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A study of retardation models for the hadronic quark interaction is per-
formed starting from a coordinate-space calculation that elaborates a clas-
sical electrodynamics procedure. The possibility of constructing a corre-
sponding quantum operator is critically analyzed also performing some nu-
merical matrix element calculations. A comparison of the developed model
with the Feynman diagram interaction at tree-level is studied, showing a
substantial physical correspondence of the two models. Possible applica-
tions and generalizations are discussed.
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1. Introduction

The study of hadronic systems in terms of interacting constituent quarks
still represents an interesting field of investigation, due to the non-perturba-
tive character of QCD and the difficulties of the lattice calculations.

Among the different issues, we study in the present paper the problem
of retardation in the quark strong interaction. Some of the content of this
work also appears in Ref. [1], where the didactic aspects are emphasized.
In the present work, we focus our attention on heavy qq̄ systems, such as
charmonium and bottomonium. The dynamics of these hadronic systems,
composed of two equal mass particles, can be reproduced, in their center of
mass (CM) reference frame, by means of a relativistic wave equation in which
the constituent quark interaction is represented by a specific coordinate-
space potential.

In this respect, we cite here a series of works developed by the author in
the framework of a three-dimensional reduction of a two-body Dirac equation
[2–8]. The references to other relativistic models for hadronic systems can
be found particularly in Ref. [3].
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It has been possible to show that a good reproduction of the charmo-
nium data can be obtained by taking a vector interaction term, that is
reminiscent of the underlying QCD dynamics, plus a scalar (or mass) term
that reproduces the correct spin–orbit splittings and can be related to the
scalar resonances of the hadronic spectrum [4, 6]. However, the main role
in the interaction is played by the vector term, which can be represented
by a Coulombic potential, i.e. given by the interchange of a massless par-
ticle, regularized by a chromo-electric charge distribution of the interacting
quarks [2].

The interaction vector potential is usually derived in the framework of a
three-dimensional relativistic wave equation, which is obtained by reducing
the four-dimensional Bethe–Salpeter equation [9, 10]. This treatment, which
was originally developed for the study of electromagnetically bound systems,
allows us to add the retardation corrections by means of a cumbersome
procedure [11] that relies on the smallness of the coupling constant and,
for this reason, is not straightforwardly applicable in the case of strongly
interacting particles.

Retardation corrections together with other terms of relativistic correc-
tions have also been added perturbatively to a standard Schrödinger effective
Hamiltonian [12, 13]. However, this technique is now superseded by fully
relativistic calculations.

In the standard instantaneous or unretarded approach, the bound system
is studied by means of a relativistic three-dimensional equation in which the
interaction is represented by a potential operator that depends only on the
interquark distance r, completely ignoring the retardation effects of the in-
teraction. As it will be recalled in Subsection 1.1, this modelization (studied
in more detail in Ref. [5]) does not violate relativity per se. Phenomenolog-
ically, it is able to reproduce accurately the charmonium data.

Nevertheless, it is worthwhile to investigate the possible effects related
to retardation, taking into account that retardation is generally considered
a specific characteristic of particle interactions in field theory and could give
non-negligible contributions to strongly interacting systems.

This last point represents the main motivation of the present work. In
other words, we show that retardation (or relative time effect), which is usu-
ally lost when reducing the four-dimensional Bethe–Salpeter equation [9, 10]
to a three-dimensional wave equation without relative time, can be absorbed
into the momentum dependence of the interaction operator, directly affect-
ing the physical strength of the interaction. To this aim, we try to study
different modelizations of the retardation effects that can be used in hadronic
constituent quark interactions.
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In the first part of the work, the use of coordinate space will be em-
phasized in order to understand in a more intuitive way the contribution
of the different terms. To this aim, we try to construct a retarded interac-
tion operator by using a procedure that relies on classical electrodynamics,
more precisely, on the well-known Liénard–Wiechert (LW) construction, also
assuming constant momenta of the interacting particles.

Then, a series expansion of this operator is performed in order to calcu-
late the operator matrix elements numerically.

