

α′

(
2− 1

2α′

(
µ
(1)
j + (2πα′)

2
ν
(1)
j

+µ
(1)
k + (2πα′)

2
ν
(1)
k

))
(
U−1
1 αj

−1

)
dk−1|0⟩ 1

α′

(
2− 1

2α′

(
µ
(1)
j + (2πα′)

2
ν
(1)
j

))

Then, one can impose

ν
(1)
i =

−1

(2πα′)2
µ
(1)
i (50)

to restore the value of the mass for the first excited state (for example), and
in general

ν
(m)
i =

−m2

(2πα′)2
µ
(m)
i (51)

being an equivalent to

T ij(m) =
−m2

(2πα′)2
Dij

(m) (52)

which can be use to restore mass values of the other levels, where m > 0
represent the number of state level.

In the present construction, the non-commutative deformation is imple-
mented through a redefinition of the bosonic oscillators, while the fermionic
modes remain unchanged. Consequently, the fermionic Fock space and its
canonical anticommutation relations are preserved. The supersymmetric
pairing underlying the GSO projection remains therefore intact within the
considered perturbative regime.
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Table 3. The GSO projection for the Neveu–Schwarz and Ramond sectors.

Level Neveu–Schwarz sector

State Mass

1 bi− 1
2
|0⟩ 0

3 bi− 1
2
bj− 1

2

bk− 1
2
|0⟩ 1

α′

bi− 3
2
|0⟩ 1

α′

U−1
1 αi

−1b
j

− 1
2

|0⟩ 1
α′

(
1 +

(
1

2α′ µ
(1)
j +

(2πα′)2

2α′ ν
(1)
j

))
5 bi− 1

2
bj− 1

2

bk− 1
2
bl− 1

2
bm− 1

2
|0⟩ 2

α′

bi− 5
2
|0⟩ 2

α′

bi− 1
2
bj− 1

2

bk− 1
2

2
α′

U−1
2 αj

−2b
k
− 1

2
|0⟩ 1

α′

(
2− 1

2α′

(
4µ

(2)
j + (2πα′)

2
ν
(2)
j

))
U−1

1 αj
−1U

−1
1 αk

−1b
l
− 1

2
|0⟩ 1

α′

(
2− 1

2α′

(
µ
(1)
j + (2πα′)

2
ν
(1)
j + µ

(1)
k + (2πα′)

2
ν
(1)
k

))
U−1

1 αj
−1b

k
− 1

2
bl− 1

2
bm− 1

2
|0⟩ 1

α′

(
2− 1

2α′

(
µ
(1)
j + (2πα′)

2
ν
(1)
j

))
U−1

1 αj
−1b

k
− 3

2
|0⟩ 1

α′

(
2− 1

2α′

(
µ
(1)
j + (2πα′)

2
ν
(1)
j

))
Level Ramond sector

State Mass

1 |0⟩ 0

3 di−1|0⟩ 1
α′

U−1
1 αi

−1|0⟩ 1
α′

(
1 +

(
1

2α′ µ
(1)
j +

(2πα′)2

2α′ ν
(1)
j

))
5 dj−2|0⟩ 2

α′

dj−1d
k
−1|0⟩ 2

α′

U−1
2 αj

−2|0⟩ 1
α′

(
2− 1

2α′

(
4µ

(2)
j + (2πα′)

2
ν
(2)
j

))
(
U−1

1 αj
−1

) (
U−1

1 αk
−1

)
|0⟩ 1

α′

(
2− 1

2α′

(
µ
(1)
j + (2πα′)

2
ν
(1)
j + µ

(1)
k + (2πα′)

2
ν
(1)
k

))
(
U−1

1 αj
−1

)
dk−1|0⟩ 1

α′

(
2− 1

2α′

(
µ
(1)
j + (2πα′)

2
ν
(1)
j

))
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Under the imposed condition on the deformation parameters (51), the
resulting mass spectrum coincides with the commutative one at first order
of θ (see Table 4). Beyond this order, higher-order corrections are expected
to modify the spectrum, and a full analysis of these effects lies outside the
scope of the present work.

