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A nonlinear Lorentz-invariant kinetic diffusion equation is introduced,
which is consistent with the conservation laws of particles number, energy,
and momentum. The equilibrium solution converges to the Maxwellian
density in the Newtonian limit, but it is not given by the Jiittner distri-
bution commonly employed in relativistic kinetic theory. The nonlinear
kinetic diffusion equation on a general Lorentzian manifold is consistent
with the contracted Bianchi identities and therefore can be coupled to the
Einstein equations of general relativity.
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1. Introduction

Consider a system of a large number of particles and let f(¢,x,v) be the
number density of particles with position & € R? and velocity v € R? at time
t € R. If the only forces acting on the particles are due to random collisions
with the molecules of a background medium in thermal equilibrium, the
function f solves the linear kinetic diffusion equation

8tf+'v'vmf :UA’Uf7 (1)

where o > 0 is a constant with physical dimension [velocity]?/[time] (diffu-
sion constant). Equation (1) is known by different names in the literature,
e.g., kinetic Fokker—Planck or Kramers equation (without friction). Fur-
thermore, (1) is the (forward) Kolmogorov PDE associated to the stochastic
process

X(s) = m+/tV(T)dT,

V(s) = v++V20 (B(t)— B(s)) ,

(9-A3.1)
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where B(t) is a three-dimensional Brownian motion. The stochastic process
(X (s), V(s)) represents the microscopic (random) state of the particles. The
solution for ¢t > 0 of (1) with initial data f(0,x,v) = fo(x,v) is given by
Feynman—Kac’s formula

F(t,2,) = E[fy(X(0), V(0))] = / K(t,@,v,9,w) foly, w) dwdy,
RG

where K (t,x,v,-) is the density of the random variable (X (0), V' (0)), i.e.,
the fundamental solution solution of (1), which is known explicitly [6]. When
coupled to a suitable mean field, e.g., the self-induced electric field in the
case of charged particles, the linear kinetic diffusion equation (1) provides
the foundation for numerous phenomenological models in physics and engi-
neering.

One notable feature of (1) is that it is invariant under Galilean trans-
formations — a fundamental property for Newtonian mechanical systems.
Yet, a questionable feature of (1) is that it violates the conservation laws of
energy and momentum. A nonlinear Galilean-invariant version of (1) pre-
serving the particles number, energy, and momentum is already known in
the literature (see, for instance, [15, Eq. (20)]), and is discussed in Section 2.
In the spatially homogeneous case, the nonlinear model becomes the linear
one found in [11] and, after a proper translation in the velocity variable, it
reduces to the spatially homogeneous Kramers equation.

Following the pioneering work by Dudley |7], several relativistic versions
of (1) have been proposed in the literature; see |8, 10] and the review [9].
In [1], it was shown that the only Lorentz-invariant equation among the
proposed ones is

hf+u-Vef =0V - (DVyf), (2)
where u € R? is the three-velocity of the particles, and

i cu D_02H+u®u

V2 + |ul? ’ N ulc

are, respectively, the relativistic velocity and the diffusion matrix. As (1),
also (2) violates the conservation laws of energy and momentum. In Sec-
tion 3, we introduce a nonlinear version of (2), which is Lorentz-invariant
and which preserves the particles number, energy, and momentum. In the
Newtonian limit ¢ — 0o, the new relativistic model converges to the Newto-
nian one from Section 2. However, in contrast to the latter, the relativistic
model does not become linear in the spatially homogeneous case.
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Remarkably, the equilibrium distribution Geq of the nonlinear Lorentz-
invariant diffusion equation derived in Section 3 is not the standard Jiittner
distribution universally employed in relativistic kinetic theory. Instead, for
a particles distribution with zero average momentum, it is given by

-3
c2Z(N)
Geq(u) = )/\ ’

(1+c2uf?

where A is a dimensionless constant that depends on the speed of light and
Z(M) is a dimensionless normalization factor so that ||Geql|,1 = 1 (parti-
tion function). The probability density Geq(u) converges to the standard
Maxwellian distribution in the Newtonian limit.

As the conservation law of energy—momentum is a necessary constraint
for the existence of solutions to the Einstein equations of general relativity,
the kinetic diffusion equation (2) is incompatible with Einstein’s theory of
gravity. In [3], this inconsistency was resolved by postulating the existence in
spacetime of a cosmological scalar field ¢ that transfers energy—-momentum
to the particles. (It was shown in [5] that ¢ could be identified with the
dark energy component of the universe in observational cosmology.) In Sec-
tion 4, we propose another solution to this problem; specifically, we show
that the nonlinear kinetic diffusion equation introduced in Section 3 is com-
patible with the contracted Bianchi identities in Lorentzian geometry and
thus can be coupled to the Einstein equations without the need to introduce
additional matter fields in spacetime.