Finally, we compare our model with the tree-level Feynman diagram
calculation, showing a substantial physical agreement between the two ap-
proaches. In this respect, the present work helps to understand the physical
meaning of retardation in coordinate space and, in this way, motivates fur-
ther calculations that can be developed directly in momentum space, starting
from the tree-level Feynman diagram interaction.

The problem addressed in this article presents a high level of complexity,
mainly related to the treatment of time in microscopic systems and to the
formulation of a relativistic quantum model that could represent an alter-
native to standard quantum field theories. No definitive conclusions will be
drawn.

In more detail, the contents of the paper are organized as follows. In
Subsection 1.1, we recall the construction of a relativistic interaction model
without retardation, commenting on some related developments. In Sec-
tion 2, the classical derivation, based on the LW construction, is explained.
Then, in Section 3, the corresponding quantum operator is constructed in
different forms and some of its properties are also studied by means of test
numerical calculations. In Subsection 3.1, some critical comments about the
applicability of the model, in particular for the case of light quarks, will be
given. In Section 4, we study the relationship between our model and the
interaction given by the Feynman diagram at tree-level. Finally, in Subsec-
tion 4.1, a discussion about the results of this comparison, in view of possible
applications and generalizations, will be performed.

Throughout the work, we shall use the standard natural units, that is
ℏ = c = 1.

1.1. Relativistic interaction without retardation

In this subsection, we recall synthetically that retardation is not strictly
necessary to formulate a relativistic interaction model. This point has been
discussed in Ref. [5] considering the relativistic (integral) wave equation of
that model, written in the momentum space. Physically, an unretarded po-
tential would correspond to make the hypothesis that the interaction is me-
diated by a static field, in contrast with the standard mechanism of a bosonic
particle interchange.
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Here, we note that in the coordinate space, one can always define the CM
interparticle distance r in a relativistic invariant form, by using a standard
trick [14]. Let us consider, in a generic reference frame, the 4-vector distance
between two events

rµ =
(
r0, r

)
, (1)

where the time component r0 can take any form and r is the interparticle
3-vector distance. We introduce the projected 4-vector distance

ρµ = rµ −
(
rνP

ν

M

)
Pµ

M
, (2)

where Pµ represents the total 4-momentum of the bound system and M its
mass. In the CM, ρµ takes the form

ρµ
CM

= (0, rCM) . (3)

In this way, in the CM, we get rid of the time component r0 and the inter-
particle invariant distance can be written as

r =
√
−ρµρµ , (4)

where, in the l.h.s., the label ‘CM’ has not been written explicitly. Note
that the last equation defines the variable that is used in the instantaneous
potential functions.

As a side remark, we mention the possibility of introducing an interaction
given by the sum of an unretarded contribution plus a retarded term, as it
is done in the Coulomb gauge in quantum electrodynamics [15]. We shall
not develop this point in the present paper.

2. The standard LW construction

The problem of retardation has been studied in the context of classical
electrodynamics [16, 17], highlighting that the finite speed of light, that orig-
inates retardation, does not allow us to write down an exact Hamiltonian for
two (or more) interacting particles. The retardation effects are taken into
account as terms of relativistic corrections in an expansion of the Hamilto-
nian in powers of p/m. In this work, we try to follow a different method,
writing an (initially) exact expression for the retarded interaction not in-
cluding the acceleration terms that, classically, are related to the radiation
emission. This last effect, in a quantum model, should be treated apart, in
a different way.
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Along the derivation, we bear in mind that the expression for the inter-
action obtained by means of the classical calculation must be transformed
into a quantum operator for our study of hadronic systems. This last point
will be fully developed in Section 3.

We start our calculation deriving the expression of the retarded distance
between two interacting particles. Then, we shall use this quantity in the
LW retarded interaction.

