Acta Physica Polonica B 57, 8-A2 (2026)

A HUYGENS-LEIBNIZ-LANGE FRAMEWORK
FOR CLASSICAL MECHANICS

JAN-WILLEM VAN HOLTEN

Lorentz Institute for Theoretical Physics, Leiden University
P.O. Box 9506, 2300 RA Leiden, The Netherlands
and

Nikhef, Postbus 41882, 1009 DB Amsterdam, The Netherlands

Received 22 March 2026, accepted 27 April 2026,
published online 8 July 2026

I discuss the physical basis of classical mechanics, such as expressed
commonly using the framework of Newton’s Principia. Newton’s formu-
lation of the laws of motion is seen to have quite a few ambiguities and
shortcomings. Therefore, I offer an alternative set of laws, based in par-
ticular on ideas of his contemporaries Huygens and Leibniz with a crucial
addition by Ludwig Lange, which avoids the problems with Newton’s for-
mulation. It is shown that from these laws of motion, all the usual results
of classical mechanics, as it concerns the motion of idealized point masses,
can be rederived. The application of these principles to relativistic point
particles is discussed.
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1. Introduction

There exist a great many different formulations of the theory of classical
mechanics. It has been phrased in terms of systems of first or second or-
der differential equations, variational principles, phase-space methods, and
Hamilton—Jacobi equations, to name the most common ones. These various
approaches provide as many different lines of attack for solving mathemati-
cal problems arising in the theory; indeed, they have in common that they
mostly concern the mathematical formulation of the theory without touch-
ing the underlying physical principles, for which they usually refer to the
work of Newton [1], and sometimes Galileo |2] and Huygens [3].

Surprisingly — with the exception of the development of the theory of
relativity [4] — these physical principles underlying the theory have been
getting much less attention. One gets the impression that after the work
of Mach in the second half of the 19" century [5], the majority of authors
considered the physical principles on which Newton’s laws of motion were
based as understood and in no more need of clarification.

(8-A2.1)


https://www.actaphys.uj.edu.pl/findarticle?series=reg&vol=57&aid=8-A2
https://orcid.org/0000-0001-6522-5540

8-A2.2 J.-W. vAN HOLTEN

That this is not the case, and that Newton’s formulation of the basic
laws of motion are sometimes ambiguous, incomplete or even inconsistent,
can be seen already in the reactions of his contemporaries. Heated debates
about the status of concepts such as space, time, the vacuum, and force were
commonplace. Metaphysical and theological interpretations were offered
and rejected; examples of these can be found among others in the essays
published by learned societies, like the Royal Society in England, the Paris
Académie Royale des Sciences, and the Académie Royale des Sciences et
Belles-Lettres in Berlin, especially in the first half of the 18" century. The
discussions also reached the public at large in such semi-popular accounts
as those of van Musschenbroek in The Netherlands [6] and du Chéatelet |7]
in France. An excellent and broad historical review of the issues involved
is found in Jammer’s lectures [8]. A more recent in-depth study is that of
Boudri [9].

In the following, I present an analysis of the most pressing issues con-
cerning the laws of motion as presented by Newton. This is followed by
a reconstruction of the basics using observable kinematic quantities which
can be measured directly in terms of properly defined distances and time
intervals. Most of the fundamental ideas can in fact be found in the earlier
work of Galileo and especially Huygens and Leibniz. Another absolutely cru-
cial concept needed is that of inertial frames, introduced in 1885 by Lange
[10].

2. Motion in classical mechanics

Ever since its publication, Newton’s Principia Mathematica roused in-
tense debates about his formulation of the laws of motion. For completeness,
let me recall these well-known laws in the English translation of Motte (1729)

[1]:

1. Every body continues in its state of rest, or of uniform motion in a right
line, unless it is compelled to change that state by forces impressed on
it.

2. The change of motion is proportional to the motive force impressed;
and it is made in the direction of the right line in which that force is
impressed.

3. To every action there is always apposed an equal reaction: or, the
mutual actions of two bodies upon each other are always equal, and
directed to contrary parts.