2. Nonlinear kinetic diffusion in Newtonian mechanics

Let f(t,z,v) > 0 be the number density in state space for an isolated
system of point particles with mass m > 0. The number density ny =
n¢(t, ) and the number current density jr = j¢(t, ) of particles in space

are
nf:/fdv, jf:/vfdv;

integrals with unspecified domain are extended over R3. The kinetic energy
density ey = ey(t, ) and the momentum density py = py(t,x) in space are

ef:ZL/|v|2fd'v, pf:m/vdeijf.

The local conservation laws of particles number, energy, and momentum
read

8tnf = _vw va 8t€f = _vw gy, 8tpf = _vw ’ Sf’ (3)
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where
qf:ﬂ;/v]%fdv, Sf:m/v®vfdv

are, respectively, the energy current density and the momentum current
density (or stress tensor) in space; we assume that no chemical or other
form of reaction occurs among the particles.

Suppose that f satisfies an equation of the form

atf+v‘vwf:¢fAvf+vv'(Wff)a (4)

where the diffusion scalar field @5 = ®¢(t, ) and the drift vector field Wy =
W, (t,x,v) depend on f. We ask for conditions on @, Wy such that (4) is
invariant under the Galilean transformation

(t,z,0) = (t,x — &t,v — &) ,

where & € R? is an arbitrary constant vector. For ‘this question to be
meaningful, we need to specify how the kinetic density f of the new Galilean
observer is related to f. It is natural to assume that

ft,z,v) = f(t, &, 0) . (5)

The transformation (5) ensures that Galilean observers agree on the total
number of particles at the given absolute time ¢ = ¢

//f(t,:n,'v)dvdm://f(f,:i:,'ﬁ) dvdm://f(t,:n,'v)dvdm,

where we used the fact that the measure dv dx is invariant under Galilean
transformations. The previous identity holds regardless of whether the total
number of particles is constant. It is now straightforward to verify that (4)
is Galilean-invariant (i.e., f(t, z,v) is a solution) if

@f(t, x) = Dy (t,z) , W]?(t, x,v) = W, (t,z,v) . (6)

The next purpose is to find @; and W7 satisfying (6) and such that (4)
implies the validity of the conservation laws (3). The conservation law of
particles number holds for all choices of ®; and W;; in fact, integrating
by parts in the velocity variable and assuming that all boundary terms at
infinity vanish, we find

8tnf = /atfdv:—/v~wadv+¢f/Avfdv+/VU'(Wff)d'v
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Similarly, we obtain

8tef = Vw-qf+m<3nf¢f/Wf-'vfdv> ,
8tpf = —Vw‘Sf—m/Wffdv.

Thus, the conservation laws (3) hold for all solutions f if we set

po(2es _ ldgP gy
L e i W= ulv_ Ll .
f 3nf<m ny )’ PR ny @

where p is a constant with physical dimension [time]™!. By analogy with

the linear Kramers equation in kinetic theory [12]|, we shall refer to p as the
drag (or viscosity) coefficient.

Remark 1. More generally, the drag coefficient could depend on a space-
time invariant constructed from the kinetic density f. For instance, in [15,
Eq. (20)], it is defined as p ~ (ng)®, where a € [0, 1].

It is straightforward to verify that the diffusion scalar field &; and the
drift vector field Wy given by (7) satisfy (6). For instance,

- <” } ffyfiif’xw—_ sif}/y—_ ;))diy>
- (o IR ST
- (v e szﬁit = éj,zz))ddzz)
= Wy (t,z,0),

and similarly, one proves that @(t,z) = @f(,). In conclusion, when &
and Wy are given by (7), the nonlinear kinetic diffusion equation (4) is
Galilean variant and implies the conservation laws (3). Moreover, since

3nf/"v— nf jf’ fdv,

then diffusion scalar field @ is nonnegative.
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2.1. Spatially homogeneous solutions

A particle system is spatially homogeneous if there exists a nonnegative
function g = g(¢,v) such that

o) = 900 )

where 2 C R? is the (finite) region occupied by the particles. Galilean
observers agree on the form (8) of the kinetic density, because

Flt50) = 6.0 = 1029 = oy = iy

where we used that the volume of the region occupied by the particles is
Galilean-invariant.
Replacing (8) in (4), we find the following equation on g:
Org = @g Apg +Vy - (Wg ) ) (9)

where @, and W, are given by (7) with

ng=/gdv, jgz/vgdv, eg=’§/|v\29dv.