We recall that, in quantum mechanics, the standard distance between two
particles is represented by a Hermitian operator given by the difference of the
position operators of the two particles, at the same time. On the other hand,
we want to derive the retarded distance operator whose expression depends
(as it will be shown) on the standard distance and on the momenta of the
two particles. We perform the following derivation according to a classical
procedure [16, 17], with the aim of obtaining, finally, a quantum operator
in which the relative time variable does not explicitly appear. In a given
reference frame, particle 1, at time t′ and from the spatial point r′1 = r1(t

′),
“emits” the vector field. The emission event is defined as r′µ1 = (t′, r′1). The
field is “observed” (i.e. “received”) later, at time t > t′, in the spatial point ro;
in this way, we can define the observation event rµo = (t, ro). At time t, the
position of particle 1 is r1 = r1(t), which defines the event rµ1 = (t, r1). We
can introduce the simultaneous 4-vector distance

rµ = rµo − rµ1 = (0, r) , (5)

where r represents the standard vector distance between the observation
point and particle 1, at the same time t. Incidentally, note that, in the
classical theory, r depends on time t through r1. For the following develop-
ments, recall that at time t, the velocity of particle 1 is v1.

Given that the speed of light (c = 1) is finite, the observed field depends
on the position and velocity of particle 1 at the emission time t′. The
emission time and position are usually called retarded time and position.
Consequently, we can introduce the retarded, light-like, 4-vector distance

r′µ = rµo − r′µ1 . (6)

Considering the time difference ∆t = t− t′ > 0 and taking into account that
the field propagates at the speed of light c = 1, we have

r′ 0 = ∆t = |r′| = r′ (7)

that expresses the light-like character of r′µ, and

r′ = ro − r′1 . (8)
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We make the additional hypothesis that in the interval between t′ and t,
particle 1 moves with the constant velocity v1. This hypothesis amounts
to disregarding radiation emission in the classical theory. By using ∆t of
Eq. (7), we have for the particle’s displacement

r1 − r′1 = v1∆t = v1r
′ (9)

that gives, for the spatial components of the retarded distance, the following
expression:

r′ = v1r
′ + r . (10)

This equation simply means that the retarded vector distance r′ is given by
the sum of the particle’s displacement in the time interval ∆t (first term of
the r.h.s.) plus the simultaneous spatial vector distance (second term of the
r.h.s.). The time component associated to r′ is straightforwardly given by
Eq. (7). We can now solve Eq. (10) analytically to find the expression of r′
as a function of r and v1. The result is

r′ = γ21

[√
(r · v1)2 +

r2

γ21
+ r · v1

]
, (11)

where γ1 = 1/
√

1− v2
1 is the standard Lorentz factor of particle 1.

The result of Eq. (11) can be now used to determine the 4-vector LW
potential observed at rµo , that is Aµ(t, ro). The general expression for this
quantity, given for the electromagnetic field in Refs. [16, 17], has the follow-
ing form:

Aµ(t, ro) = q1u
µ
1

1

d1
, (12)

where q1 represents the generalized strong charge of particle 1, uµ1 is the
standard particle 4-velocity and, finally, the denominator d1 is given by

d1 = uν1r
′
ν . (13)

Note that d1 of Eq. (13) depends on the retarded 4-vector distance r′µ. On
the other hand, due to our hypothesis of constant velocity, it is not necessary
to specify that uν1 is taken at time t′.

We now elaborate on Eq. (13) in order to express d1 in terms of r and
of the 3-momentum p1. First, by using the standard 4-velocity definition,
d1 can be written in the form

d1 = γ1
(
r′ − v1 · r′

)
. (14)
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Then, we multiply Eq. (10) by v1 and replace the expression obtained for
v1 · r′ in Eq. (14). We have

d1 =
r′

γ1
− r · u1 . (15)

We also replace the expression of r′ given by Eq. (11) in Eq. (15) and, finally,
recalling that u1 = p1/m, we obtain the searched result

d1 =

√
r2 +

(r · p1

m

)2
. (16)

The complete expression of the field takes the form

Aµ(t, ro) = q1u
µ
1

1√
r2 +

(r·p1

m

)2 . (17)

In order to construct an invariant interaction between two particles, we
assume that the interacting particle 2, with generalized charge q2, is placed
at the observation point, that is rµo = rµ2 . In this way, instead of Eq. (5), we
have from now on the following definition:

rµ = rµ2 − rµ1 = (0, r) = (0, r2 − r1) . (18)