The first law is the principle of inertia, first given in this form by Huygens
[11, 12]. In the second law, change of motion refers to the momentum, the
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product of mass, and velocity: p = mw as a vector, taking direction into
account; then its content can be expressed in modern mathematics by the
equation
dp
F=—, 1
7 (1)

which for bodies of fixed mass m reduces to the familiar form
F =ma. (2)

Finally, the third law implies that force is not an external agent, but acts
mutually between bodies in such a way that the action of the first on the
second is equally large as that of the second on the first, but in the opposite
direction.

A first point of debate raised by Newton’s formulation was the status of
the notion of force. Was Newton’s second law in fact a definition of impressed
force, or did it express the physical consequence of the existence of various
known and unknown forces? This was the more confusing as for Newton and
his contemporaries force could refer to a large variety of physical quantities
related to motion, including not only the impressed force, such as contact
forces involved in collisions or central forces like the gravitational force, but
among others also inertia, energy or power [8].

Then there was the question whether the principle of inertia — New-
ton’s first law — was an independent rule, or simply a consequence of the
second, as the absence of force on a body automatically seemed to imply
its momentum to be constant. Linked to this was the problem of how to
define (inertial) mass as it appears in the definition of momentum. Newton
defined it simply as the product of density and volume; this was based on
the idea of a universal substance of matter, different types of matter being
distinguished only by the number and size of empty spaces: pores or voids,
in the material. But as the atomic nature of matter became established by
the advances in chemistry in the 18" and 19*" centuries, this picture of the
structure of matter had to be abandoned and the definition of mass — as
different from weight — as a separate measurable property of elementary
objects like atoms and molecules became pressing.

And finally, did the third law imply that force was inherent to bodies, i.e.
to matter, or was it an independent immaterial physical phenomenon that
became active when bodies entered each others sphere of influence? In par-
ticular how could a non-contact force like gravitation work instantaneously
through empty space, and how did bodies become aware of the presence
of other bodies located elsewhere? Was empty space really empty, or filled
with some fine matter or aether?
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Most interpreters in the 18" and 19*" centuries eventually agreed that
the notion of force was introduced as a substitute for the relation between
the cause and the effect of interactions between bodies: the gravitational
attraction of the Sun is the cause of the elliptical orbit the Earth moves
through in the course of one year. But by itself this is just word-play. It
becomes meaningful only if either one can pinpoint a definite material origin
for the action of the force, such as the vortices of aether particles, proposed
by Descartes, propelling the planets in their motion; or by accepting that
it is just a convenient term to express mathematically the causal relations
between the properties of bodies — locations, masses — and the observed
changes in their motion, devoid of any special physical interpretation.

Not surprisingly this eventually lead some investigators to try to abandon
the notion of force altogether. Going back to pre-Newtonian sources, they
realized that it was possible to replace the notion of force by that of energy,
and to complement it by the principle used in the 16" century by Stevin
for statics [17], and in the 17" century by Huygens for dynamics [3], that
motion cannot be created out of nothing: the impossibility of a perpetuum
mobile of the first kind.

Such a reformulation of the laws of dynamics is possible only once the
notion of energy is well-established. This was not the case in Newton’s time,
although Huygens and Leibniz had developed a theory of wis viva (living
force), basically kinetic energy, for the description of motion of bodies in
free fall and for pendulums, as studied by Galileo |2]; this theory was shown
by Huygens to apply also to the collisions of hard bodies — in modern
terminology: elastic collisions without dissipation of energy or momentum
[12, 13]. The issue of vis viva, proportional to the square of the velocity
of bodies, versus Newtonian force deriving from momentum linear in the
velocity of bodies, was hotly debated during the first half of the 18" century,
and did not get fully resolved until mathematicians and natural philosophers
such as Johann and Daniel Bernoulli, D’ Alembert, and Lagrange established
proper definitions for, and connections between, force, work, and energy. For
a detailed summary of this controversy, see Smith [14].

3. Inertial frames

A short-coming of all early discussions of the principle of inertia is that
it does not state with respect to which observer frames the motion of force-
free bodies is supposed to be rectilinear and uniform. Newton introduced
the ideas of absolute space and time to this effect, but he did not explain
how to determine translational motion with respect to absolute space in
absolute time and how to distinguish this motion from motion with respect
to other frames of reference. In fact, he at the same time acknowledged
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the Galileo-Huygens principle of relativity that all observations of moving
bodies only determine their relative motions, not their absolute ones. Again,
such contradictory statements led to much confusion and debate among his
contemporaries.