Since ngy, j4, and ey are constant for solutions of (9), then Wy is now a time-
independent vector field and @, is a positive constant. It follows in particular
that (9) is a linear equation. Denoting

jg =w, @g =0,
and introducing the probability density

Gty = 1Y

we may rewrite (9) as

G = 0AyG+ Vy - (u(v —w)qG), (10a)
/de =1, /dev:w, /;/\U—w\Qde:a. (10b)

Remark 2. In [11], the authors arrive to the same equation (10) by a
different, more fundamental, argument. Specifically, they start from a spa-
tially homogeneous system of N identical particles in a periodic box and
with random velocities V' = (v1,v2,...,vyN) taking value on the manifold
M of constant energy and momentum. The probability density F(N)(V,t)
of the particle system is assumed to satisfy the heat equation on M and (10)
is derived in the N — oo limit.
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The time-independent solution of (10) is given by the noncentral Maxwell-
ian

M) = M(v - w), (11)
where
M(w) = MO (v) = (%)3/2 exp <—“|2’;|2> (12)

is the central Maxwellian density. It is well-known that the solutions of (10)
converge exponentially fast to the equilibrium (11); see e.g. [2]| for a proof of
this property using the entropy method. It is an interesting open question
whether exponential convergence to equilibrium holds for the nonlinear ki-
netic diffusion equation (4). The local asymptotic stability of the Maxwellian
distribution (12) in the spatially inhomogeneous case has been proved in [13].

3. Nonlinear kinetic diffusion in special relativity

Consider now a collection of a large number of relativistic particles. Let
r = (2° ) € R?* be a system of Cartesian coordinates in Minkowski space,
i.e., a coordinate system in which the Minkowski metric 7 has components
Nap = diag(—1,1,1,1), and denote by u = (u’, u) € R* the four-dimensional
velocity variable. The state space of each individual particle is therefore the
seven-dimensional manifold

II=R'xU, Z/{:{uER4:u0:\/c2+\u|2},

where c is the speed of light. The kinetic density f > 0 of relativistic particles
is defined on IT and thus can be written as a function of (x,w). However, in
order to derive a Lorentz-invariant equation on f that generalizes (4), it is
convenient to start from a density f = f(x,u) “off-shell”, i.e., to which the
condition u” = y/c2 + |u|? has not yet been imposed. The relation between
f and f is therefore

flz,u) =1 (a:, Ve + ]u\Q,u) )

As a starting point, we postulate the following equation on f:
U Dpal = Bp P Dya D5 + ya (KE ) | (13)

where @ = &g () is a scalar field with physical dimension [velocity]?/[time]
and Ky = K¢(z,u) is a four-dimensional vector field with physical dimension
[velocity]/[time], both of which depend on f. Consider now the Lorentz
transformation

z=A&)x, u=A&)u, t(x,u) =f(z,a), (14)
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where £ € R? and A(€) is the 4 x 4 matrix

¢° —£
( o ) - VETE

—§ d+ a3

Using the identities

A€ A€ =n,  A€)" = A(-€), (15)

we find that (13) is invariant under the Lorentz transformation (14) (i.e.,

f(x,u) is a solution) provided that @¢ and Ky transform according to
P3(x) = P5(z),  Ki(z,u) = A(=€)Ke(7, 1) (16)

In the following discussion, we simplify the notation by writing (&, K) in-
stead of (Pg, K¢). Assume that K is tangent to IT; that is, K%u, = 0.

Equivalently,
po-Bn (17)

u0

where K = (K', K2, K3) € R? denotes the spatial part of K. By (17), the
projection of (13) on IT gives the following equation on f:

2 [u20,0f +u-Vaf =AY F+ VP (KF), (18)

where vﬁf)- and Agl ) denote, respectively, the divergence and Laplace—
Beltrami operators associated to the Riemannian metric A induced by 7

on the hyperboloid u® = /c? + |u|2. In the coordinates u', u?, u3, we have
Ui
hij = 8ij —
T 24 |uf?
and
h 1 T 1

1 iNgg
AV = NIk (VIR (5 0,01)
where |h| = det(h;j) = *(c? + |ul?)~! and (h™1)¥ is the matrix inverse of
hijv that is

ulu?

