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We analyze the effect of using the Fermi–Dirac statistics, rather than
its Boltzmann approximation, in numerical simulations of perfect spin hy-
drodynamics of particles with spin 1/2. The system considered is boost
invariant, transversely homogeneous, with corrections to the baryon cur-
rent and the energy–momentum tensor that are second order in the spin
polarization tensor ω, and the spin tensor considered is first order in ω. The
study shows the feasibility of this approach, as the special functions defined
by integrals that appear in the coefficients in the Fermi–Dirac case can be
conveniently parametrized. For sets of initial conditions used in previous
works, the differences in parameter evolution between the two underlying
particle statistics are about one order of magnitude smaller than corrections
coming from spin feedback. We also discuss when and why the numerical
solutions of the equations of perfect spin hydrodynamics break down for
very large values of spin polarization in one of the geometric configurations
considered.
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1. Introduction

The search for a suitable theoretical description of spin-polarization phe-
nomena observed in relativistic heavy-ion collisions [1] (in particular the
polarization of Λ hyperons [2–4] and spin alignment of vector mesons [5])
inspired the development of relativistic spin hydrodynamics. This develop-
ment has followed several paths, including:

(I) determination of the final particle polarization using gradients of hy-
drodynamic fields on the freezeout hypersurface [6–8],
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(II) kinetic theory approaches [9–21],
(III) studies founded on the entropy principle [22–30],
(IV) Lagrangian effective hydrodynamics [31, 32],
(V) formulating spin hydrodynamics as a divergence-type theory [33, 34].

See Refs. [35–38] for reviews.
The hybrid approach to spin hydrodynamics, introduced in [39, 40],

combines attractive features of several of those pathways. Its description
of perfect-fluid spin hydrodynamics is based on kinetic theory of spin-1/2
particles with classical spin [41, 42], whereas dissipative effects are intro-
duced through the entropy-based Israel–Stewart method, thus sidestepping
the complexities of the nonlocal collision formalism [15–17]. It leads to con-
sistent thermodynamic relations stated in [39].

Although a classical spin description appears to be a contradictory con-
cept and cannot, in principle, be exact, the results were corroborated by an
approach based on the Wigner function with a quantum spin description,
which was proposed in Ref. [43]. Both in the originally considered Boltzmann
approximation and in the Fermi–Dirac case [44, 45], at the lowest nontrivial
order of expansion in the coefficients of the dimensionless spin-polarization
tensor ωαβ = Ωαβ/T (where Ωαβ is the spin chemical potential, and T is the
temperature), the conserved currents exactly agree in the classical and quan-
tum approaches. The two frameworks differ only in higher-order corrections
(i.e., at least fourth order in coefficients of ωαβ in the case of the baryon
current Nµ and the energy–momentum tensor Tµν , and at least third order
in the case of the spin tensor Sλµν), through relative multiplicative factors
that have been computed exactly and increase with the correction order [46].

It is notable that the applicability range of spin hydrodynamics [47] turns
out not to be a constraint in realistic scenarios, and the nonlinear causality
and symmetric hyperbolicity of the equations of motion are confirmed [43].
This ensures well-posedness of the initial-value problem and stability of the
theory, thereby implying its usability in numerical simulations of dynamics
of spin-polarized fluids, although it does not guarantee that singularities
can never form. Properties such as global existence or global regularity of
solutions are difficult to prove in theories of relativistic hydrodynamics and
require additional assumptions (see, e.g., [48]).

Previous numerical simulations of relativistic hydrodynamics of particles
with spin 1/2 were limited to the Boltzmann approximation of the Fermi–
Dirac statistics [49–52]. This standard simplification is customarily consid-
ered to be justified on the assumption of diluteness of the system if the
baryon chemical potential µ is relatively low, and the temperature is high,
rendering the Boltzmann factor small. It is, nevertheless, important to test
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the numerical effect of this approximation on actual spin hydrodynamics
simulations within the approach discussed and with realistic parameter val-
ues.

In this paper, we simulate numerically the equations of perfect-spin hy-
drodynamics of spin-1/2 particles following the Fermi–Dirac statistics, with
the hydrodynamic tensors expanded up to the second order in the coefficients
of ω, and compare the results with the Boltzmann approximation. We use
the same geometric setting as in Ref. [50], i.e., the Bjorken expansion. That
work mentioned the breakdown of solutions for large values of spin polariza-
tion only very vaguely. Now, we investigate in detail precisely under what
conditions the solutions break down in one of the two spin configurations
considered, and what the failure mechanism is.

