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The evolution equation of the Szekeres metrics allows for solutions with
the mass function M < 0. They exist in both classes of the Szekeres metrics,
have no Big Bang singularity and no origin. In both classes, the conditions
for no shell crossings ensure that the mass density p of the dust source in
the Einstein equations is negative at all times. Thus, these metrics do not
qualify as cosmological models. In the Friedmann limit, the implication
M < 0= p < 0 is immediate. In the general Szekeres metrics, it follows
by tuning conclusions from different equations.
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1. Motivation and summary

The signature of the metric will be (+, —, —, —), the derivatives will be
denoted as 0f/0z = f,,. We assume that the cosmological constant A = 0.

The Szekeres metrics obey the Einstein equations with a dust source
and have, in general, no symmetry [1]. They were found by Szekeres in 1975
[2, 3] beginning with the following Ansatz:

ds? = dt? — e?2d2? — *° (dz? 4+ dy?) , (1.1)
where a(t, z,z,y) and B(t, z,z,y) are to be determined by solving the Ein-
stein equations, and the velocity field of the dust is u® = §%, (2°,...,23) =

(t,z,x,y). For a derivation of the solutions of the Einstein equations, see
Ref. [4]. They split into Class I, where j3,, # 0 and Class II, where ,, = 0.
Both classes contain the Friedmann metrics [5, 6] as limits and Class I found
numerous applications in theoretical cosmology [7].

(9-A2.1)
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The metric of Class I (in the parametrisation of Hellaby [8]) is

ds® = dt® —

P, —DE,, |E)? P2
( p— /€) dz? — ] (de +dy?) , (1.2)

def S r— P\? y—Q 2
& = 5 [< 5 > + < g +e
where k, P,Q, and S are arbitrary functions of z, ¢ = +1 or 0, and the
function &(t, z) must obey

: (1.3)

D2 =—k+2M/P. (1.4)
The M(z) is an arbitrary function, and the mass density p of the dust is

2(M,, —3ME,, /&) def
2 ) ) 4
REP = 55 @. 0. /E) k = 8mG/c". (1.5)

The value of € determines the type of quasisymmetry of the metric: with
e = +1, the surfaces of constant ¢ and z in (1.2) and (1.3) are nonconcentric
spheres, with ¢ = —1, they have constant negative curvature, and with
e = 0, they are intrinsically flat (although it is questionable whether they
can be interpreted as Euclidean planes, a more plausible interpretation is
that they are flat tori [9]). The corresponding Szekeres metrics are called
quasispherical, quasihyperbolic, and quasiplane, respectively'.

The Friedmann metrics result from (1.2)-(1.4) when k = k22, M =
Myz3, and @ = zR(t) (ko and My being arbitrary constants); then R obeys
an equation identical in form to (1.4) with (k, M, @) replaced by (ko, Mo, R).
In the Friedmann limit, £,, = 0 and (1.5) reduces to xc?p = 6My/R?, so
p > 0 immediately implies My > 0. In the general Szekeres case, a solution
of (1.4) exists for M < 0 and k < 0, and it is not immediately clear from
(1.5) what consequences M < 0 has.

In Class II, the metric is (1.1) with

? = d(t)e”, e =&(t) o(z,z,y) + A(t, 2), (1.6)
o= o %U(z) (@ + ) + Vi(2)r 4+ Va(2)y +2W ()|, (L7)
v &gy ik (m2 + y2) , (1.8)

! The Hellaby parametrisation of (1.2) and (1.3) obscures the fact (which is evident
in the original Szekeres parametrisation) that the same Szekeres spacetime may be
quasispherical in one region and quasihyperbolic elsewhere, the boundary between
these regions being quasiplane, see Ref. [10] for an illustration.
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where U, Vi, Vo, and W are arbitrary functions of z. The function ®(¢) obeys
(1.4), but here k and M are constants. We define

—k+2M/® Y u(a). (1.9)
The function A(¢, z) obeys
Mg Dy AAM /D = (U + kW)P + X (2), (1.10)

Where X(z) is an arbitrary function. (Equation (1.10) is valid only when
.. # 0; this will be assumed.) We will consider only the case k& < 0; then

A and W can be reparametrised so that the new W obeys U + kW = 0 [4].
Then, omitting the tildes

At PPy —|—>\M/¢:X(Z) (111)

The solution of (1.11) can be written as

A= \f[ 2/53/)2d<15+Y() (1.12)

The integral is elementary (see further). The mass density p is here

(1.13)

Class II metrics can be obtained from Class I by a limiting transition
invented by Hellaby [11], see Ref. [4] for a derivation.