Furthermore, we make the hypothesis that particle 2 moves with the constant
velocity v2, being uµ2 the corresponding 4-velocity. In this way, the invariant
interaction at time t takes the standard form

W12 = q2u
µ
2Aµ(t, r) , (19)

where Aµ(t, r) is given by Eq. (17).
We develop the last expression in the following way. First, in order to

construct the quantum model in Section 3, we can formally drop the depen-
dence on the (generic) time t, because, in the Schrödinger representation,
operators do not depend on time. Furthermore, we specialyze the interac-
tion to a qq̄ system. In this case, the product of the two strong charges is
given by

q1q2 = −4

3
αs . (20)

where −4/3 represents the quark color factor and αs is the strong effective
coupling constant. We obtain

W12 = −4

3
αsu

µ
1u

ν
2gµν

1√
r2 +

(r·p1

m

)2 . (21)
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Now we have to consider the contribution W21 obtained from Eq. (21) by
interchanging the two particles. Then, we sum the two contributions mul-
tiplying by a factor of 1/2, primarily to avoid double counting. The result
for the total retarded interaction is

Wret(r,p1,p2) = −4

3
αsu

µ
1u

ν
2gµν

1

2

 1√
r2 +

(r·p1

m

)2 +
1√

r2 +
(r·p2

m

)2
 .
(22)

In this way, we have obtained an expression that is not only symmetrized
with respect to the two particles, but also reconstructs a time-symmetric
interaction within the stationary hadronic bound state. This procedure,
which eliminates the problem of the classical chronological order (where
one particle is considered the “source” and the other the “observer”), seems
highly consistent with the unobservability of the relative time between the
two particles.

For practical calculations of bound-state properties, we introduce, in the
CM, the relative momentum p = p2 = −p1. In this reference frame, the
interaction can be written in the following form:

Wret(r,p) = −4

3
αsu

µ
1u

ν
2gµν Vret(r,p) , (23)

where we have introduced the spatial function

Vret(r,p) =
1√

r2 +
(r·p

m

)2 . (24)

In the last equation, the denominator of Vret(r,p) represents the invariant
retarded distance of the two particles. In Eq. (23), the 4-velocity product,
according to the classical theory, is given by

uµ1u
ν
2gµν = 1 +

2p2

m2
, (25)

but, in the quantum model discussed in the next section, the 4-velocities
will be replaced by the Dirac matrices of the two particles.

3. The quantum operator for bound-state calculations

In this section, starting from the retarded interaction of Eqs. (23) and
(24), we construct a quantum operator to be used in a reduced two-body
Dirac equation. To this aim, we replace the 4-velocities uµi of Eq. (23)
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with the Dirac matrices of the two particles. For clarity, we write here the
expression that will be elaborated and studied in the remainder of the work

Wret(r,p) = −4

3
αsγ

µ
1 γ

ν
2gµν Vret(r,p) , (26)

with the spatial factor given by Eq. (24).
Note that in the static case (p = 0), the retardation effects disappear.

In the general case, the retardation effects reduce (in absolute value) the
strength of the interaction.

The expression of Wret(r,p) of the last equation is apparently simple
but cannot be directly “interpreted” as a quantum operator due to the non-
Hermitian character of Vret(r,p). We have the task of introducing, from that
expression (obtained by means of a classical procedure), a corresponding
Hermitian quantum operator. This operator will have, in any case, a non-
local form; it means that the retardation effects involve the wave function
of the system over all the space.

The procedure to obtain a Hermitian operator is not unique. In any case,
it consists in choosing an order of the operators p and r so that a Hermi-
tian operator is finally obtained. We shall describe in detail the following
procedure because it allows us to calculate some test matrix elements in a
simple way, without introducing singular terms. Another procedure is also
incidentally outlined but no specific calculation is performed.