The paper is organized as follows. Section 2 introduces the geometric set-
ting, the coordinate system, and the decomposition of the spin-polarization
tensor used. Section 3 recalls the derivation of the equations of motion of
perfect-spin hydrodynamics, notes that they are overdetermined in the ge-
ometry considered, and describes two configurations with additional symme-
try that make the system exactly determined. Section 4 defines the special
functions that appear in the Fermi–Dirac case. Section 5 presents the results
of numerical simulations. Section 6 investigates the formation of singularities
in one of the configurations. Finally, Section 7 presents the summary and
future outlook. Appendix A displays the coefficients of the hydrodynamic
tensors using the notations and conventions used throughout.

We use the natural units ℏ = c = kB = 1, the mostly negative metric
tensor gµν = diag(+1,−1,−1,−1), and the convention ϵ0123 = −ϵ0123 = 1
for the Levi-Civita symbol.

2. The geometry and the spin-polarization tensor

We consider the Bjorken expansion, i.e., a boost-invariant, transversely
homogeneous geometry [53], widely used in heavy-ion physics [54]. We use
the following orthonormal coordinate basis, whose basis vectors have a form
invariant under boosts along the z axis:

Uµ =
1

τ
(t, 0, 0, z) = (cosh η, 0, 0, sinh η) ,

Xµ = (0, 1, 0, 0) ,

Y µ = (0, 0, 1, 0) ,

Zµ =
1

τ
(z, 0, 0, t) = (sinh η, 0, 0, cosh η) , (1)

where τ =
√
t2 − z2 is the longitudinal proper time, and η = 1

2 ln
t+z
t−z is the

spacetime rapidity. Derivatives transform as



9-A4.4 Z. Drogosz, N. Łygan
∂t
∂x
∂y
∂z

 =


cosh η 0 0 − 1

τ sinh η
0 1 0 0
0 0 1 0

− sinh η 0 0 1
τ cosh η



∂τ
∂x
∂y
∂η

 . (2)

We will denote the τ -derivative with a dot

ḟ(τ) =
df(τ)

dτ
. (3)

The projector ∆µν ≡ gµν −UµUν , orthogonal to the flow in both indices, is
expressed in the basis (1) as

∆µν = −XµXν − Y µY ν − ZµZν . (4)

The antisymmetric rank-2 spin-polarization tensor ωµν has six degrees
of freedom. It admits a decomposition in terms of two four-vectors kµ and
ωµ orthogonal to the hydrodynamic flow Uµ

ωµν = kµUν − kνUµ + ϵµναβU
αωβ . (5)

In the considered geometry, the four-vectors kµ and ωµ are

kµ = CkxX
µ + CkyY

µ + CkzZ
µ = (Ckz sinh η, Ckx, Cky, Ckz cosh η) , (6)

ωµ = CωxX
µ + CωyY

µ + CωzZ
µ = (Cωz sinh η, Cωx, Cωy, Cωz cosh η) , (7)

where the six coefficients Cki, Cωi, i ∈ {x, y, z}, depend on the proper
time τ but not on the transverse coordinates. For brevity, we suppress the
argument in Cki(τ), Cωi(τ). Moreover, we adopt a three-vector notation

Ck = (Ckx, Cky, Ckz) , Cω = (Cωx, Cωy, Cωz) . (8)

We will also use the antisymmetric rank-2 tensor tµν and the four-vector tµ

defined as

tµν = ϵµναβUαωβ , (9)

tµ = tµνkν = ϵµναβkνUαωβ . (10)

It follows that tµ is a second-order quantity in the components of the tensor
ωµν . It can be verified that

tµ = VxX
µ + VyY

µ + VzZ
µ = (Vz sinh η, Vx, Vy, Vz cosh η) , (11)

with
V = (Vx, Vy, Vz) = Ck ×Cω . (12)
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3. Perfect spin hydrodynamics with
second-order spin corrections

3.1. Conservation laws

Perfect spin hydrodynamics is defined by local equilibrium of particles
with spin and by conservation laws for the baryon number Nµ, the energy–
momentum tensor Tµν and the spin tensor (the spin part of the angular
momentum) Sλµν

∂µN
µ = 0 , (13)

∂µT
µν = 0 , (14)

∂λS
λµν = 0 . (15)

The separate conservation of the spin part of the total angular momen-
tum is justified when the system is characterized by the domination of
s-wave scattering [55] and long spin relaxation times [20] (compare, for ex-
ample, the systems described in Refs. [56, 57]). The process of spin–orbit
exchange does not appear at the level of perfect fluid and is only intro-
duced by dissipative terms, through the nonsymmetric part of the energy–
momentum tensor, since the conservation of the total angular momentum
∂λJ