Although the Szekeres metrics have been investigated in numerous pa-
pers with several applications in view (see Refs. [12, 13] for overviews), the
solutions of (1.4) with M < 0 have not been looked at up to now, so their
geometrical and physical interpretation is unknown. The aim of the present
paper is to fill this gap.

In Section 2, the solutions corresponding to M < 0 and k < 0 are
displayed. In Section 3, the conditions for avoiding shell crossings in Class I
metrics are investigated. It is proved that shell crossings can be avoided,
but the conditions of the arbitrary functions that guarantee the avoidance
imply that the mass density of the dust must be negative at all times.

In Section 4, the no-shell-crossing conditions are investigated for Class 11
metrics. Here, if p > 0 is fulfilled at the instant of maximum compression,
t = tp, then p — oo at a finite time tg and p < 0 at t — oco. However,
the parameters of the metric can be chosen so that p < 0 and |p| < o0
everywhere.
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Section 5 is a summary of the results. The properties listed above exclude
the Szekeres metrics with M < 0 as models of any physical object. This
paper is meant to fill a formal gap in the study of the Szekeres metrics. Its
result can be stated as the following theorem:

Theorem 1. In the whole family of the Szekeres metrics, the inequality
M <0 combined with the conditions of no shell crossings implies that the
mass density of the dust source in the Finstein equations is negative every-
where.

2. The solutions of (1.4) with M < 0

With M < 0, Eq. (1.4) has solutions only when k& < 0. In both classes
of the Szekeres metrics, we denote

M=-M, k=-K, (2.1)

so that M > 0 and K > 0. Then (1.4) becomes

0,2 =K —2M/D. (2.2)

The solution of (2.2) is
¢ = (M/K) (coshn+1), (2.3)
t—tp = (M/K3/2) (sinh7 + 1) , (2.4)

where 7 is the parameter, tp is an arbitrary function of z in Class I and
an arbitrary constant in Class II. The @ of (2.3) does not vanish at any
n € (—oo, +00) and at any z (because M > 0), so there is no Big Bang/Big
Crunch and no origin. It has the lower bound 2M /K at n =0 <=t =tp.
Equation (2.2) implies that @,;; = M/®? > 0, i.e. the dust expands with
acceleration for ¢ > tp/contracts with deceleration for ¢t < tp.

Equation (1.5) now becomes

s 2(BME../[E-M,.)
P2 (D, —DE,. /E)

(2.5)

From (2.3) and (2.4), we find

B VK sinh n

= . 2.6
"7 coshn 4 1 (2:6)

From this point on, the two classes have to be considered separately.
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3. Conditions for no shell crossings in Class I (3,, # 0) metrics

Differentiating (2.3) and (2.4) by z and using (2.6), we find the equation
identical in form to (20.71) in Ref. [4]

M, K, 3K,, M,,
@,Z:<M - K)¢+K2K - M)(t—tB)—tB,z]fp,t. (3.1)

For p to be finite, the denominator of (2.5) may vanish only together with the
numerator. If @,, —®E,, /€ = 0 anywhere else, then this is a shell crossing
singularity. Thus, to ensure |p| < co, we must impose the condition

either @, —®E,,/E >0, (3.2)
or &,—-PE,,/E<O. (3.3)

Now the three types of quasisymmetry must be considered separately.