First, we recall the definition of the following non-Hermitian radial mo-
mentum operator [18]:

pr =
1

r
r · p . (27)

For a wave function ψ(r, θ, φ) = ⟨r, θ, φ|ψ⟩ in spherical coordinates, we have

⟨r, θ, φ|pr|ψ⟩ = −i ∂
∂r
ψ(r, θ, φ) . (28)

Furthermore, we note that the operator p†rpr is Hermitian. For further
developments, this operator can be written, with standard procedures, in
the form

p†rpr = p2 − L2

r2
. (29)

For transforming Eq. (24), we use the following operator ordering:(r · p
r

)2
→ p · r 1

r2
r · p = p†rpr . (30)

In this way, we can rewrite Eq. (26) in the form

Wret(r,p) = −4

3
αsγ

µ
1 γ

ν
2gµν

1

r

√
1 + p†rpr

m2

. (31)
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The previous expression is not yet Hermitian, but we can perform a series ex-
pansion in powers of p†rpr/m2 and write each term in the series in Hermitian
form. To this aim, we make use of the following operator reordering:

1

r

(
p†rpr

)k
→
(
p†r

)k 1

r
(pr)

k . (32)

In consequence, the interaction can be expanded in the following way:

Wret(r,p) = −4

3
αsγ

µ
1 γ

ν
2gµν

∞∑
k=0

ck

(
p†r
m

)k
1

r

(pr
m

)k
, (33)

where the coefficients ck are

ck = (−1)k
(2k − 1)!!

(2k)!!
. (34)

We can now study some developments of the previous analysis. First, we
recall that, instead of the pure Coulombic potential, it is possible to use
a regularized function U(r) introduced in a model in which the quarks are
considered extended sources of the interaction field. In general, we can
perform the following formal replacement in Eq. (33):

1

r
→ U(r) , (35)

where U(r) indicates a generic (pure Coulombic or regularized) spatial po-
tential function. In particular, the author successfully used the following
regularized function [4]:

U(r) =
1

r
erf
( r
2d

)
, (36)

which is obtained considering a Gaussian color charge distribution of the
source particles. Some test calculations performed with the pure Coulombic
interaction and with the regularized one will be discussed below.

Incidentally, we also show here a different operator ordering that can be
used to obtain a Hermitian interaction operator Wret(p, r). Starting directly
from Eq. (31), we define

Wret(r,p) = −4

3
αsγ

µ
1 γ

ν
2gµν

[
1 +

p†rpr
m2

]−1/4

U(r)

[
1 +

p†rpr
m2

]−1/4

, (37)

where the operator p†rpr has been given explicitly in Eq. (29). In Eq. (37),
it is also possible to take for U(r) a generic potential function. We note
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that Eq. (37) appears more compact than Eq. (33). However, for practical
calculations, one has to perform, also in this case, a series expansion in
powers of p†rpr/m2. The calculation of the corresponding matrix elements
is not easy to handle and, for this reason, we do not use the interaction of
Eq. (37) in this work.

We now discuss a test calculation of some matrix elements of the spatial
operator that appears in Eq. (33), with the generalization of Eqs. (35) and
(36). To this aim, we disregard the Dirac matrices and the color coupling,
focusing our attention on the spatial operator S, defined as

S =
∞∑
k=0

ck

(
p†r
m

)k

U(r)
(pr
m

)k
. (38)

We study the matrix elements ⟨nb, l|S|na, l⟩, where nb, na represent the en-
ergy quantum number of the states and l is the orbital angular momentum
quantum number. The matrix elements do not depend on the third compo-
nent of the angular momentum. For this reason, the corresponding quantum
number ml has been dropped.

For our test calculation, we take the standard harmonic oscillator wave
functions in coordinate space given, for example, in Ref. [3]. By using the
adimensional variable s = rp̄, with the momentum scale p̄, the matrix ele-
ments are written in the form