Table 4. The first levels of the mass spectrum after the GSO projection and the
application of equation (51) for the Neveu–Schwarz and Ramond sectors.

Level Neveu–Schwarz sector Ramond sector

State Mass State Mass

1 bi− 1
2

|0⟩ 0 |0⟩ 0

3 bi− 1
2

bj− 1
2

bk− 1
2

|0⟩ 1
α′ di−1|0⟩ 1

α′

bi− 3
2

|0⟩ 1
α′

U−1
1 αi

−1b
j

− 1
2

|0⟩ 1
α′ U−1

1 αi
−1|0⟩ 1

α′

5 bi− 1
2

bj− 1
2

bk− 1
2

bl− 1
2

bm− 1
2

|0⟩ 2
α′ dj−2|0⟩ 2

α′

bi− 5
2

|0⟩ 2
α′ dj−1d

k
−1|0⟩ 2

α′

bi− 1
2

bj− 1
2

bk− 1
2

2
α′

U−1
2 αj

−2b
k
− 1

2

|0⟩ 2
α′ U−1

2 αj
−2|0⟩ 2

α′

U−1
1 αj

−1U
−1
1 αk

−1b
l
− 1

2

|0⟩ 2
α′

(
U−1
1 αj

−1

) (
U−1
1 αk

−1

)
|0⟩ 2

α′

U−1
1 αj

−1b
k
− 1

2

bl− 1
2

bm− 1
2

|0⟩ 2
α′

U−1
1 αj

−1b
k
− 3

2

|0⟩ 2
α′

(
U−1
1 αj

−1

)
dk−1|0⟩ 2

α′

By applying (UmU−1m ) on the both sides of equations (47) and (48), one
can show that equation (52) can be expressed with respect to θijm and γijm as

γij(m) =
−m2

(2πα′)2
θij(m) . (53)

From this result, we can fix our starting model (11) by imposing to θµν and
γµν the following relation:

γµν(m) =
−m2

(2πα′)2
θµν(m) , (54)

where m ̸= 0 and µ, ν = 0, 1 . . . , D − 1.
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With the condition (54), one can easily verify that all the anomaly terms
(25), (29), (30), (34), and (35) of the modified Virasoro algebra are elimi-
nated due to non-commutativity. This result is a direct consequence of the
fact that we considered non-commutativity between coordinates and mo-
menta rather than only between coordinates.

On the other hand, the Lorentz algebra’s anomaly term (40) is simpli-
fied to

Tµνρλ = iπ2
(
γνλ0 xµxρ + γνρ0 xµxλ + γµλ0 xνxρ + γµρ0 xνxλ

)
+2iπ2α′τ

(
γνρ0 xµpλ − γµλ0 xρpν + γνλ0 xµpρ − γµρ0 xλpν

+γµρ0 xνpλ − γνλ0 xρpµ + γµλ0 xνpρ − γνρ0 xλpµ
)

+
(
iθµρ0 − 4iπ2α′

2
τ2γµρ0

)
pλpν +

(
iθµλ0 − 4iπ2α′

2
τ2γµλ0

)
pρpν

+
(
iθνρ0 − 4iπ2α′

2
τ2γνρ0

)
pλpµ +

(
iθνλ0 − 4iπ2α′

2
τ2γνλ0

)
pρpµ , (55)

Kνµρ = 2iπ2α′τγνµ0 pρ − 2iπ2α′τγρµ0 pν + iπ2γµρ0 pν − iπ2γµν0 pρ . (56)

Although the imposed condition on the deformation parameters (54) elimi-
nates all anomaly terms in the modified super-Virasoro algebra, the Lorentz
algebra still contains residual anomaly terms (55) and (56). Therefore, as
it is the case in several studies [6, 11, 25, 26], in the present work, Lorentz
symmetry cannot be restored pertubatively at a first order.

7. Summary and results

In this work, we have explored the effects of non-commutative phase-
space on free open fermionic string theory. By introducing non-commutativity
in both coordinates and momenta, we derived the modified super-Virasoro
algebra for both the Ramond and Neveu–Schwarz sectors. This modification
introduced additional anomaly terms, which could affect the consistency of
the theory, including conformal invariance and the structure of the mass
spectrum.