3.1. The quasispherical case

In this case, the set £,, = 0 must exist and is a great circle of every (z,y)
sphere, while the extrema of £,, /€ are at the poles, where [14]

E 1
2 =+_4/5,2+ P> L2 S>0. 3.4
( 5 )extreme S \/ 7 " ’ " Q7 , ~ ( )

Let us investigate (3.2) first. It will be fulfilled everywhere when

@72 gaz o 1 2 2 2
(0 ” < g >max_+s \/S’z +P’Z +Q’Z ’ (35)

Using (2.3), (2.4), (2.6), and (3.1), the above can be written as

M, K 3K, M K3/2 £
Iz _ Iz 'z _ Iz F _ Iz ]
M K + ( 2K M > (n) tB’Z M G(n) ~ < & >max ’ (3 6)
where
det sinhn(sinhn + n) def  sinhn
F(n) Gn) = ————. 3.7
() (coshn+1)2 7 () (coshn + 1)2 (37)
These functions have the following properties:
F(n) > 0forn#0, F(0)=0, lim F(n)=1,
n—=+oo
sign (G) = sign (1), G(0) =0, lim G(n)=0. (3.8)
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We want to ensure that (3.6) holds at all . It will hold at n = 0 when

K M £
'z < 'z . 'z 39
<5 (6 6
and will hold at n — oo when
K &
Iz 2 Iz ) 1
% > < 5 )max (3.10)
A necessary condition for (3.9) and (3.10) to hold simultaneously is
M £
= >3 = : 3.11

When (3.5) holds for all n, (2.5) with (3.11) imply that p < 0 for all 7.
Consequently, this is not a model of the observed Universe. Nevertheless,
we will now show that there exists a choice of M, K, and tp that ensures
(3.6) to hold at all  (which means that p is finite at all times).

Let (3.11) hold and let us choose K, so that (3.9) holds and

3K,, M,,

2K M

It can be verified that K, /K and M,, /M obeying (3.9), (3.11), and (3.12)
do exist, for example by visualising (&,, /€)max as a unit of length. Then,
the expression in the first line of (3.6) alone is greater than (£,, /&)max in
consequence of (3.9) and (3.12).

The G(n) of (3.7) has the further property

> 0. (3.12)

—V3/9<G(n) <V3/9. (3.13)
Thus, the G(n) term in (3.6) will enhance the inequality at n > 0 if
tg.<0. (3.14)

Equation (3.6) will hold at n < 0 if it holds at the minimum of G(n), which
occurs at such 7y < 0 for which coshny = 2 (= sinhng = —/3), thus we
require

2K M

B 9

M?Z K7Z + 3K7z MJZ \/5(\/5"‘770)
M K

K32 \/3 E
_(— e S biad 1
A ><8>max’ 1)
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which is equivalent to

K
0ty < M [wu_ w_<aﬁ ]

V3K3/2 K &
M 3K72 M>z
+57 <2K - M> (\/§+no)- (3.16)

The expression in the second line is positive in consequence of (3.9), (3.12),
and of v/3 ~ 1.732 , Mo ~ —1.317.

The final verdict in the (3.2) case is thus: if K and M obey (3.9) and
(3.12) and tp . obeys (3.16), then the metric (1.2) with ¢ = +1 is nowhere
singular, but defines a dust distribution with p < 0 for all 7.

Now let us verify whether (3.3) can co-exist with p > 0. By the same
reasoning as before, we obtain, instead of (3.6),

M., K,z 3K,, M., K3/? &,
M (zK - M)F(")_tB’ZM G(”)<<s>min

( ) (3.17)
Requiring that (3.17) holds at n = 0, we obtain
K., M. &z
. 3.18
K~ m7" < £ )max (3.18)
Requiring that (3.17) holds at n — +o00, we obtain
K &
_ 'z 'z . .1
w2 (T, (19
From (3.18) and (3.19), it follows that
M &
—E >3 =E . 3.20
w3 (%) (320
But for any value of £,, /&, the following is true:
& & &
'z > 'z — _ 'z . 321
g_<g>min (g>max ( )
From (3.20) and (3.21), we obtain
& M
32 2 >0, 3.22
c M (3.22)

and this, together with (3.3), implies that p < 0. Thus, even if M, K, and
tp can be chosen so that @,, /® — &,, /€ < 0 holds, p < 0 follows anyway.
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3.2. The quasihyperbolic case

This case was worked out in Refs. [10] and [15] for M > 0. When ¢ = —1,
Eq. (3.4) is replaced by

572 1 2 2 2
= - = z Paz — Whz 2
(%) =275 V5 ¢ (3:29)

where €9 = +£1 is the sign of S,, and v = %1 is the sign of £. These extrema
exist only if

S.2>P.2+Q.,,°%. (3.24)

In the opposite case, shell crossings are inevitable with any sign of M [10],
so we assume (3.24) to hold.