The resolution of this problem was only achieved in 1885 by Lange [10].
He realized that the principle of inertia selected a special class of reference
frames, in which bodies not subject to external forces indeed moved uni-
formly along straight lines; he also gave a receipt how to construct such
inertial frames by taking the trajectories of three force-free bodies as refer-
ence.

This important step established the independence of the principle of iner-
tia from Newton’s second law of motion. To wit, to identify the observation
of accelerated motion as the effect of physical forces requires for its precise
interpretation to be preceded by the establishment of an inertial reference
frame, with respect to which acceleration is to be measured.

Not much later, it also became the bedrock for the development of Ein-
stein’s theory of relativity, which basically deals with the relation between
inertial frames'. That inertial frames are fundamental constructs in classical
as well as in relativistic mechanics only reinforces the above conclusion.

4. The impossibility of a perpetuum mobile of the first kind

It is not known when or where the first ideas about perpetual motion
and its exploitation first arose. However, apparently the possibility of a per-
petual motion machine performing work seems to have been contested from
the start. The impossibility of creating motion for free out of nothing was
commonly stated in professional treatises and discussions on engineering,
including for example the notebooks of Leonardo da Vinci [16].

In 1586, Stevin published a book on statics and mechanical equilibrium
[17]%. In this book, he proved a theorem on the static equilibrium of weights
on differently inclined planes (Fig. 1): two different weights are in equilib-
rium if their ratio is equal to the ratio of the lengths of inclined planes.
To show this, he imagined a string of identical beads hanging on a prism,
the sides of which formed the inclined planes. He stated that closing the
string below the prism would not change the condition for equilibrium, as
it exerted the same force on both sides. The crux of his argument now was
that a rotation of the string would not change the weights on either inclined

! For a recent discussion, see Ref. [15].

2 In this book, he also describes an experiment he performed with his friend Jan de
Groot, dropping canon balls of different weight from the church tower in the city of
Delft; by listening to the sound of impact of the canon balls on a wooden plank at
the bottom of the tower, they established that there was no significant difference in
the arrival time of different weights in free fall over the same distance.
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plane formed by the sides of the prism; thus the conditions are unchanged
when the string would move by turning either clockwise or anti-clockwise.
Therefore, if the string is at rest, it will stay at rest. There is no mechanism
for creating spontaneous motion of the string.

Fig. 1. Stevins proof of static equilibrium of weights on inclined planes.

Somewhat later, Galileo gave the first quantitative description of the
motion of free fall. It states that in the absence of friction or air resistance,
a body in free fall is uniformly accelerated: it increases its speed v linearly
with time, and therefore the height h it covers in descending from a vertical
position zy grows as the square of time; in modern notation

L s L 9

v=gt, h = 2 z—2gt—2gv. (3)
He also established that the speed with which a falling body reaches its
lowest point is precisely sufficient — in the absence of friction — to bring it
back to the same height along the same or another path. This is obvious in
the motion of a pendulum, which starts from rest at a certain height, then
reaches its maximum speed at the lowest point before returning to rest on
the other side, at the same height it started from [2].

Huygens realized that this also was an example of the impossibility of
a spontaneous motion machine: if it would be possible for the pendulum or
the descending body to ascend to a higher point in climbing back up, the
cycle could be repeated to create an ever larger speed of the body at the
lowest point; if in contrast motion disappeared spontaneously, not due to
friction, then the process could simply be reversed to create motion instead
of destroying it [3].
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By extension of this argument Huygens, inspired by Toricelli [18], was
able to show that in the case of an arbitrary number of connected bodies
falling together, if each body was independently reflected upward at the same
velocity, the center of gravity would rise up to the same height it had at the
start of the fall. In modern notation, this rule can be phrased as stating
that the sum of kinetic and gravitational potential energy is constant

% > oma Y gmizi =Y gmizoi- (4)

Finally, he also extended the validity of the conservation of vis viva mv? to
apply to the collision of hard bodies: in the central collision of two bodies,
the sum of mlv% —|—m2v§ is the same before and after the collision. The total
momentum is conserved as well, meaning

P = mjv1 + mav2 (5)

does not change in elastic collisions. This he argued from first principles [11],
based on symmetries between the bodies and their motions involved; in fact,
it also follows from his principle of relativity [13]. Indeed, the living force of
two bodies in collision, described in a frame moving with arbitrary constant
velocity u w.r.t. the original one, is

my (Ul—u)2+m2(vg—u)2 = mlv%—i—mgfug—Qu-(m1v1+mgvg)+(m1—|—mg)u2 .