()7 =69 + (19)

c2
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It follows that (18) is

hfl ij K
U Opo f = uoaui <¢( UO) auﬂf"' u()f) ) (20)

where, from now on, it is understood that u® = /c2 + |u|2. The next goal

is to find @ and K satisfying (16) and such that (18) implies the validity of

the local conservation laws of particles number, energy, and momentum.
The local conservation law of particles number can be expressed as

Opa N® =0, (21)

where
du

NGe) = [t (ew)'s (22)

is the four-dimensional number current density. It is easy to see that (21)
holds for any choice of @ and K. Indeed, we have

Oy N© —/ aawaf /auz [ O f + Kof du.

Hence, 0, N® = 0, provided f and |V, f| decay to zero sufficiently fast as
|u| — oo.

We now turn the attention to the conservation law of energy-momentum,
which we write in the form

9,sT =0, (23)

T

where
u

T (x) = mc/uauﬂf(:p,u)io (24)

is the stress-energy(-momentum) tensor. Computing the left-hand side of (23),
using (20) and integration by parts, we obtain

8,5T% = me [?)f/fdu—/Ko'gfdu} :

o <2 o ]

The local conservation law of energy 9,5T% = 0 entails
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and thus the local conservation law of momentum 8,57 = 0 gives

K Kt

We rewrite the last equation as

ALK . Ny

The simplest choice of K that is consistent with (26) and (a posteriori)
with (16) is

K=y (Ail)ij (uj NONJ>

where p is the drag coefficient; the constant p is introduced in the previous
equation for dimensional reasons. Using that the matrix inverse of A’j is

—1\* __ i J
(A )ji(sj_Nozua’
we find .
: . c*N?
K'= ! . 2
(a4 o) 1)

Using (17), we obtain

K- -u 2NO
KY = = 0 :
(w4 o)

Hence, the vector field K in (13) is

AN
K =
n <u+ Naua) ,

while the diffusion scalar field (25) is

2
c? cp cf du
3N0/ u0 f du 3 <1+ Ny, u0> ' (28)

In conclusion, our proposal for the relativistic generalization of (4) is equa-
tion (20) with (27) and (28) substituted in. It remains to show that the
found equation is indeed Lorentz-invariant.

Proposition 1. @ and K satisfy the transformation laws (16); in particu-
lar, (13), and thus also (20), are invariant under Lorentz transformations.
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Proof. To prove the claim, we rewrite @ and K in terms of f (instead of f).
The definition (22) of N is equivalent to

N(z) = /uf(x,u)du,

u

where U = {u € R* : u® = \/c2 + |u|? }. By the change of variable u =
A(&)v, we obtain

ST
I

N(z) = /A(E)U f(z,v)dv = A(€) /vff(x,v) dv:= A(&)N(x),

2 2

where we used that det A(§) = 1, and that U is invariant under Lorentz
transformations. Hence, using (15),

(z)*uq

Kg(z,0) = u( CE) ) ( W) = A(&)Kg(z, u)
= Kg(z, U) —&) Ky

The claim on @ is proved likewise

Au 2 (Z,u) u At (z,v)
Be(z) = L 14 [ S0 g | =28 (14 [ S0
1@ = 5\ Napew, ) T3\ / N@oo,
u
Au At (x,v)
= — |1 ——— 2 dv | = &5
3 * N(x)%vq ()

3.1. 8+1 formulation and Newtonian limit

We start this section by rewriting (20) in a form similar to the Newtonian
equation (4). Let us introduce the time variable t = 2°/c. Denote f(ct, z,u)
simply by f(¢,z,u) and define

nf(t,w):/f(t,:n,u)du, jf(t,m):/ﬁf(t,:c,u)du,

where

=2 u’ =/ + |ul?

ul’
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is the relativistic velocity. The conservation law (21) of particles number is
equivalent to

Let us also introduce the nonnegative function 3y = (¢, x,u) by

0 .
CNnfu” —Jf-u
Bp=—At =

c2

Equivalently,

o
Br(t,x,u) = c2/f(t,m,v) (cuo — i—z . u) dv = c1/‘)"(t,sns,'v)’uvgu| dv,
(29)
where v = (v9,v), v* = \/c% + |[v]2, and where, for the second equality,
we used the fact that the Lorentzian scalar product of timelike vectors is
negative. In terms of these new variables, the relativistic kinetic diffusion
equation (20) takes the final form