The space of constant ¢ consists of two parts, £,, /€ having a fixed sign
in each part, and nowhere being zero [10]. The (£,, /&)extreme 18 @ maximum
where £,, /€ < 0 and a minimum where £,, /€ > 0. (These two parts are
different coordinate coverings of the same space |15].)

Let us first consider (3.2), separately for £,, /£ <0 and &,, /€ > 0.

3.2.1. Case I: £,. /€ < 0 with (3.2)
In this part of the spacetime, the condition for (3.2) is

¢7Z g;z o l 2 2 2
o ><5>max_ 5 \/S,Z P, -Q,." <0, (3.25)

and then the condition for p > 0 in (2.5) is

€z
M2 < BM=Z <0. (3.26)
We can still use (3.1) and (3.6), (£,2 /&),.x DOW being (3.25) in place of
(3.5). The reasoning here proceeds in analogy to the one that follows (3.8)
and again leads to (3.11), which contradicts (3.26). Thus, p < 0 also here.

3.2.2. Case II: £€,, /€ > 0 with (3.2)

In this case, &£,,/€ has the positive minimum given by (3.23) with
—egov = +1, and is unbounded from above. Thus, there exists no choice
for the functions K, M, and ¢p in (3.1) that would guarantee (3.2) in the
whole region where &,, /€ > 0 = this case is empty.

We now consider (3.3), and again two cases separately:
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3.2.3. Case III: &,. /€ < 0 with (3.3)

Here, £,, /€ has a negative maximum, but is not bounded from below.
Consequently, it is impossible to fulfil (3.3) in this part, and this case is
empty, just like Case II.

3.24. Case IV: £, /€ > 0 with (3.3)

Here, £,. /€ has a positive minimum, and the condition for (3.3) is

¢7z 572 o 1 2 2 2
o <<g >min_5 \/S,Z P, —Q,”>0. (3.27)

Using (3.6) and (3.7) for @,, /@, the reasoning presented below (3.8) leads
to

M., JM < 3(E, /€) (3.28)

min °
This guarantees that p < 0. So, the conclusion here is the same as in Case 1.
The equivalence of the results obtained for £,, /£ < 0 and for £,, /€ > 0 con-
firms that the two parts of each ¢ = constant space are different coordinate
coverings of the same object [15].

3.8. The quasiplane case

This case was worked out in Refs. [10] and [9] for M > 0. When ¢ = 0,
the metric (1.2) and (1.3) and Egs. (1.4) and (1.5) do not change in form
when the functions in them are redefined as follows:

(@,5):%(5,5), k=5 =M

The result is the same as if S = 1, and we shall assume this.
As shown in Ref. [9], a surface of constant ¢ and z in the quasiplane
Szekeres model can be interpreted in two ways:

1. As an infinite plane.

2. As a torus-like closed surface that is created by identifying opposite

edges of a flat basic square?.

With the first interpretation, shell crossings are inevitable [9, 10], so we
shall not consider it here.

2 Actually, the basic square consists of four smaller squares whose edges are identified
with a twist [9]. The twist is necessary to fulfil the matching conditions.
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With the second interpretation, to avoid shell crossings, the inequality®
Pz T

¢ V2

must be fulfilled at all ¢ and z [9]; then the set where @,, /®—¢&,, /€ = 0 lies
outside the basic square, i.e. is not part of the spacetime. The calculation

here is analogous to the one that we applied to (3.5) and (3.6), Eq. (3.11)
follows again, and p < 0 is also implied here.