To resolve these issues, we imposed a specific relation between the non-
commutativity parameters of space θµν(m) and momentum γµν(m) (54). Phys-
ically, this relation shows that the deformations of coordinates and mo-
menta are not independent but rather are part of a single consistent phase-
space structure. It links the spatial and momentum non-commutativity in
such a way that conformal symmetry is preserved (see Appendix C). In
other words, the relation (54) defines the exact balance required for non-
commutative effects to exist without breaking the Virasoro symmetry. This
condition led also to the cancellation of all Virasoro anomalies, allowing the
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algebra to recover its standard form while maintaining the presence of non-
commutativity at the fundamental level. Additionally, a redefinition of the
Fock space was necessary to diagonalize the mass operator and preserve the
usual mass spectrum.

Notice that it is the simultaneous presence of the non-commutative pa-
rameters θ and γ that allows us to impose the necessary restrictions, demon-
strating that non-commutative deformations can be incorporated into string
theory preserving the Virasoro algebra, provided that specific constraints
are applied. This is the main motivation that led us to consider not a non-
commutative spacetime, but a non-commutative phase-space.

Notice that in the previous study [25, 27], non-commutativity in the
target space was found to produce partial supersymmetry breaking. In the
present approach, the deformation acts on the phase-space and not directly
on the target-space geometry. As a result, no explicit supersymmetry break-
ing is observed at first order. We restrict our conclusions to this perturbative
regime.

Also, the analysis presented in this work is restricted to first order in
the deformation parameters. Beyond this order, higher powers of the de-
formation parameters generate increasingly non-local contributions to the
Virasoro generators. These terms might as well reintroduce new anomalies
in the Virasoro and Lorentz algebra. A systematic investigation of these
effects is left for future work.

This work is supported by the Algerian Ministry of High Education and
Research under the PRFU project No. B00L02UN250120220011.

Appendix A

Calculation of [Mµν ,Mρλ]

Using equations (17)–(19), one can find that[
xµpν , xρpλ

]
= iπ2γνλ0 xµxρ +

(
2iπ2α′τγνρ0 − iηνρ

)
xµpλ

+
(
iηµλ − 2iπ2α′τγµλ0

)
xρpν +

(
iθµρ0 − 4iπ2α′

2
τ2γµρ0

)
pλpν ,

(A.1)[
xµpν , xρpλ

]
= iπ2γνλ0 xµxρ +

(
2iπ2α′τγνρ0 − iηνρ

)
xµpλ

+
(
iηµλ − 2iπ2α′τγµλ0

)
xρpν +

(
iθµρ0 − 4iπ2α′

2
τ2γµρ0

)
pλpν ,

(A.2)
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xνpµ, xλpρ

]
= iπ2γµρ0 xνxλ +

(
2iπ2α′τγµλ0 − iηµλ

)
xνpρ

+
(
iηνρ − 2iπ2α′τγνρ0

)
xλpµ +

(
iθνλ0 − 4iπ2α′

2
τ2γνλ0

)
pρpµ ,

(A.3)[
xνpµ, xρpλ

]
= iπ2γµλ0 xνxρ +

(
2iπ2α′τγµρ0 − iηµρ

)
xνpλ

+
(
iηνλ − 2iπ2α′τγνλ0

)
xρpµ +

(
iθνρ0 − 4iπ2α′

2
τ2γνρ0

)
pλpµ .