⟨nb, l|S|na, l⟩ =
∞∑
k=0

ck

( p̄
m

)2k ∞∫
0

s2dsR̂
(k)
nb,l

(s)U

(
s

p̄

)
R̂

(k)
na,l

(s) , (39)

where R̂
(k)
n,l (s) represents the kth derivative with respect to s of the adi-

mensional radial functions. The integrals of the previous expression can
be calculated analytically for the pure Coulombic case. For the regularized
U(r) of Eq. (36), the integrals are performed numerically. The first term
of the series (that is the term with k = 0) gives the unretarded interaction
matrix elements. By considering the calculations of the work [4], the value
of p̄ has been fixed, indicatively, at the value p̄ = 0.5 GeV; the value of d
in the regularized interaction of Eq. (36), at the value d = 0.15 fm and the
quark mass at m = 1.27 GeV. Some results are shown in Table 1. The sum
over k has been performed up to k = 8 with an accuracy of the order of 6%.
The difference betweeen the unretarded and retarded calculation is not big
but should be taken into account in more refined models for the charmonium
and bottomonium spectra.
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Table 1. Test calculation of some retarded and unretarded matrix elements of
the spatial operator S of Eq. (39 ). In the first three columns, we report na, nb,
and l, which represent the energy quantum number of the ket state, the energy
quantum number of the bra state, and the angular momentum quantum number,
respectively. In the other columns, we report the values of the matrix elements in
the unretarded case (subscript ‘unr’) and in the retarded case (subscript ‘ret’). The
calculations have been performed for a pure Coulombic interaction (superscript ‘C’)
and for the regularized interaction (superscript ‘R’) of Eq. (36). All the results are
in GeV. Further details are given in the text.

na nb l SC
unr SC

ret SR
unr SR

ret

0 0 0 0.564 0.525 0.449 0.412

0 2 0 0.230 0.183 0.116 0.0743

1 1 1 0.376 0.354 0.354 0.335

2 2 0 0.470 0.368 0.350 0.261

2 2 2 0.301 0.280 0.295 0.277

3 1 1 0.119 0.103 0.093 0.0786

3 3 1 0.338 0.285 0.306 0.251

3 3 3 0.258 0.245 0.256 0.243

3.1. Comments on the limitations of the model

Some critical comments regarding the general applicability of the model
are necessary. The model has been developed with the aim of improving
the description of heavy qq̄ systems. For the case of light quark mesons,
the non-perturbative character of confinement and the relativistic speeds of
the quarks are likely to invalidate this treatment because, for these states,
the mean values of the powers of p/m become large quantities. In partic-
ular, the expansion in powers of p̄/m of Eq. (39) is likely to diverge. Fur-
thermore, different operator orderings (whose effects appear in higher-order
terms of p/m) can give significantly different numerical predictions, showing
the arbitrariness of the ordening choice. Finally, the constant quark velocity
assumption, neglecting the radiation effects (classicaly related to acceler-
ation) may be questionable for non-perturbative, highly relativistic bound
systems. For all these reasons, we conclude that the LW construction should
be merely considered as a correction and is probably insufficient to treat the
dynamics of light quark mesons.
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4. A comparison with the Feynman model

In this section, we discuss a point of conceptual interest, namely the
comparison of our model of interaction (developed in the coordinate space)
with the results, at tree-level, of the Feynman diagram theory obtained in
the momentum space. The following analysis can also represent the starting
point for constructing a momentum-space model of the quark interaction.
Some comments and a possible generalization of this model will be presented
in Subsection 4.1.

We develop the calculations presented in this section using the retarded
interaction of Eq. (26) with Vret(r,p) given by Eq. (24); that is, we consider
point-like interacting quarks. The generalization to the case of non-point-
like quarks will be discussed in Subsection 4.1.

For clarity, we first recall some standard procedures used for the unre-
tarded (or static) interaction obtained by setting p = 0 in Eq. (24). In this
case, we have a pure Coulombic interaction operator in the form

Wunr(r) = −4

3
αsγ

µ
1 γ

ν
2gµν

1

r
. (40)

In the momentum space, we have

Ŵunr(q) = ⟨pb|Wunr(r)|pa⟩ , (41)

where q = pa − pb is the interaction 3-momentum transfer. For the present
work, we introduce the definition of the interaction amplitude for the mo-
mentum space matrix elements of the interaction operator. Specifically, the
unretarded interaction amplitude Ŵunr(q) is obtained by means of a stan-
dard Fourier transform

Ŵunr(q) =
1

(2π)3

∫
d3r exp(iq · r)Wunr(r)

= −4

3
αsγ

µ
1 γ

ν
2gµν

1

2π2
1

q2
, (42)

where the expression shown in the second line is obtained by means of stan-
dard handlings. We recall that, in general, the dependence of Ŵunr(q) on q
only corresponds to the local, unretarded character of Wunr(r).