λµν = ∂λ(x
µT λν − xνT λµ + Sλµν) = 0 implies ∂λS

λµν = T νµ − Tµν .
In the considered kinetic-theory framework [39], the conserved currents

have the form

Nµ
eq = nuu

µ + ntt
µ , (16)

Tµν
eq = εuµuν − P∆∆

µν

+(tµuν + tνuµ)Pt + (kµkν + ωµων)Pkω , (17)
Sλµν
eq = uλ

[
A (kµuν − kνuµ) +A1t

µν
]

+
A

2

[
tλµuν − tλνuµ +∆λµkν −∆λνkµ

]
, (18)

where the scalars that multiply vectors and tensors on the right-hand side are
functions of the hydrodynamic variables T , µ (through ξ ≡ µ/T ), ω2 ≡ ωµω

µ

and k2 ≡ kµk
µ. See Appendix A for the exact expressions.

Substituting the forms of the tensors (16)–(18) into equations (13)–(15)
leads to

dnu

dτ
+

nu

τ
= 0 , (19)



9-A4.6 Z. Drogosz, N. Łygan

∂µT
µν =

[
ε̇+

ε+ P∆

τ
+

Pkω

τ

(
C2
kz + C2

ωz

)]
Uν

+

[(
Ṗt +

Pt

τ

)
Vx + PtV̇x

]
Xν +

[(
Ṗt +

Pt

τ

)
Vy + PtV̇y

]
Y ν

+

[(
Ṗt +

Pt

τ

)
Vz + Pt

(
V̇z +

Vz

τ

)]
Zν = 0 , (20)

∂λS
λµν =

1

τ
[A (kµUν − kνUµ) +A1t

µν ] + Uν∂τ (Ak
µ)− Uµ∂τ (Ak

ν)

+Ȧ1t
µν +A1ṫ

µν +
1

2

(
tλµUν − tλνUµ

)
∂λA

+
A

2

[
Uν∂λt

λµ + tλµ∂λU
ν − Uµ∂λt

λν − tλν∂λU
µ

−Uµ

τ
kν +∆λµ∂λk

ν +
Uν

τ
kµ −∆λν∂λk

µ

]
= 0 . (21)

Vanishing of every independent component of these divergences is equivalent
to eleven ordinary differential equations for eight unknown functions of the
proper time, T (τ), ξ(τ), Cω(τ), Ck(τ),

ṅu +
nu

τ
= 0, (22)

ε̇+
ε+ P∆

τ
+

Pkω

τ

(
C2
kz + C2

ωz

)
= 0 , (23)(

Ṗt +
Pt

τ

)
Vi + PtV̇i + Ptδiz

Vi

τ
= 0 , (24)

AĊki +QiCki = 0 , (25)

A1Ċωi +RiCωi = 0 , (26)

where the index i takes the values x, y, z, and δij is the Kronecker delta.
The quantities Qi and Ri are defined as

Qx = Qy = Ȧ+
3A

2τ
, Qz = Ȧ+

A

τ
,

Rx = Ry = Ȧ1 +
2A1 −A

2τ
, Rz = Ȧ1 +

A1

τ
. (27)

Without further constraints, the system of equations (22)–(26) is overdeter-
mined. However, there exist special configurations where Ck and Cω obey
additional symmetries that result in an exactly determined system. We dis-
cuss two such configurations, a longitudinal one and a transverse one (see
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Fig. 1 for a schematic view). Their geometries are the same in both the
Fermi–Dirac and the Boltzmann cases, but the coefficients are expressed by
different functions, which leads to quantitatively different solutions.

Fig. 1. Schematic view of the longitudinal configuration (left panel) and of the
transverse configuration (right panel).

3.2. Configurations with additional symmetries

One spin configuration for which the equation count of the system (22)–
(26) is reduced and equal to the number of unknowns is a longitudinal con-
figuration in which Ck and Cω point along the z-axis

Ck = (0, 0, Ckz) , Cω = (0, 0, Cωz) , V = (0, 0, 0) . (28)

This constraint produces a system of four independent equations for four
unknown functions T (τ), µ(τ), Ckz(τ), Cωz(τ),

ṅu = −nu

τ
, (29)

ε̇ = −ε+ P∆

τ
− Pkω

τ

(
C2
kz + C2

ωz

)
, (30)

Ċkz = −

(
Ȧ

A
+

1

τ

)
Ckz , (31)

Ċωz = −

(
Ȧ1

A1
+

1

τ

)
Cωz , (32)

where the coefficients nu, ε, P∆ are functions of (T, µ, k2, ω2), i.e.,
(T, µ,−C2

kz,−C2
ωz), and the coefficients Pkω, A, A1 are functions of (T, µ).
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Spin feedback enters the baryon number and energy equations both through
the last two arguments of those coefficients and through the term with
(C2

kz + C2
ωz) in (30).