(A.4)

For the mode part, we find that[
αµ−nα

ν
n, α

ρ
−mα

λ
m

]
=

(
nηνρ + i

(2πα′)2

2α′
γνρn + i

n2

2α′
θνρn

)
αµ−nα

λ
n

+

(
−nηµλ + i

(2πα′)2

2α′
γµλn + i

n2

2α′
θµλn

)
αρ−nα

ν
n , (A.5)[

αµ−nα
ν
n, α

λ
−mα

ρ
m

]
=

(
nηνλ + i

(2πα′)2

2α′
γνλn + i

n2

2α′
θνλn

)
αµ−nα

ρ
n

+

(
−nηµρ + i

(2πα′)2

2α′
γµρn + i

n2

2α′
θµρn

)
αλ−nα

ν
n , (A.6)[

αν−nα
µ
n, α

λ
−mα

ρ
m

]
=

(
nηµλ + i

(2πα′)2

2α′
γµλn + i

n2

2α′
θµλn

)
αν−nα

ρ
n

+

(
−nηνρ + i

(2πα′)2

2α′
γνρn + i

n2

2α′
θνρn

)
αλ−nα

µ
n , (A.7)[

αν−nα
µ
n, α

ρ
−mα

λ
m

]
=

(
nηµρ + i

(2πα′)2

2α′
γµρn + i

n2

2α′
θµρn

)
αν−nα

λ
n

+

(
−nηνλ + i

(2πα′)2

2α′
γνλn + i

n2

2α′
θνλn

)
αρ−nα

µ
n , (A.8)

[
bµ−rb

ν
r , b

ρ
−sb

λ
s

]
= 2bµ−rb

ρ
−sb

ν
rb
λ
s + 2bµ−rb

ν
rb
ρ
−sb

λ
s + 2bρ−sb

µ
−rb

λ
s b
ν
r + 2bµ−rb

ρ
−sb

λ
s b
ν
r

−ηνλbµ−rbρr − ηνρbµ−rb
λ
r − ηµλbρ−rb

ν
r − ηµρbλ−rb

ν
r , (A.9)[

bν−rb
µ
r , b

ρ
−sb

λ
s

]
= 2bν−rb

ρ
−sb

µ
r b
λ
s + 2bν−rb

µ
r b
ρ
−sb

λ
s + 2bρ−sb

ν
−rb

λ
s b
µ
r + 2bν−rb

ρ
−sb

λ
s b
µ
r

−ηµλbν−rbρr − ηµρbν−rb
λ
r − ηνλbρ−rb

µ
r − ηνρbλ−rb

µ
r , (A.10)
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bµ−rb

ν
r , b

ρ
−sb

λ
s

]
= 2bµ−rb

λ
−sb

ν
rb
ρ
s + 2bµ−rb

ν
rb
λ
−sb

ρ
s + 2bλ−sb

µ
−rb

ρ
sb
ν
r + 2bµ−rb

λ
−sb

ρ
sb
ν
r

−ηνρbµ−rbλr − ηνλbµ−rb
ρ
r − ηµρbλ−rb

ν
r − ηµλbρ−rb

ν
r , (A.11)[

bν−rb
µ
r , b

λ
−sb

ρ
s

]
= 2bν−rb

λ
−sb

µ
r b
ρ
s + 2bν−rb

µ
r b
λ
−sb

ρ
s + 2bλ−sb

ν
−rb

ρ
sb
µ
r + 2bν−rb

λ
−sb

ρ
sb
µ
r

−ηµρbν−rbλr − ηµλbν−rb
ρ
r − ηνρbλ−rb

µ
r − ηνλbρ−rb

µ
r . (A.12)

Now, we use equation (36) to calculate [Mµν ,Mρλ][
Mµν ,Mρλ

]
= −iηνρMµλ + iηµλMρν + iηνλMµρ − iηµρMλν

+iπ2
(
γνλ0 xµxρ + γνρ0 xµxλ + γµλ0 xνxρ + γµρ0 xνxλ

)
+2iπ2α′τ

(
γνρ0 xµpλ − γµλ0 xρpν + γνλ0 xµpρ − γµρ0 xλpν

+γµρ0 xνpλ − γνλ0 xρpµ + γµλ0 xνpρ − γνρ0 xλpµ
)