If living force is conserved in both this and in the original frame, then the
total momentum (5) must be conserved as well®.

Leibniz realized that the argument had wider significance and formulated
the principle of conservation of living force as an alternative to Newton’s the-
ory of motion [19]. But the connection between the principle and Newton’s
laws was realized in full later, in the work of such successors as Lagrange,
Helmholtz, and Mach [20-22]. Each of these authors considered Newton’s
impressed force as a mathematical expression for the mechanism of causality,
and realized that it was connected to living force by the principle of work

1
5 d (m’uQ) =ma-vdt = F - de. (6)
Thus, the living force of Huygens and Leibniz is changed by the work done

on a body by an impressed force. The impossibility of creating motion out
of nothing then is expressed mathematically by the statement that no net

3 It goes without saying that the total mass mi + mg is also taken to be the same
during the whole process and in both frames.
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work is done on a body by a force when the body returns after moving on
a closed path v to its original position with the original velocity

;fd(mzﬂ):o o 7{F~d:c=0. (7)
g

Y

The similarity of this principle to Carnot’s principle in thermodynamics was
noted by both Helmholtz and Mach.

5. Momentum and mass

We have already discussed the conservation of momentum in collisions
of hard bodies. Moreover, in all theories of classical mechanics, the conser-
vation of mass was an implicit or explicit additional principle: like motion
mass could neither be created nor destroyed. This was observed with great
precision in chemical processes. From Newton’s formulation of the theory
of gravitational forces, it was also clear that mass was the source of these
forces, and that mass and weight were proportional. Thus, there was a clear
parallel between the conservation of mass and that of electric charge as the
source of electric forces.

But in contrast to electric charge, mass played a second role in mechanics:
that of the source of inertia. That raised the question how this inertial mass
could be determined in the absence of gravity. It was in particular Mach who
occupied himself with this problem and proposed a solution [5]. Ironically, as
a positivist striving to formulate physics on a purely empirical basis, Mach
was skeptical about the existence of invisible atoms. As concerns the origin
of inertia, he proposed to replace Newton’s absolute space and time as the
primordial inertial frame by the frame of the fixed stars, whose combined
gravitational forces created resistance to change in motion of bodies in our
region of the universe.

As to the question of how to determine this inertial mass, Mach employed
the conservation of momentum. Note that in 2-body collisions, the conser-
vation of momentum is equivalent to Newton’s law of action and reaction

P = p, + p, = constant (8)
implies that in a collision AP = 0, and therefore
Ap, = —-Ap;,. 9)

Mach’s proposal was to define the inertial mass in terms of the ratio of the
observed change in velocities

mi A’Ug

, (10)

meo A’Ul
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which according to Newton’s law must hold in all collisions, irrespective of
the actual change in the velocities. Of course, there remains an undetermined
common factor in all inertial masses, fixed only by choosing a unit of mass.
Such a choice then also shows up in the value of the gravitational constant G.

6. Rebuilding classical mechanics

The discussions of the fundamentals of classical mechanics in the pre-
ceding paragraphs provide the ingredients for a reformulation of the laws of
motion in such a way as to avoid the introduction of the concept of (im-
pressed) force, other than as a term for a mathematical expression: the
product of mass and acceleration, void of physical or metaphysical conno-
tations. To keep it concise, I will explicitly restrict this exposition to the
motion of point masses. I do not consider the motions of rigid bodies or flu-
ids, although I do not exclude it can be done. I am helped in this respect by
Newton who spend much time and effort on showing that he could discuss
the orbital motion of the moon and planets in terms of a single representative
mass point, the center of mass.