Another geometry for which the number of equations is equal to the
number of unknowns is a transverse configuration in which Ck and Cω lie
in the x–y plane

Ck = (Ckx, Cky, 0) , Cω = (Cωx, Cωy, 0) , Ck ∥ Cω , V = 0 .
(33)

This choice leads to six differential equations for six unknown functions,

ṅu = −nu

τ
, (34)

ε̇ = −ε+ P∆

τ
, (35)

AĊkx = −
(
Ȧ+

3A

2τ

)
Ckx , (36)

AĊky = −
(
Ȧ+

3A

2τ

)
Cky, (37)

A1Ċωx = −
(
Ȧ1 +

2A1 −A

2τ

)
Cωx , (38)

A1Ċωy = −
(
Ȧ1 +

2A1 −A

2τ

)
Cωy , (39)

where the coefficients nu, ε, P∆ are functions of (T, µ, k2, ω2), i.e.,
(T, µ,−C2

kx − C2
ky,−C2

ωx − C2
ωy), and the coefficients Pkω, A, A1 are func-

tions of (T, µ). In this case, spin feedback enters the first two equations
through the dependence of nu, ε, and P∆ on k2 and ω2.

4. Special functions

The coefficients of the conserved current tensors depend on thermody-
namic variables through the functions Jmn0(ξ, z), where m,n = 0, 1, 2, . . . ,
and their first two derivatives with respect to ξ, denoted as Jmn1(ξ, z) and
Jmn2(ξ, z) (see Appendix A). They are defined by the integrals
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Jmn0(ξ, z) ≡
∞∫
0

sinhm y coshn y

exp(−ξ + z cosh y) + 1
dy , (40)

Jmn1(ξ, z) ≡ ∂

∂ξ
Jmn0(ξ, z) =

∞∫
0

sinhm y coshn y

2 + 2 cosh(ξ − z cosh y)
dy , (41)

Jmn2(ξ, z) ≡ ∂2

∂ξ2
Jmn0(ξ, z)

=

∞∫
0

sinhm y coshn y sinh(ξ − z cosh y)

2
(
1 + cosh(ξ − z cosh y)

)2 dy . (42)

Unlike the Bessel function of the second kind Kn(z), which appears in the co-
efficients in the Boltzmann approximation, these functions are not included
in standard numerical packages. In order to use them effectively in differen-
tial equations, we constructed interpolating functions. Since the asymptotic
behavior of functions Jmnk(ξ, z) is exponential for large ξ or z, we tabulated
values of the logarithm of each of the required functions (14 functions in
total). To ensure coverage of the whole relevant parameter region, we tab-
ulated the logarithms of Jmnk(ξ, z), with ξ ranging from −100 to 100 with
step 0.5, and z ranging from 0.1 to 100 with step 0.1. The numerical values
of partial derivatives of logarithms of Jmnk(ξ, z), with respect to ξ and z,
were also tabulated on the same grid and supplied to Wolfram Mathematica’s
Interpolation function to be used as constraint on the interpolant.

5. Results

Figures 2 and 3 present the results of solving numerically the differen-
tial equation systems (29)–(32) and (34)–(39), respectively. The simulations
were conducted with the following parameter choice: the initial proper time
τ0 = 1 fm, the final proper time τf = 10 fm, the particle mass equal to that
of the Λ hyperon, m = 1.116 GeV, the initial temperature and baryon chem-
ical potential having values typical for moderate-energy heavy-ion collisions,
T0 = 155 MeV and µ0 = 800 MeV. As we are mostly interested in the evolu-
tion of spin degrees of freedom, we plot components of Ck and Cω only (the
impact of spin feedback on the evolution of temperature T and baryon chem-
ical potential µ was demonstrated to be small in a previous study [50]). In
each figure, the top row corresponds to the initial values of the coefficients Ci

chosen as 0.25, the middle row 0.5, and the bottom row 0.75.
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Fig. 2. Proper-time dependence of coefficients Ckz, Cωz of the spin-polarization
tensor in the longitudinal configuration in the Fermi–Dirac case (left column) and
the relative differences between the Fermi–Dirac and the Boltzmann case, defined
as δCkz ≡ CkzFD/CkzB − 1, δCωz ≡ CωzFD/CωzB − 1 (right column). The initial
values of coefficients Ckz and Cωz are 0.25 (top row), 0.5 (middle row), or 0.75

(bottom row).