P2 +Q,.° (3.30)

4. Conditions for no shell crossings in Class II (3,, = 0) metrics

Unlike in Class I, the sign of k& determines the type of quasisymmetry,
and with £ < 0 the metric is quasihyperbolic. Equations (2.2)-(2.4) still
hold, but now K > 0 and M > 0 are constants. The integral in (1.12) reads
(recall: U = K —2M /D)

DU/ *_K\/H"FK:;/Q n NN

Note that 0 < U < K from (1.9), so (VK +vU)/(VEK — Vi) > 1, and

consequently the In term in (4.1) is non-negative at all ¢. In fact, the whole

right-hand side of (4.1) is non-negative®.

The explicit formula for A becomes now

_2+\/ﬁ VE + VU
KK VK -V

The formula for mass density (1.13) is here

/ de 2 L, [VE+vU) (4.1)

+Y(2)VU. (4.2)

In

)\:X(z)[

(4.3)

and (1.8) is
1
eV=1-1K (2* +97) . (4.4)

Seemingly, this spacetime consists of two disjoint regions, z2 + 32 > 4/K
and 22 + y? < 4/K. However, the argument used in Ref. [15] for the quasi-
hyperbolic Class I metrics applies also here: the two regions are different
coordinate coverings of the same spacetime, so it suffices to consider one of
them.

3 Tildes are dropped for better readability. The @ below is the @ of (3.29).

4 This is an easy exercise for the reader. Begin by defining ef K/U>1.
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We verify whether it is possible to choose the arbitrary functions so that
|p| < 0o and p > 0 everywhere. We begin by assuming

X > 3Mo (4.5)

and e > 0 in (4.3). From (1.6) and (4.2), we have

X |V

= oo i7a + 32

In +YVU. (4.6)

Taking this at t = tp, where @ = 2M /K and U = 0, we obtain from e* > 0
X < Mo. (4.7)

This can hold simultaneously with (4.5) only when o < 0, so X < 0.
To see what happens as t — 0o, where & — 00, let us note that

i = lim g 1
tiglo \F \f T i | P n

so, at large ¢, |9o| dominates over the other terms in (4.6). With o < 0,
this means lim; .o, €* = —00, i.e. p becomes negative in the infinite future.
However, if e€* > 0 at t = tg and e* < 0 at t — o0, then e* = 0 at some
to > tp °. Then (4.3) shows that p tjt()) 00, s0 a singularity in p is inevitable.

A (x/ﬁ+x/E)H —0, (4.8)

Let us now assume that, instead of (4.5),
X <3Mo. (4.9)

Is this compatible with e* < 0? Taking e < 0 and (4.6) at t = tp, we
obtain
X > Mo. (4.10)

Equations (4.9) and (4.10) are consistent only when ¢ > 0. But then, from
(4.8), @0 dominates over the other terms in (4.6) as t — oo, so e* o oo,
—00

and again e* must go through zero somewhere between t =t and t — oo.

Thus, if p > 0 at the minimum of &, then p becomes infinite at some
t = tg > tp and negative at t — oo.

Let us now see whether p can be nonsingular when p < 0. Assuming
e® < 0 and taking e at t = tp, we obtain (4.10) again. At ¢t — oo, the sign
of e* is the same as the sign of 0. Thus, to ensure p < 0 at large ¢, we must
have X > 3Mo, when o > 0 and X > Mo, when o < 0.

® From (4.6), de®/dt is well-defined for all t5 < t < 0o, so e® is continuous.
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Let us take o > 0 for the beginning. The inequality X > 3Mo¢ will hold
throughout the whole (z,y) surface, when o has an upper bound oy.x and
X > 3Momax. Let us consider the region in which e™ > 0 in (1.8)

2?4y < 4/K (4.11)
and let us denote

def 1

P=3 U (2* + ) + Viz + Vay + 2U/ K (4.12)

(recall: we use the parametrisation in which W = —-U/k = U/K), so

P
1 K@ +y?)

g =

(4.13)

Let the overbar denote the limit at 22 4+ y?> ~ 4/K. Then & = +oo and
the sign of o is the sign of P. Note that P is finite. If P > 0, then o has
no upper bound. If P < 0, then & = —o0, contrary to the assumed o > 0.
Thus, o > 0 throughout the disk (4.11) is impossible.