However, before the theory is presented, it is necessary to make a number
of introductory remarks. First, by assumption the motion of a point mass is
described by a curve x(t) in 3-dimensional Euclidean space; that is, distances
are obtained from the positive unit metric

ds? = dz - dx. (11)

The instantaneous velocity of the point mass is the tangent vector to this
curve

dx
= — 12
0= (12)
and the acceleration is the second derivative
2z dv
= — = —. 13
T a (13)

For definiteness, I consider the motions of a finite set of N point masses;
their configuration is the set of relative positions

C=(x1,...,xN),

with respect to an arbitrary chosen origin of co-ordinates. This set of masses
is supposed to be isolated in the sense that only mutual interactions are
involved in any change of their motions; in particular, there is no change in
the motion of any single mass point in the absence of other mass points.
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This is expressed more precisely by the first law of motion, confirming
the existence of inertial frames:

15t law of motion:

For any finite system of isolated masses without interaction (free masses),
it is possible to construct a Euclidean co-ordinate frame in which all point
masses move uniformly on straight lines.

Remarks:

1. Point masses are free if the removal of any one or several point masses
does not change the motion of the remaining ones;

2. No inertial frame is unique: Euclidean frames moving with a uniform
constant velocity w w.r.t. to a given inertial frame are inertial frames
as well.

The second law of motion defines inertial mass by affirming the existence
of a constant total momentum:

274 Jaw of motion:
There exists a linear combination of the velocities of a set of isolated particles
w.r.t. an inertial frame

N
P:ml'v1—|-...mN'vN:Zma'va, (14)

a=1

such that during all and any motion of the particles this P is constant in
time.

Remark: The coefficients m; in this combination define the inertial masses
of the particles. As a rescaling of the constant P by a fixed number A\ de-
fines another constant AP, the masses m, are defined uniquely only up to a
common scale factor, which is fixed by the choice of a unit of mass. Having
chosen a unit of mass, the quantity p, = m,v, is called the momentum of
particle a, and P = ) p, is the total momentum. The total momentum
can also be interpreted as the momentum associated with the total mass con-
centrated at a single point, the center of mass. Indeed, having a definition
of inertial mass, the center of mass is defined by

1 .
X:Mza:mawa, with M:za:ma. (15)
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It follows that AX
P=M—.
dt

Note that the center of mass does not depend on the choice of the mass unit.

Finally, the third law of motion prohibits the existence of a perpetual
motion device of the first kind. This is done by considering the kinetic energy
of point masses ,

1
Ta - §ma'v¢21 = 21;22 y
equivalent to Leibniz’s vis viva, and the requirement that the change in the
total kinetic energy T'= )" T, of an isolated system of particles when its
configuration changes from C7 = C(t1) to Cy = C(t2) along a continuous
path 7(t) in configuration space depends only on the initial and final con-
figurations.

(16)

34 law of motion:

Along any two continuous paths v, and ~o connecting the same particle con-
figurations Cy and Co, the change in total kinetic energy of a system of
isolated particles is the same

AT—/@T—/HT. (17)
71 72

Remarks:

1. In particular, if the second path is taken in the opposite direction, it
follows that around a closed loop

fﬁT_/ﬁT—/HT_o. (18)

2. As discussed before, Eq. (6), the change in kinetic energy is equal to
the work done on the system

AT = /Zmaaa ~dx, . (19)
~ a

The quantity F, = mga, may be called the (impressed) force acting
on particle a. However, this is merely a definition of convenience;
no measurable physical quantity needs to be associated with it, all
information is contained in the motions: the configuration, velocities,
and accelerations of the individual particles.
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Equations (18) and (19), reflecting Eqgs. (7), together state in mathemat-
ical terms that an isolated system of masses can do no net mechanical work
if it is to return to a state with the same kinetic energy.

7. Comparison with Newton’s laws

To show that none of the usual results of classical mechanics is at stake,
it must be possible to deduce all the standard consequences of Newton’s
laws from the ones proposed here. To this end, it will suffice to consider a
system of only two isolated particles with masses m, and msy.

1. First, the existence of an inertial frame guarantees that in the absence
of interaction these particles will move in this frame uniformly on
straight lines. Moreover, the Galileo-Huygens principle of relativity
guarantees that there is no fundamental difference between a state
of uniform motion or rest. Whether or not interactions compel the
particles to change their state of motion is a separate issue.