On the other hand, in the Feynman theory, by using the tree-level dia-
gram [15], one has for the interaction amplitude, an expression of the fol-
lowing kind:

ŴFey(pb,pa) = −4

3
αsγ

µ
1 γ

ν
2gµν

1

2π2
1

q2 − (∆ϵ)2
N(pb, pa) , (43)
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where the energy difference ∆ϵ represents the time component q0 of the
on-shell 4-momentum transfer. It is standardly defined as

q0 = ∆ϵ = ϵ(pa)− ϵ(pb) . (44)

Physically, it gives rise to the non-local and retarded character of the inter-
action, whereas it is neglected in unretarded calculations. We also note that
the invariant (positive) squared momentum transfer

Q2 = −qµqµ = q2 − (∆ϵ)2 (45)

standardly appears in the denominator of Eq. (43). We have also introduced
the relativistic factor N(pb, pa) that will be discussed in the following. We
anticipate that this factor reduces to one in the non-relativistic limit.

Analogously to Eq. (41), it is possible to write formally the interaction
amplitude ŴFey(pb,pa) as a matrix element between two momentum states

ŴFey(pb,pa) = ⟨pb|WFey|pa⟩ , (46)

but in this case, the explicit expression of the non-local operator WFey is not
directly given by the theory.

In order to compare the Feynman interaction amplitude with our LW
retardation model, it is also useful to write the on-shell energy difference in
the following way:

∆ϵ = − q · (pa + pb)

ϵ(pb) + ϵ(pa)
. (47)

In consequence, the Feynman interaction amplitude of Eq. (43) can be
rewritten in the completely equivalent form

ŴFey(pb,pa) = −4

3
αsγ

µ
1 γ

ν
2gµν

1

2π2
1

q2 −
[

q·(pa+pb)
ϵ(pb)+ϵ(pa)

]2 N(pb, pa) . (48)

We now turn our attention to the retarded LW interaction operator of
Eq. (26), with Vret(r,p) of Eq. (24), and introduce the corresponding inter-
action amplitude

Ŵret(q,p) = ⟨pb|Wret(r,p)|pa⟩ . (49)

Analogously to Eq. (42), the previous expression can be written by means
of the following integral:

Ŵret(q,p) =
1

(2π)3

∫
d3r exp(iq · r)Wret(r,p) . (50)
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To calculate explicitly the previous quantity, we generalize the Fourier
transform of Eq. (42). In this calculation, the momentum p will be treated
temporarily as a constant, disregarding, for the moment, the operator or-
dering. The procedure of this generalized calculation can be schematized as
follows.

Instead of integrating with respect to r, we introduce η as new spatial
integration variable

η = r +
(r · p)p

m [m+ ϵ(p)]
; (51)

η satisfies the following identity:

η2 = r2 +
(r · p
m

)2
. (52)

By means of this expression, we can write the retarded spatial function of
Eq. (24) in the form

Vret(r,p) =
1

η
. (53)

We also need to express r as a function of η. One has

r = η −
(η · p
m

) p

m

m2

[m+ ϵ(p)] ϵ(p)
. (54)

From this equation, we obtain the Jacobian determinant J for the variable
change of Eq. (51)

J =
∂(r)

∂(η)
=

m

ϵ(p)
. (55)

Then we introduce the constant vector ξ

ξ = q − (q · p)p
[m+ ϵ(p)] ϵ(p)

(56)

that satisfies the two following identities:

q · r = ξ · η , (57)

ξ2 = q2 −
[
q · p
ϵ(p)

]2
. (58)

In Eq. (50), by means of Eq. (57), we can replace q · r with ξ · η. In this
way, in the final result of the integration over η, the factor 1/q2 of the
unretarded calculation is replaced by 1/ξ2. By using Eq. (58), one obtains
the final result

Ŵret(q,p) = −4

3
αsγ

µ
1 γ

ν
2gµν

1

2π2
1

q2 −
[
q·p
ϵ(p)