+
(
iθµρ0 − 4iπ2α′

2
τ2γµρ0

)
pλpν +

(
iθµλ0 − 4iπ2α′

2
τ2γµλ0

)
pρpν

+
(
iθνρ0 − 4iπ2α′

2
τ2γνρ0

)
pλpµ +

(
iθνλ0 − 4iπ2α′

2
τ2γνλ0

)
pρpµ

+

(
i
(2πα′)2

2α′
γνρn + i

n2

2α′
θνρn

)(
αµ−nα

λ
n + αλ−nα

µ
n

)
+

(
i
(2πα′)2

2α′
γµλn + i

n2

2α′
θµλn

)(
αρ−nα

λ
n + αλ−nα

ρ
n

)
+

(
i
(2πα′)2

2α′
γνλn + i

n2

2α′
θνλn

)(
αρ−nα

µ
n + αµ−nα

ρ
n

)
+

(
i
(2πα′)2

2α′
γµρn + i

n2

2α′
θµρn

)(
αλ−nα

ν
n + αν−nα

λ
n

)
. (A.13)

Appendix B

Derivation of the equations of motion from the deformed action

Starting from the deformed worldsheet action

S∗ = − 1

4πα′

∫
d2σ

(
∂aX

µ ∗ ∂aXµ − i ψ̄µ ∗ ρa∂aψµ
)
, (B.1)

we compute the functional variations with respect to the Xµ and ψ̄µ fields.
The non-commutative structure of the worldsheet is defined by[

σa, σb
]
= i θab , θab = −θba , (B.2)
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and the Moyal (star) product of two fields A and B is given by

A ∗B = A e
i
2
θcd
←−
∂c
−→
∂dB = AB +

i

2
θcd(∂cA)(∂dB) +O

(
θ2
)
. (B.3)

We retain only first-order terms in θab throughout.
Applying (B.3) to the bosonic and fermionic parts of (B.1) gives

— For bosonic term:

∂aX
µ ∗ ∂aXµ = (∂aX

µ) (∂aXµ) +
i

2
θcd (∂c∂aX

µ) (∂d∂
aXµ) . (B.4)

— For fermionic term:

ψ̄µ ∗ ρa∂aψµ = ψ̄µρa∂aψµ +
i

2
θcd
(
∂cψ̄

µ
)
ρa (∂d∂aψµ) . (B.5)

Substituting (B.4) and (B.5) into (B.1) gives the expanded action

S∗ = − 1

4πα′

∫
d2σ

[
(∂aX

µ) (∂aXµ) +
i

2
θcd (∂c∂aX

µ) (∂d∂
aXµ)

−iψ̄µρa∂aψµ +
1

2
θcd
(
∂cψ̄

µ
)
ρa (∂d∂aψµ)

]
. (B.6)

We separate the commutative and first-order terms

S
(X)
∗ = S

(X)
0 + S

(X)
1 , (B.7)

where

S
(X)
0 = − 1

4πα′

∫
d2σ (∂aX

µ) (∂aXµ) ,

S
(X)
1 = − i

8πα′

∫
d2σθcd (∂c∂aX

µ) (∂d∂
aXµ) . (B.8)

From the ordinary part, one get the ordinary solution, so that

δS
(X)
0 = +

1

2πα′

∫
d2σ (∂a∂

aXµ) δX
µ (B.9)

and S(X)
1 do not contribute in the equations of motion, indeed

δS
(X)
1 = − i

8πα′

∫
d2σθcd [(∂c∂aδX

µ) (∂d∂
aXµ) + (∂c∂aX

µ) (∂d∂
aδXµ)] .

(B.10)
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Since both terms are equal, we write

δS
(X)
1 = − i

4πα′

∫
d2σ θcd (∂c∂aXµ) (∂d∂

aδXµ) . (B.11)

Integrating by parts, first with respect to ∂d and then with respect to ∂a,
while neglecting boundary terms, gives

δS
(X)
1 = − i

4πα′

∫
d2σ θcd (∂a∂d∂c∂

aXµ) δX
µ . (B.12)

Now, by combining (B.9) and (B.12), we get

δS
(X)
∗ =

1

2πα′

∫
d2σ

[
∂a∂

aXµ −
i

2
θcd∂a∂d∂c∂

aXµ

]
δXµ . (B.13)