2. Next, the conservation of total momentum

P =p, +p,,

implies that any change in the momentum of one particle is offset by
an equal but opposite change in that of the other particle as in Eq. (9)

Ap; = —Ap,.
This represents the physical content of Newton’s third law.

3. Finally Eqs. (18) and (19) state that the total change in kinetic energy
of the particles vanishes if the system follows a closed path in config-
uration space. This implies, using the standard short-hand notation
F = ma, that

f(mlal~121+m2a2-Ug)dt:%(Fl-dwl—i—Fg-d:cg):O. (20)

The general solution of this constraint is

0)

Fi=ma” -viV, Fy=mal’ - V,V, (21)

where the a(® represent accelerations not performing any work as
they are perpendicular to the velocity: a(®) - v = 0. This happens in
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particular for rotational motions and magnetic-type interactions, such
that for some vector quantity b,

a® =vxb. (22)

The gradient terms VV are the ones responsible for changes in kinetic
energy between different configurations C and Co

AT = — / (V1V ~dxy + VoV - dm?) =—-AV. (23)

ol

The scalar V(x1, x2) defines the potential energy of the particle con-
figuration such that the total energy F is conserved

E =T+ V = constant . (24)
Note, that Newton’s 3'4 law then requires

ViV (xy,x2) = —VoV(x1,x2) and therefore V(xq,x2) = V(xa—x1) .

(25)
As expected, the interaction between particles can therefore depend
only on their relative separation, not on their absolute position in the
inertial frame.

8. Angular momentum

Newton’s real concern in the Principia was with what he called central
forces, gravitation in particular; almost the first problem he solves is to show
that Kepler’s area law holds for centripetal acceleration, and only for this
kind of acceleration. Now, the area law is equivalent to the conservation of
angular momentum. In the context of the 2-body system in the formulation
of Sections 6 and 7, the angular momentum is defined by

L =mix1 X v1 + moxo X vy. (26)

Provided there are no accelerations associated with magnetic type interac-
tions (b = 0), and recalling that the potential energy depends only on the
separation V' (x1,x2) = V(2 — 1), the rate of change of L then is

dL
E = mix1 X a1 +moxy X as

= —x1 X ViV —xa x VoV = — (23 — x1) x VoV (27)
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Therefore, this rate of change vanishes provided that for some function
A(x1, x2) of the 2-particle configuration

VQV = (:132 - :131) )\(:131, 1132) .

Now as

1
Ty - T =g Va(za — x1)? = |29 — 21| Va|T2 — 1],
it follows that V and A themselves must be functions of the absolute distance
only

T2 — T

Vieg —x1) =V(lxe —x1|) & VoV = V'(lzo — 1)),

|2 — 1|

the prime denoting a derivative w.r.t. the single variable |z2 — @1|. The
acceleration is therefore along the line between the bodies and depends on
their absolute mutual distance only.

9. N-body systems

The laws of motion formulated in Section 6 are not restricted to isolated
2-particle systems. In an inertial frame by fiat all free particles move on
straight lines, and curvilinear motion derives from mutual interactions.

The conservation of total momentum implies that of the N individual
particle momenta only N — 1 can vary independently

N-1
Apy=—) Ap,. (28)
a=1

This is the more general form of Newton’s law of action and reaction.

Recalling Eq. (19), the third law for N particles with configuration
C = (x1,...,xy) now implies the existence of a potential energy V[C] =
V(x1,...,zN) such that, if the system evolves from configuration C; to Cy
along any continuous path ~

N N

AT = /Zmaaa-d:ca = —/vaav-dxa = _VI[Co] +VI[Cy] = —AV.
a=1 a=1

(29)

Again, there can be additional rotation-related or magnetic-type accelera-

tions a(®) not performing any work and not changing the energy as a(®.v = 0
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identically. For the motions driven by potential energy however, it follows
from conservation of total momentum P that

N N
dP =) dp,=—> V. Vdt=0. (30)
a=1

a=1

This implies that V' (z1,...,2xy) depends only on N — 1 combinations of the
particle positions.

Indeed, Eq. (30) implies that the center of mass always moves uniformly
on a straight line

P

N
1
X:M;maa}a:ut, u:M.