Now let ¢ < 0. Then P < 0 within the disk (4.11), so P < 0 (7 = —oc0
if P < 0) and X > Mo (this still permits X < 0 in (4.6)). The ®(t)
is an increasing function at ¢t > tp, so @(t)o < P(tp)o < 0. Moreover,
the co-factor of X in (4.6), which is proportional to the right-hand side of
(4.1), is positive for all ¢. Then a sufficient condition for e* < 0 in the disk
2?2 +y? <4/Kis X <0and Y <0.

To ensure o < 0 in the disk (4.11), we must have P < 0, even at the
maximum of P. The maximum is at (2, y)max = —(1/U)(V1,V2), U < 0,
and the point (z,y)max Will be within the disk (4.11) when

ViZ 4+ Vo? < 4U?/K (4.14)

and then P < 0, as it should be.

Thus, the final conclusion is that in Class II, p > 0 and |p| < oo is
impossible, but p < 0 and |p| < oo is achieved by choosing the constants
and functions so that (4.14) holds, and

U <0, Mopmax < X <0, and Y <0. (4.15)

5. Summary and conclusions

The evolution equation of the Szekeres metrics, (1.4) (which is identi-
cal to the Friedmann equation), has a well-defined solution when the mass
function M is negative ([4, Sec. 20.2.1]; then also k& < 0). In the Fried-
mann limit, M < 0 immediately implies p < 0 for the mass density, which
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is impossible in any real object. However, in the Szekeres metrics, where
the relation between M and p is (1.5) in Class I and (1.13) in Class II, the
consequences of M < 0 are not immediately visible. The aim of the present
paper was to investigate them.

In brief, when M < 0, for both classes of the Szekeres metrics the con-
ditions for no shell crossing lead to p < 0 in the whole spacetime. Con-
sequently, the Szekeres metrics with M < 0 cannot describe any physical
entity.

Section 1 presented the motivation for the present paper and the basic
properties of both classes of the Szekeres metrics. In Section 2, the explicit
solution of the Szekeres evolution equation with M < 0 was given.

In Section 3, the conditions for no shell crossings in Class I metrics were
investigated for the quasispherical, quasihyperbolic, and quasiplane cases
with M < 0 and k < 0. In each case, the shell crossing is avoided at the
cost of having p < 0 throughout the spacetime.

In Section 4, the reasoning of Section 3 was applied to Class II metrics.
Here, with & < 0, only the quasihyperbolic metric exists. The conclusion was
that if p > 0 at the instant of maximum compression, then necessarily p —
oo at a finite ¢ = tg, so a singularity is unavoidable. However, the parameters
of the metric can be chosen so that |p| < co and p < 0 everywhere.

The property p < 0 excludes the Szekeres metrics with M < 0 as models
of any physical object, and p — oo at a finite ¢ is an even worse offence.
This paper was meant to fill a formal gap in the investigation of the Szekeres
family of metrics: the case M < 0 has not been looked at so far.

REFERENCES

[1] W.B. Bonnor, A.H. Sulaiman, N. Tomimura, «Szekeres’s space-times have no
Killing vectorsy, Gen. Relativ. Gravit. 8, 549 (1977).

[2] P. Szekeres, «A class of inhomogeneous cosmological modelsy, Commun.
Math. Phys. 41, 55 (1975).

[3] P. Szekeres, «Quasispherical gravitational collapse», Phys. Rev. D 12, 2941
(1975).

[4] J. Plebariski, A. Krasinski, «An Introduction to General Relativity and
Cosmology», Second edition, Cambridge University Press, 2024.