]2 m

ϵ(p)
. (59)
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We can now put this result of our LW model of retardation (transformed to
momentum space) in the same form as the Feynman interaction amplitude,
given in Eq. (48). To this aim, in our result of Eq. (59), we make the
following replacements:

p → 1

2
(pb + pa) ,

ϵ(p) → 1

2
[ϵ(pb) + ϵ(pa)] . (60)

With these replacements, one recovers the same expression given by the
Feynman theory of Eq. (48). In particular, from the factor m/ϵ(p) (that
represents the Jacobian determinant of Eq. (55)), one obtains for the rela-
tivistic factor N(pb, pa) the following expression:

N(pb, pa) =
2m

ϵ(pb) + ϵ(pa)
. (61)

This entire procedure shows a substantial physical agreement between the
two models. Further discussions and comments will be given in Subsec-
tion 4.1.

4.1. Comments on the model and possible generalizations

We analyze here the physical content of the obtained results and discuss
some possible applications and generalizations.

Starting from the LW interaction operator of our model, we have ob-
tained, in Eq. (59), the corresponding interaction amplitude. By using,
as prescriptions, the replacements of Eq. (60), we have reconstructed the
standard interaction amplitude of the tree-level Feynman theory. In conse-
quence, we tentatively conclude that the latter theory has the same physical
content as our LW retardation model.

The Feynman theory gives a non-local interaction amplitude from which,
at the moment, a standard Hermitian operator (depending on r and p) can-
not be explicitly derived. However, one can use directly the Feynman in-
teraction amplitude to calculate, in the momentum space, the bound-state
matrix elements. In this case, it is necessary to use the momentum-space
wave functions of the bound states; the price to pay, with respect to standard
coordinate-space calculations, is that numerical integrals of higher dimen-
sionality must be performed.

On the other hand, our coordinate-space LW retarded interaction allows
us to understand more intuitively the role of retardation in bound systems.
However, to obtain a Hermitian expression, an operator ordering, not univo-
cally defined, must be introduced. Furthermore, in any case, for calculating
the bound-state matrix elements, an expansion in powers of p/m (not con-
vergent for light quarks) must be performed.
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We conclude that, for introducing retardation in hadronic models, the
Feynman interaction amplitude seems preferable to the LW coordinate-space
interaction which, on the other hand, can be used to check more sophisti-
cated momentum-space models.

Some words of caution are needed about the relativistic factor N(pb, pa)
explicitly given in Eq. (61). That expression is the result of the replace-
ments given by Eq. (59) which, as stated before, represent a prescription for
reconstructing the Feynman interaction amplitude. Other forms could be
hypothesized for that quantity; for example, one could “symmetrize” sepa-
rately, in the following way, the Jacobian determinant of Eq. (55), obtaining

N ′(pb, pa) =
m

2

[
1

ϵ(pb)
+

1

ϵ(pa)

]
. (62)

Different forms of N(pb, pa) can give significantly different numerical results.
This point should be carefully considered when the theoretical models are
developed and compared with the experimental data of the hadronic spectra.

Another point of interest is that for the phenomenological quark in-
teraction, it is usually necessary to introduce vertex form factors. In the
unretarded models, one has a color (non-point-like) charge distribution of
the quarks that gives rise to a regularized quark interaction [2, 4] depending
only on r. In the Feynman model, one can multiply the interaction ampli-
tude of Eq. (43) by two vertex form factors that depend on the invariant
(squared) momentum transfer Q2 of Eq. (45), taking directly into account
the retardation contributions given by q0 = ∆ϵ, defined in Eq. (44).

Furthermore, we recall that also the strong coupling constant αs is also
a running coupling constant αs(Q

2) [8], whose dependence on Q2 must be
correctly taken into account.

All these additional dependences onQ2 can be straightforwardly included
in a momentum-space calculation.

In summary, a momentum-space calculation based on the Feynman inter-
action amplitude of Eq. (43), with the form factors and the αs(Q

2), should
be able to treat retardation and relativistic effects that, otherwise, would be
partially ignored in coordinate-space models.
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