Since θcd is antisymmetric whereas ∂d∂c is symmetric, the second term van-
ishes. The Euler–Lagrange equation reduces therefore to(

∂2τ − ∂2σ
)
Xµ = 0 . (B.14)

Now, varying with respect to ψ̄µ, from (B.6), we obtain the fermionic
Lagrangian density

Lψ =
i

4πα′

[
ψ̄µρa∂aψµ −

i

2
θcd
(
∂cψ̄

µ
)
ρa (∂d∂aψµ)

]
. (B.15)

The same calculations lead to the standard Dirac-type equation

ρa∂aψ
µ = 0 . (B.16)

Appendix C

Conformal invariance verification

We verify explicitly that the Virasoro generators defined in equations
(20)–(23) continue to generate conformal transformations of the fields Xµ

and ψµ in the presence of the deformed commutation relations (17)–(19),
provided the non-commutative structure tensors satisfy the consistency con-
dition

γµν(m) = − m2

(2πα′)2
θµν(m) (C.1)
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— Bosonic field:
First, we calculate the commutator between Lm and αµn. From (22)
we have

Lm =
1

2

∑
k

:αρm−kαk ρ : +
1

4

∑
r

(2r −m) :bρm−rbr ρ : , (C.2)

and using the deformed oscillator algebra (18), we get

[αµm, α
ν
n] =

(
mηµν + i

(2πα′)2

2α′
γµνn + i

n2

2α′
θµνn

)
δm+n,0 . (C.3)

Computing the commutator, we obtain

[Lm, α
µ
n] =

1

2

∑
k

([
αρm−k, α

µ
n

]
αk ρ + αρm−k [αk ρ, α

µ
n]
)
. (C.4)

Substituting (C.3) and simplifying using the delta functions gives

[Lm, α
µ
n] = −nαµm+n + i

(2πα′)2

4α′
γµnρα

ρ
m+n + i

n2

4α′
θµnρα

ρ
m+n , (C.5)

where the first term reproduces the standard conformal transforma-
tion; the remaining terms are the non-commutative corrections.
Second, we calculate the action of Lm on Xµ(σ, τ), from (15) we get

Xµ(σ, τ) = xµ + 2α′pµτ + i
√
2α′
∑
n̸=0

1

n
αµn e

−inτ cosnσ . (C.6)

By applying (C.5) we obtain

[Lm, X
µ] = i

√
2α′
∑
n ̸=0

1

n
[Lm, α

µ
n] e

−inτ cosnσ

= −i
√
2α′
∑
n̸=0

αµm+n e
−inτ cosnσ

+
i
√
2α′

4α′

∑
n̸=0

1

n

[(
2πα′

)2
γµnρ + n2θµnρ

]
αρm+n e

−inτ cosnσ .

(C.7)

By shifting the summation index n → n − m in the first term of
(C.7) and using trigonometric identities, we can identify the derivative
structure of ∂+Xµ = (∂τ + ∂σ)X

µ. This yields:

[Lm, X
µ] = i eim(τ+σ)∂+X

µ+
i

4α′

[(
2πα′

)2
γµnρ + n2θµnρ

]
eim(τ+σ)∂+X

ρ .

(C.8)
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Applying the structural relation between γ(m) and θ(m) (53), and sub-
stituting into (C.8) yields

[Lm, X
µ(σ, τ)] = i eim(τ+σ) ∂+X

µ(σ, τ) . (C.9)

Hence, the Virasoro generators act on Xµ exactly as in the commuta-
tive theory.

— Fermionic field:

The field ψµ is not affected by non-commutativity, and the reasoning
follows the same logic as in the ordinary case. Using (19) and the
fermionic part of Lm, we get

[Lm, b
µ
s ] =

(m
2

− s
)
bµm+s , (C.10)

and therefore, in coordinate space, we have

[Lm, ψ
µ(σ, τ)] = i eim(τ+σ)

(
∂+ +

im

2

)
ψµ(σ, τ) . (C.11)

Both the bosonic and fermionic sectors preserve their standard con-
formal transformation laws, demonstrating that conformal invariance
holds exactly in the deformed theory.
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