This allows us to shift the inertial frame, changing all position co-ordinates
by the same amount
£a = &q — utu

whilst all velocities v; are shifted by the same constant amount w; the new
frame then is again an inertial frame and all laws of motion apply in the
new frame just as in the old one. But in the new frame, the center of mass

is at rest in the origin
N

> mag, =0. (31)

a=1
The configuration space can now be parametrized equivalently by the new
co-ordinates: C' = (£, ...,&y), and the potential energy V[C], being a func-
tion on the configuration space, its dependence on the co-ordinates &, is
restricted by the condition (31), which allows for independent variations of
only N — 1 particle positions in agreement with Eq. (30). For the inde-
pendent arguments of the potential energy, one can take, for example, the

separations 7, = Toy1 — o = &, — &,, with a = 1,...,N — 1. Then
the potential energy can be written as a function of these relative positions:
V(x1,...,zn) = V(r1,...,rn_1). This is the appropriate generalization of

the 2-particle result (25). Of course, as the labeling of the point masses m;
is arbitrary, it is arbitrary which N — 1-independent particle separations are
used to parametrize completely the potential energy V[C].

It follows that any interaction depending only on relative separations
T, — xp is allowed, as (supposing a > b)

a—1
T, — XTp = g e .
c=b
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A contribution to the potential energy which can be written as a function of
such separations therefore automatically satisfies the constraint (30). One of
the simplest interactions of this form is the combination of 2-particle terms

N—-1 N
V= Z Z Vab(mb - $a) ’ (32)

a=1 b=a+1

But although this superposition of 2-body interactions is often of practical
use, it is by no means the only possible N-body interaction.

10. Special relativity

The classical theory of motion presented here can be adapted to apply to
point particles in the framework of special relativity as well. As mentioned
in Section 3, inertial frames play the same role in a relativistic context as in
the classical theory: in an inertial frame non-interacting particles describe
straight world lines. The first fundamental principle of relativistic particle
dynamics is therefore again the existing of inertial frames. However, what is
changed is the relation between inertial frames: the Lorentz transformations
relating two frames mix space and time co-ordinates, rather than being re-
stricted to spatial rotations and translations in space and time [15]. They
leave the proper time interval on a particle world-line X*(7) invariant; in
my conventions

2
Fdr? = —n,, dX"dX” = dX°? - dX? = 2 di? (1 - Z2> ;o (33

with v = dX /dt the velocity in the inertial-frame co-ordinates.
In the relativistic context, the motion of non-interacting particles is char-
acterized by their kinematic 4-momentum

P =mX*", (34)

the overdot denoting a derivative with respect to proper time 7. By the
definition of proper time
pup’ = —m?c?. (35)

In the frame co-ordinates, the time- and space components are
0 me mu

P P7 A

For convenience, in the following we use relativistic units in which ¢ = 1.
Thus velocity is dimensionless and momentum components have the dimen-
sion of mass. The time-component of 4-momentum can then be identified as

(36)
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the particle energy: E = p°, and the relations between particle energy and
3-momentum p are

B =m?+p?, v:%. (37)
It follows that any changes in time are constrained by
dE  p dp d£

a B at at (38)
The crucial difference with non-relativistic particles is that relativity and
Lorentz invariance do not allow for instantaneous action at a distance. In-
teractions proceed necessarily through mediating relativistic fields propa-
gating at finite speeds. Omne can however consider the situation in which
interactions are local in the sense that all mediating fields tend to vanish at
large distances. In that case, the particles behave asymptotically like free
particles when separated after a large time by large distances. In analogy
to the non-relativistic case, we therefore take as a fundamental Lorentz-
covariant principle that in the case of N locally interacting particles, the
total asymptotic 4-momentum of the particles is conserved

N
Pt = Zpg = constant . (39)

a=1

Then the ratios of the inertial masses follow as before directly from this
conservation law; in particular, for 2-body scattering in the large-time limit

Apl' + Aph — 0, (40)

allowing to determine m;/msy from the changes in the velocity Av;a. As
will become clear in the following, limitations to the applicability of this
conservation law actually come from the dynamics of the mediating field
itself.