[5] A.A. Friedmann, «Uber die Kriimmung des Raumes [On the curvature of
space|», Z. Physik 10, 377 (1922).


http://dx.doi.org/10.1007/BF00756306
http://dx.doi.org/10.1007/BF01608547
http://dx.doi.org/10.1007/BF01608547
http://dx.doi.org/10.1103/PhysRevD.12.2941
http://dx.doi.org/10.1103/PhysRevD.12.2941
http://dx.doi.org/10.1017/9781009415651
http://dx.doi.org/10.1007/BF01332580

9-A2.14 A. KRASINSKI

[6]

17
8]
9
[10]
11

[12]

[13]

[14]

[15]

A.A. Friedmann, «Uber die Moglichkeit einer Welt mit konstanter negativer
Kriimmung des Raumes [On the possibility of a world with constant negative
curvature of space]», Z. Physik 21, 326 (1924). English translation of both
Friedmann papers appeared in: Gen. Relativ. Gravit. 31, 1991 (1999) and
Gen. Relativ. Gravit. 31, 2001 (1999) with an editorial note by A. Krasinski
and G.F.R. Ellis Gen. Relativ. Gravit. 31, 1985 (1999), see also addendum:
Gen. Relativ. Gravit. 32, 1937 (2000).

A. Krasinski, «Inhomogeneous Cosmological Modelsy, Cambridge University
Press, Cambridge 1997.

C. Hellaby, «The nonsimultaneous nature of the Schwarzschild R =0
singularity», J. Math. Phys. 37, 2892 (1996).

A. Krasinski, «Geometry and topology of the quasiplane Szekeres modely,
Phys. Rev. D 78, 064038 (2008).

C. Hellaby, A. Krasiniski, «Physical and geometrical interpretation of the
€ < 0 Szekeres models», Phys. Rev. D 77, 023529 (2008).

C. Hellaby, «The null and KS limits of the Szekeres model», Class.
Quantum. Grav. 13, 2537 (1996).

K. Bolejko, M.-N. Célérier, A. Krasiniski, «Inhomogeneous cosmological
models: exact solutions and their applications», Class. Quantum. Grav. 28,
164002 (2011).

K. Bolejko, A. Krasinski, C. Hellaby. M.-N. Célérier, «Structures in the
Universe by Exact Methods — Formation, Evolution, Interactionsy,
Cambridge University Press, 2010.

C. Hellaby, A. Krasiiiski, «You cannot get through Szekeres wormholes:
Regularity, topology, and causality in quasispherical Szekeres models», Phys.
Rev. D 66, 084011 (2002).

A. Krasinski, K. Bolejko, «Geometry of the quasihyperbolic Szekeres
modelsy, Phys. Rev. D 86, 104036 (2012).


http://dx.doi.org/10.1007/BF01328280
http://dx.doi.org/10.1023/A:1026751225741
http://dx.doi.org/10.1023/A:10267553098112001
http://dx.doi.org/10.1023/A:1016574408903
http://dx.doi.org/10.1023/A:1002055120701
http://dx.doi.org/10.1017/CBO9780511721694
http://dx.doi.org/10.1017/CBO9780511721694
http://dx.doi.org/10.1063/1.531545
http://dx.doi.org/10.1103/PhysRevD.78.064038
http://dx.doi.org/10.1103/PhysRevD.77.023529
http://dx.doi.org/10.1088/0264-9381/13/9/017
http://dx.doi.org/10.1088/0264-9381/13/9/017
http://dx.doi.org/10.1088/0264-9381/28/16/164002
http://dx.doi.org/10.1088/0264-9381/28/16/164002
http://dx.doi.org/10.1103/PhysRevD.66.084011
http://dx.doi.org/10.1103/PhysRevD.66.084011
http://dx.doi.org/10.1103/PhysRevD.86.104036

	1 Motivation and summary
	2 The solutions of (1.4) with M<0
	3 Conditions for no shell crossings in Class I beta(,z) neq 0 metrics
	3.1 The quasispherical case
	3.2 The quasihyperbolic case
	3.2.1 Case I: E(,z) / E < 0 with (3.2)
	3.2.2 Case II: E(,z) / E > 0 with (3.2)
	3.2.3 Case III: E(,z) / E < 0 with (3.3)
	3.2.4 Case IV: E(,z) / E > 0 with (3.3)

	3.3 The quasiplane case

	4 Conditions for no shell crossings in Class II (beta(,z) = 0) metrics
	5 Summary and conclusions