In both configurations, the values of the coefficients Ck grow monotoni-
cally, and their increase is faster for larger initial values. On the other hand,
the coefficients Cω either grow slowly or even slowly decrease (Fig. 3, panel
(e)). The right column in each figure shows the relative difference between
the Fermi–Dirac and the Boltzmann case, defined as δCi ≡ CiFD/CiB − 1.

For the choices of parameters shown in the figures, the relative differ-
ences between the Fermi–Dirac case and its Boltzmann approximation are
small, though not always negligible, reaching about 0.085 in one case, Fig. 3,
panel (f).
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Fig. 3. Proper-time dependence of coefficients Ckx, Cωx of the spin-polarization
tensor in the transverse configuration in the Fermi–Dirac case (left column) and
the relative differences between the Fermi–Dirac and the Boltzmann case, δCkx ≡
CkxFD/CkxB − 1, δCωx ≡ CωxFD/CωxB − 1 (right column). The initial values
of coefficients Ckx, Cky, Cωx, Cωy are 0.25 (top row), 0.5 (middle row), or 0.75

(bottom row). Owing to the symmetry of the system, the y-direction coefficients
remain equal to the x-direction coefficients throughout the simulation.

For some even larger initial coefficient values (not shown in the figures),
we observed formation of very steep gradients and loss of convergence in the
longitudinal configuration, with little difference between the Boltzmann and
Fermi–Dirac cases. On the other hand, in the transverse configuration, the
solver reached τf for any initial coefficient values tested. This is explored in
more detail in the next section.
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6. Applicability of the theory expanded to the second order in ω

It was observed that the numerical solutions in the longitudinal case
develop a singularity (a finite-time blow-up) before τ = 10 fm for initial
magnitudes of coefficients of the spin-polarization tensor ωµν above approx-
imately 0.87 (with values of m, T0, and µ0 as given in the previous section).
Remarkably, simulations of the transverse case were free from singularities
for any initial values of coefficients of ωµν , even of the order of 106.

It is worth analyzing this in light of previous results on applicability,
stability, and causality of perfect spin hydrodynamics.

6.1. Applicability

Perfect spin hydrodynamics with classical description of spin is applicable
if the integral appearing in the generating function

ncl = 2

∫
dP cosh ξ exp (−p · β)

∫
dS exp

(
1

2
ω : s

)
(43)

converges. This leads to a criterion that limits allowable values of the spin-
polarization tensor √

b′2 + e′2 + 2|e′ × b′| < m

T s
(44)

(derived in [47] for particles following the Boltzmann statistics but valid
for the Fermi–Dirac case as well, as mentioned in [45]). Primes denote
quantities in the local rest frame (LRF) of the fluid element, s =

√
3/4 is the

normalization of the spin four-vector, m denotes particle mass, T denotes
temperature, while e = (e1, e2, e3) and b = (b1, b2, b3) are electriclike and
magneticlike three-vectors through which the spin-polarization tensor may
be expressed as [58]

ωµν =


0 e1 e2 e3

−e1 0 −b3 b2

−e2 b3 0 −b1

−e3 −b2 b1 0

 . (45)

If the generating function (43) converges, then the tensors

Nµ
eq = −∂2ncl

∂β∂ξ
, (46)

Tµν
eq =

∂2ncl

∂βµ∂βν
, (47)

Sλµν
eq = − ∂2ncl

∂βλ∂ωµν
(48)
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are finite as well. Conversely, finite energy density implies convergence of
(43) and thus the satisfaction of (44).

It is interesting to note that expression (44) takes a particularly simple
form in the Bjorken expansion. Below, we show that in such a geometry, the
squared lengths of three-vectors e and b as well as of their vector product
correspond to squared magnitudes of four-vectors k, ω, and t. In the LRF,

ω′
µν = k′µδν0 − k′νδµ0 + ϵµν0β ω′β , (49)

from which we can read that k′µ = (0,−e′), ω′
µ = (0,−b′), and thus

−kµkµ = e′2, −ωµωµ = b′2, and −kµωµ= e′ · b′. Using these results,

tµtµ = ϵµναβkνUαωβ ϵµρστk
ρUσωτ = ϵµν0βk′νω

′
β ϵµρ0τk

′ρω′τ

= ϵ0µνβk′νω
′
β ϵ0µρτk

′ρω′τ = −|e′ × b′|2 .
(50)

Therefore, expression (44) takes the form√
−kµkµ − ωµωµ + 2

√
−tµtµ <

m

T s
. (51)