8tf+a'vmf:¢fvu'(Dvuf)"‘VU'(Wff)7 <30)
where the drift vector field Wy = Wy(t, x,u) is given by

_ Jf
Wi (=3

the diffusion matrix D = D(u) is

D I —i—;t@u
ulc
and the diffusion scalar field @ = ®(t, ) is
2
c‘p cf du
Pr=— 11— | =—— ). 31
=F(-[4%) (51)
In the Newtonian limit ¢ — co, we have & — u and D — I. Moreover,
1 c? 1 jrou— ng|ul?
Br  cnpud—j -u:ni—i_.?f c2n2f‘ | +0 (™)
f f Jf ! I

and therefore

. . 2
Wf—>,u<u—‘7f>, ¢f—>'u</|u|2fdu—’]f‘>, as ¢ — 0o,
ny 3ng ny

in agreement with (7).
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By straightforward calculations, one can show that the fields Wy and &,
satisfy the identities

(i) /Wffdu =%,

%4 Dy
(i) [ L pau ="

(iii)) Wy = DV, (c*ulog By) . (32)

The identities (i)—(i7) can be used to prove the conservation law (23) of
energy—momentum in the form

atef:_vm'Qf7 8tpf:_vm5f7

ef = mc/uofdu,

qr = ch/ufdu,

where

_ 4
pf_CQ’
uRu
Sy = du .
¥ mc/ uofu

For instance,

Oey = mc/uo&gfdu = —ch/u -Vaf du—i—mc@f/uovu(DVuf) du
+mc/uovu (Wi f) du
Du
= —Vg- qf—mc@f/ Vauf — mc/ -W;fdu

3P
= =V qy+mc my —-Wffdu ,
c ud

0

where we used that Du = ¢~ 'u’u. Hence, the conservation law of energy
Oref = —Vg - g follows by the identity (i) in (32). Similarly, one proves
the conservation law of momentum 0;py = —V - Sy using the identity ()
n (32). An important difference with the Newtonian case is that the current
density j; and the momentum density p; are no longer parallel vector fields.
In particular, j; does not satisfy a conservation law.
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To conclude this section, we prove that the diffusion scalar field (31) is
nonnegative and bounded from above. Specifically,

2
0<&s(tx) < %

The upper bound is obvious, as 8y > 0. For the lower bound, we use that
(urv,,)? > (utuy,)(v v,) holds for all timelike vectors u and v, with equality
if and only if v and v are parallel; see [14, Theorem 1.4.1|. In particular,

lutv,| > c* forall w,vel, (33)
and |utv,| = ¢ if and only if u = v. By (29) and (33),

St > [efttam) .

with equality for all (¢,2,w) if and only if f = 0 (because the set of v € R3
such that v = u has zero Lebesgue measure). Hence,

(. fefthmuany  u (| [eltaw i)
e =5 (1- ﬁf<t,w,u>u0>23(l_fcfa,x,v);{a’ -

3.2. Spatially homogeneous solutions

As the Lorentz transformation of the time variable ¢ introduces a depen-
dence on the space variable «, a kinetic density f cannot have the form (8)
for all Lorentzian observers. The definition of spatially homogeneous parti-
cle system in the relativistic case is that there exists a Lorentzian observer
O such that

f(t>m7u) = g(t>u)/V01(“Q) )

where 2 is the finite region occupied by the particles (according to O). The
observer O is defined up to time translations and spatial rotations.
In terms of the probability density

G(t,u) =g(t,u)/ng, /Gduzl,

the diffusion equation (30) for a spatially homogeneous particle system in
the frame of the observer O becomes

,G =D Vy - (DVLG) + Vy - (W5 G), (34)
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where &g = D (t), Wg = Wg(t,u) are given by

Au cGdu cl Jja
g = —(1—- [ —— Wg = — - ==
¢=3 ( 5Gu0>’ G u0<“ ﬁc)’
cu’ — jg-u . .
B = 703(; , ng/quu.

Equation (34) is the relativistic generalization of (10). However, contrary
to (10), (34) is not linear and does not preserve the current density ji. The
average energy e and momentum pg of the particles are given by

eG—mc/qudu, pG—m/quu

and are preserved by smooth solutions of (34).