In general, the dynamics of particles is changed, however, because the
fields of which they carry charges contribute to the energy-momentum 4-vec-
tor. As an example, I concentrate here on the case of a relativistic mediating
scalar field ¢(x). For particles with scalar charge g, the full canonical 4-mo-
mentum is )

P =(m+ge(X)) X*, (41)

which reduces to the free kinematical 4-momentum in regions where p(z) = 0
and is consistent with (39) if the field vanishes asymptotically. In other re-
gions, the scalar field acts like a local contribution to the inertial mass*. In

4 In fact, m can be absorbed in a shift of the scalar field, as in the Brout—Englert-Higgs
scenario; in this paper, I only consider a scalar field with minimal energy at ¢ = 0
[23-25].
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particular, the identities (36) and (37) now generalize to

g mtge p:(m+g<p)v (42)

V1I—0?’ VI—v?

as a result of which

E*=p*+(m+gp), v=1i. (43)
The dynamics of the field needs to be based on some Lorentz-covariant prin-
ciple relating its rates of change with its energy density and interactions. For
the scalar field p(x, t), the propagation law is taken to be the inhomogeneous
Klein—Gordon equation

(=512 ) = Y. /dnﬂ (2~ Xa(r))
_ Zgam&% ®). ()

where the particles moving along the collection of world lines v = {X,(¢)}
are sources for the field with strengths g,. The parameter p = 1/\¢ is the
inverse Compton wave length of the field. In the asymptotic limit far from
the sources, p determines the range of the scalar field as for large r = |z| it
follows that ¢(x,t) ~ e H".

For the total energy of particles and field, I take

Bt = 3 \/pi+ (ma+ 90X+ 5 [ 2[00 + (VP + 1267
’ (45)

with ¢(z) subject to the constraint (44). Any change in time is then deter-
mined by

dEtot _ . dpa /1 232 ng(Xa)
dt za: [”“ a TIViTva Ty
+ /d% [Ove (=0 + p?) o + V- (9,pV )]

d
= Z ['va- Gll% +ga\/1—vgva~vxa4 +y§d2an~Vg08t<p. (46)
@ S

The last term represents radiative scalar energy flowing through a large
closed surface S far from the sources, with n the outward unit vector on
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the surface element d20. The expression for the energy of the scalar field is
seen to be justified, as in the absence of sources (i.e., particles) and without
radiation the energy of asymptotically vanishing fields is conserved by itself.
As long as the surface term can be neglected (i.e., for relatively short
times and/or for p > 0 and S large enough), it follows that the energy of
the combined system of field and particles is conserved as well, provided

dg;()t =0 g \/11_702 d(ia = —gaVSO(Xa) . (47)
These results are consistent with the relativistic particle equation of motion
dp* 1 dp*
dr V1o dt
which characterizes the extremal points of the world-line reparametrization
invariant action

= —g0"o(X), (48)

S[X] = —/dT(m+g<p(X)) "X X,

Equation (46) also points out the limitations of relativistic point-particle
theories. In the actual world, point particles never form a truly isolated sys-
tem: they interact through retarded rather than instantaneous mediating
fields — such as the above scalar potentials — and their accelerations create
dynamical fields which carry away energy in the form of radiation. This
is, of course, familiar from the theory of electrically charged particles, losing
energy predominantly in the form of electromagnetic waves [26, 27|, but also
for electrically neutral particles emitting gravitational radiation |28, 29]. As
all particle interactions are — as far as we know — mediated by dynami-
cal fields, inescapably any classical system of a finite number of point-like
particles eventually loses energy and motion to some kind of field energy.
However, as this loss is irreversible, the process cannot be inverted to be-
come a perpetual motion source. Obviously the conservation of the total
4-momentum of the particles as in Eq. (39) then is no longer strictly appli-
cable.

Nevertheless, we obviously know that there exist stable, non-radiating
bound systems of electrically charged particles such as atoms and molecules.
At this level of the structure of matter, classical physics, relativistic or not,
is no longer applicable and only quantum physics can provide accurate de-
scriptions of dynamical processes.

I am indebted to prof. Richard Kerner (Sorbonne University), Dr. Gideon
Koekoek (Maastricht University), and Dr. Andrea Reichenberger (Techni-
sche Universitdt Miinchen) for a preliminary reading of the manuscript.
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