Subsequently, k, ω, and t can be expressed in terms of Ck and Cω√
C2

k(τ) +C2
ω(τ) + 2 |Ck(τ)×Cω(τ)| <

m

T (τ)s
. (52)

In fact, however, the criteria (44) and (52) are irrelevant for the theory
expanded to any finite order in ω because the exponential function of 1

2ω : s
appearing in (43) is replaced by a polynomial, making the resulting integrals
always convergent, e.g.,

ncl = 2

∫
dP cosh ξ exp (−p · β)

∫
dS

(
1 +

1

2
ω : s+

1

8
(ω : s)2

)
(53)

in the second-order expansion. Therefore, this is not the mechanism of
singularity creation that we observed in the numerical experiments.

6.2. Failure mode of the longitudinal configuration equation system

In the longitudinal configuration, three of the four equations (29)–(32)
can be integrated

d

dτ
(τnu) = 0 , (54)

d

dτ
(τCkzA) = 0 , (55)

d

dτ
(τCωzA1) = 0 . (56)
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Hence,

Ckz(τ) =
Ckz,0A0τ0

τA(T (τ), µ(τ))
, Cωz(τ) =

Cωz,0A1,0τ0
τA1(T (τ), µ(τ))

. (57)

Let us denote with a tilde a reduced version of any coefficient, obtained
by substituting Ckz(τ) and Ckω(τ) as in Eq. (57). (This introduces explicit
dependence on τ .) Then the first two equations become a 2×2 linear system
for Ṫ and µ̇

0 = τ
d

dτ
ñu + ñu , (58)

0 = τ
d

dτ
ε̃+ ε̃+ P̃∆ +

(
Ckz(τ)

2 + Cωz(τ)
2
)
P̃kω . (59)

Equation (58) is integrable,

τnu(τ) = Nn = τ0nu (T (τ0), µ(τ0), Ckz(τ0), Cωz(τ0)) , (60)

and lets us define an algebraic constraint for (T, µ) at each τ

g(T, µ, τ) = τ ñu(T, µ, τ)−Nn = 0 . (61)

Now, let us differentiate g(T, µ, τ) = 0,

0 = gT Ṫ + gµµ̇+ gτ , (62)

obtain µ̇,

µ̇ = −gT Ṫ + gτ
gµ

, (63)

and write the energy equation in the form

0 = τ
(
ε̃T Ṫ + ε̃µµ̇+ ε̃τ

)
+ ε̃+ P̃∆ +

(
Ckz(τ)

2 + Cωz(τ)
2
)
P̃kω . (64)

Substituting (63) into (64) reduces the equation system to a single explicit
ordinary differential equation for T

Ṫ = −
τ ε̃τ + ε̃+ P̃∆ +

(
Ckz(τ)

2 + Cωz(τ)
2
)
P̃kω − τ ε̃µ

gτ
gµ

τ

(
ε̃T − ε̃µ

gT
gµ

) , (65)

whereas µ̇ follows from (63). This form shows clearly a possible failure mode:
the denominator of (65) becoming zero.
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Indeed, numerical computations confirm that for the T0, µ0, and τ0 con-
sidered, if one probes increasing values of C0 ≡ Ckz0 = Cωz0, the denomi-
nator of the expression above goes to zero and changes sign at C0 ≈ 2.0568
(value for the Boltzmann case). In simulations, for choices of C0 near this
value, the blow-up occurs virtually immediately, at the first time steps. As
we consider longer time scales, larger intervals of initial conditions for C0

cause the solution to reach eventually the point of vanishing denominator,
and with τ0 = 1 fm and τf = 10 fm, configurations with starting conditions
in the interval approximately 0.8697 < C0 < 4.4809 exhibit a singularity.

6.3. Analysis of the transverse configuration equation system

Although this subsection does not purport to offer a proof of global exis-
tence of solutions in the transverse case, it presents some intuitive arguments
why the equations of the transverse configuration behave better than those
of the longitudinal one.

Relations corresponding to Eqs. (55) and (56) are

d

dτ

(
τ3/2CkiA

)
= 0 (66)

and
d

dτ

(
τ CωiA1

)
=

A

2
Cωi, (67)

with i ∈ {x, y}. Using Wi ≡ τ CωiA1, the equation above is equivalent to

Ẇi =
A(T, µ)

2τ A1(T, µ)
Wi . (68)

This equation does not admit an analytical solution, and thus the trans-
verse configuration equation system cannot be reduced to a single differen-
tial equation. However, one may observe that, since A1 > 0 and A < 0
(both proportional to positive Bessel functions, with a relative minus sign),
the prefactor in (68) is negative, and Wi is damped compared to (56), which
in this notation is simply Wz = const. Additionally, in (66), the term CkiA
is counterbalanced by a higher power of τ than in (54).