Next, we derive the time-independent solution Geq(u) of (34) and show
that Geq converges, as ¢ — 00, to the (noncentral) Maxwellian density; see
Proposition 2. Let o > 0 and y € R? be fixed; we start by looking to the
solution Geq(u) of (34) such that

PG, =0, JGeg = Y- (35)

By the definition of @¢,,, the first condition in (35) is equivalent to

cGeqdu 3o
B ub T Au
and therefore we require
2
cu
o< —.
3

Using the identity (744) in (32), we find that Geq satisfies the equation
Vu [DGeqVau (10g Geq + 2X1og (¢ 'u” — %y -u))] =0,  (36)

where )
i
A= — >
20

| W

By (36), the equilibrium solution Geq = Ggé’y) is given by

c3Z(\y)

GAY) (u) =

eq

X (37a)
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where Z(\, y) is a dimensionless normalization factor such that ||Geq|[z1 = 1;
that is

20 = ([ (VITeP - yw) M)

Computing the integral, we find

(1 —[y/e)*2 T (N

ZAY) = Shr =3 2)

(37b)

The probability density (37) satisfies the constraints (35) for all 0 < o <
2u/3 and y € R3.

Proposition 2. Géz\l’y)(u) — M(u —y) as ¢ — oo, where M s the
Mazwellian density (12).

Proof. Replacing ¢ = /20A/p in (37), and using I'(A + ) ~ I'(A)A?,
A — 00, we find

plyl? \AH1/2
<1_ 20X wo\3/2 [T
(2mo/)3/2 - (%) xp (7%|y| ) ’
—2)
(\/1+c*2\u|2—0_2y-u) — exp (—% (\u|2—2y-u)) .

The claim follows. O

cPZ(\y) ~

The average particles energy e GO and the average momentum p GO
eq eq

of the equilibrium distribution (37) are finite if and only if A > 2, i.e.,

2
A
<=,
757

in which case they are given by

2
- - (\y) - Y
Pow) mw, w /uGeq (u)du L o),

22— 1 2
eqow = mee,  £= /uOGgé\{y)(u) du = ° I )+ ly/ef] o),
eq

V1=ly/c?

where

B )
ON = AT DT 320 =172
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4. Nonlinear kinetic diffusion in general relativity

Let (M, g) be a spacetime, i.e., a four-dimensional time-oriented Lorentz-
ian manifold. The state space of a particle with mass m > 0 is the seven-
dimensional submanifold of the tangent bundle given by

IT = Ugepr I [z], Iz) = {u € T, M : gu'u” = —1, u future directed}

and thus the kinetic density of particles with position x € M and four-
velocity u is a function
f:II —[0,00).

To keep the discussion in this section as close as possible to the special
relativistic case, we introduce an orthonormal frame e(,) such that e is
timelike and future pointing. Denoting by z# = (2, &) a (local) coordinates
system on M and by u* = (u°,u) the components of the particles four-

velocity in the frame e(,, the state space conditions in the definition of

II[x] entail
u = /2 + |ul?

and f = f(z,u). Moreover, the components N® of the number current
density and the components T of the stress energy tensor in the frame
e(u) are given by (22) and (24), respectively.

The analog of (20) in the general relativistic case is

©)

w v [T % 0 (h_l)” KZ
U 6(“)83:1/.]0 =+ 7/1,1/ u~u auzf = U aul ) uo 8u7f + Ef y (38)
where (h~1)¥, @, and K* are given by (19), (27), and (28), and ’ya/g“ are the
Ricci rotation coefficients of the frame e(,; that is

_ b (1)
Yag" = ay¥ip)Voes s

where e,(f ) is the co-frame dual to e?“) and V, is the Levi-Civita connection

(the abstract index notation is employed; see [16]). Thus, the only difference
with the special relativistic case is the definition of the operator in the left-
hand side of (38), which is now the projection on II of the geodesic flow
vector field; see [4]. Because of this modification, the local conservation
laws of particles number and energy—momentum hold now in the general
relativistic form

VN =0, VTP =0.

As VBTO‘B = 0, the kinetic diffusion equation (38) can be coupled to the
Einstein equations

1 &rG
Rap = 5908 =~ 5 Tap - (39)
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In particular, and as opposed to the linear kinetic diffusion equation in-
troduced in [3], it is no longer necessary to add a cosmological scalar field
to the left-hand side of (39), or alter the Einstein equations in any other
way, because (38) is now compatible with the (contracted) Bianchi iden-
tity Vo (R — %gaﬁR) = 0. Applications to cosmology of the new general
relativistic diffusion theory will be discussed in a future publication.
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