In effect, the equation system of the transverse configuration appears to
have solutions in the considered time frame for any tested initial values of
Cki and Cωi, even of the order of O(106).

6.4. Causality and stability vs. global existence of solutions

Perfect spin hydrodynamics can be cast into the divergence-type theory
(DTT) framework, as described in [34], and the criteria of causality and
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stability are satisfied. This holds as well for the theory expanded to a finite
order in ω, as can be easily verified. Nevertheless, these properties do not
imply global existence or global regularity of solutions.

Global existence of solutions in DTTs demands additional assumptions;
see, e.g., the paper [48], which requires dissipation (with additional condi-
tions that cause a theory to be what the authors call totally dissipative) and
the compact spatial topology of a flat 3-torus.

Recent works describe shocks in numerical simulations of DTTs for con-
formal fluids [59] and finite-time formation of steep gradients in Israel–
Stewart theories [60].

Formation of singularities in finite time from smooth initial data has
been observed in numerical simulations of viscous BDNK (Bemfica, Disconzi,
Noronha, Kovtun) hydrodynamics as well, regardless of its being a causal,
stable, strongly hyperbolic, and locally well-posed theory [61].

Thus, it appears that formation of singularities is a generic phenomenon
in numerical simulations of relativistic hydrodynamics. Seen from this view-
point, it is remarkable that the numerical simulations of the second-order
theory in the transverse configuration never developed singularities within
the considered proper-time range, and the solver reached τf starting from
any initial Ck and Cω.

7. Summary and outlook

In this work, the numerical study of perfect spin hydrodynamics of
spin-1/2 particles, with corrections that are second order in the components
of the spin-polarization tensor, was refined by applying expressions derived
for particles obeying the Fermi–Dirac statistics rather than its Boltzmann
approximation.

We have found that using the exact Fermi–Dirac statistics instead of
its Boltzmann approximation did not change the general behavior of the
parameters Ck in the simulations (i.e., monotonic increase). However, it led
to relative differences in spin polarization of up to about 8.5%, which is not
negligible. Presumably, making the system less dilute and increasing the
initial baryon chemical potential µ would increase the relative differences
further. The relative differences were the highest in simulations with the
highest initial values of the coefficients of the spin-polarization tensor ωµν ,
and those values were probably higher than those typically occurring in
heavy-ion collisions.

Tabulating and interpolating the special functions that appear in the
coefficient formulas in the Fermi–Dirac case involves numerical integration
and is computationally intensive if high precision is sought. However, it
presents little technical difficulty. Once the interpolating functions are con-
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structed, further computations involving them are fast. We have shown that
this approach is feasible and may be applied in practical spin hydrodynamics
simulations.

We have also performed an analysis of the breakdown of the numerical
simulations for large values of the spin-polarization tensor in one of the two
configurations considered (the second configuration being free from singu-
larities). As discussed, singularities do form from smooth initial data also
in other theories of relativistic hydrodynamics, such as the BDNK formal-
ism, and the properties of global existence and global regularity of solutions
do not automatically follow from stability and causality. Further work may
show whether, in the present framework, the formation of singularities ap-
pears only on the perfect-fluid level, in the theory expanded to the second
order in ω, and in the very restrictive geometry considered in this paper, or
whether is it a more general limitation.

There are several possible interesting directions of further numerical
study of spin hydrodynamics, such as: (I) expanding the conserved cur-
rent tensors up to a higher order in coefficients of ω; (II) adding dissipation;
(III) considering spin-polarized fluids in more general geometries, such as
a boost-invariant cylindrically symmetric geometry and, ultimately, three-
dimensional simulations analogous to those described in Refs. [51, 52]. Each
of those refinements may move spin hydrodynamics closer to a meaningful
comparison with experimental data.

The authors thank Wojciech Florkowski for useful discussion and Ra-
doslaw Ryblewski for sharing a Mathematica notebook used in a previous
work on boost-invariant spin hydrodynamics. This work was supported by
the National Science Centre (NCN), Poland, grant No. 2022/47/B/
ST2/01372.

Appendix A

Conserved currents of second-order perfect spin hydrodynamics

In relativistic hydrodynamics with a classical description of spin [35, 40],
the coefficients of the conserved current tensors are obtained by expanding
to a given order (in the components of the spin-polarization tensor ωµν)
the local equilibrium expressions

Nµ
eq =

∫
dP dS pµ

[
f+
eq(x, p, s)− f−

eq(x, p, s)
]
,

Tµν
eq =

∫
dP dS pµpν

[
f+
eq(x, p, s) + f−

eq(x, p, s)
]
,

Sλµν
eq =

∫
dP dS pλ sµν

[
f+
eq(x, p, s) + f−

eq(x, p, s)
]
, (A.1)
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where the integration measures are

dP =
d3p

(2π)3Ep
, dS =

m

πs
dsδ

(
s · s+ s2

)
δ(p · s) , (A.2)

and f±
eq(x, p, s) is either the Fermi–Dirac distribution for particles (+) or

antiparticles (−)

f±
eq(x, p, s) =

1

exp
(
∓ξ(x) + p · β(x)− 1

2 ωµν(x)sµν
)
+ 1

(A.3)

or its Boltzmann approximation (particles only)

feq(x, p, s) = exp

(
ξ − p · β(x) + 1

2
ωµν(x)s

µν

)
. (A.4)

Expansions of the conserved currents up to the second order in the compo-
nents of ωµν , derived this way in Ref. [44], are repeated for convenience in
the notation of the present paper in Tables 1–3. The tables use the following
shorthand for sums or differences of the functions Jmn(ξ, z) of positive and
negative first argument:

Jmnk+ ≡ Jmnk(ξ, z) , Jmnk− ≡ Jmnk(−ξ, z) ,

JmnkΣ ≡ Jmnk+ + Jmnk− , Jmnk∆ ≡ Jmnk+ − Jmnk− . (A.5)

The special functions Jmnk(ξ, z) are defined by integrals (40)–(42), and their
values have to be computed numerically. Kj(z) is the modified Bessel func-
tion of the second kind. For definitions of other symbols, see the main text.

Table 1. The spin tensor of perfect spin hydrodynamics with second-order spin
corrections.

Sλµν
eq = uλ [A(kµuν−kνuµ)+A1t

µν ]+A
2

(
tλµuν−tλνuµ+∆λµkν−∆λνkµ

)
Coeff. Fermi–Dirac Boltzmann

A − 2s2m3

9π2 J411Σ − 4s2cosh ξ
3π2 zT 3K3(z)

A1
s2m3

9π2 (J211Σ+2J231Σ)
2s2cosh ξ

3π2 zT 3 [zK2(z)+2K3(z)]
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Table 2. The energy–momentum tensor of perfect-spin hydrodynamics with second-
order spin corrections.

Tµν
eq =

(
ε0 + εω2 + εk2

)
uµuν −

(
P0 + Pω

2 + P k
2

)
∆µν

+(tµuν + tνuµ)Pt + (kµkν + ωµων)Pkω

Coeff. Fermi–Dirac Boltzmann

ε0
m4

π2 J220Σ
2 cosh ξ

π2 z2T 4[zK3(z)−K2(z)]

εω2 −ω2 s2m4

18π2 (J222Σ+2J242Σ) −ω2 s2cosh ξ
3π2 zT 4

[
zK2(z)

+(z2+10)K3(z)
]

εk2 −k2 s2m4

9π2 J422Σ −k2 2s2cosh ξ
3π2 zT 4[zK2(z)+5K3(z)]

P0
m4

3π2 J400Σ
2 cosh ξ

π2 z2T 4K2(z)

Pω
2 −ω2 s2m4

90π2 (J402Σ+4J422Σ) −ω2 s2cosh ξ
3π2 zT 4[zK2(z)+4K3(z)]

P k
2 −k2 2s2m4

45π2 J602Σ −k2 4s2cosh ξ
3π2 zT 4K3(z)

Pkω − s2m4

45π2 J602Σ − 2s2cosh ξ
3π2 zT 4K3(z)

Pt − s2m4

9π2 J422Σ − 2s2cosh ξ
3π2 zT 4[zK2(z)+5K3(z)]

Table 3. The baryon current of perfect-spin hydrodynamics with second-order spin
corrections.

Nµ
eq =

(
n0 + nω

2 + nk
2

)
uµ + ntt

µ

Coeff. Fermi–Dirac Boltzmann

n0
m3

π2 J210∆
2 sinh ξ

π2 z2T 3K2(z)

nω
2 −ω2 s2m3

18π2 (J212∆+2J232∆) −ω2 s2sinh ξ
3π2 zT 3 [zK2(z)+2K3(z)]

nk
2 −k2 s2m3

9π2 J412∆ −k2 2s2sinh ξ
3π2 zT 3K3(z)

nt − s2m3

9π2 J412∆ − 2s2sinh ξ
3π2 zT 3K3(z)
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