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A choice of tetrad field corresponding to the normal Riemannian coordinates (NRC)
and insertion of the resulting expressions for the Ricci rotation coefficients etc. into conserved
vector densities from the Noether theorem (in its tetrad representation) enables the recovery
of the full set of the Bel-Robinson superenergy tensor components in vacuum as the only
lowest order terms in decompositions of these vector densities in NRC. Hence the Bel-
-Robinson tensor as a whole can be interpreted as a relative energy-momentum-stress quantity
of gravitational field.

1. Introduction

The gravitational field can be treated similarly to the electromagnetic one. However,
two approaches exist, differently reflecting the nature of this analogy. The first one is
based upon the description of gravitatidnal-and-inertial fields relative to reference frames
(possibly, expressed directly in terms of bi-metrical formalism or, in its simplest modification
in the weak field approximation). The second approach uses a generally covariant descrip-
tion of gravitation without any explicit introduction of kinematic quantities (kinematic
“fields”). In the latter case the role of the gravitational field strength is played by the
Riemann~Christoffel tensor R,,,,, but in contrast to the electromagnetic field where F,,
is the “absolute” field strength, one can regard the Riemann-Christoffel tensor only as
a quantity characterizing the relative strength of the gravitational field. Existence or
absence of the ““true” gravitational field can be stated indeed when the geodesic equation
is considered (world lines of two freely falling particles). Geodesic deviation equation has
the form

D*n*

Tz = Rlat™en’, )
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where #" is the deviation vector, * the tangent vector to the world line of one of the
particles. The interpretation of R,,,, as (relative) gravitational field strength justifies the
use of quasi Maxwellian equations for this tensor {1]. This analogy between gravitational
and electromagnetic fields can be traced still further, on the level of energy-momentum
tensors. In the case of the electromagnetic field the energy-momentum tensor is of the form

1 1
T = — = (F*F’,+ F¥"F%’) = — o (F¥F',—% g""F*F ), )

where F,** = (1/2)E***F,,, E*"*¢ being the axial tensor of Levi-Civit. For the gravitational
field a quantity quadratic in the (relative) field strength also arises, and this is the Bel-
-Robinson superenergy tensor [2],

T = 3 (R¥REY, + R R ) = § (RVRE Y, + RPARTY, — 1 g*gh
X R*R,,,0), R&™ = § VR o (3
The superenergy tensor has the properties
gaBT:xﬂlu — 0’ Taﬁ/lu — T(aﬁ}.u); Tal“ﬁl;a = 0, (4)

similar to those of T2 (where the conservation is considered in the absence of sources
too). The Bel-Robinson superenergy tensor was connected with the Einstein pseudo-
tensor by Garecki [3] and with the Papapetrou pseudotensor by Yefremov [4]. In Refs [3-5]
the fact was noticed that the superenergy tensor is a relative characterization of the gravi-
tational field energy.

2. Normal Riemannian coordinates and the tetrad formalism

Normal Riemannian ccordinates (NRC) with the origin at a point P, are defined
as follows. x* = &*u for an arbitrary given point P = P(x"), where £* is a tangent vector
of the geodesic connecting the point P with the origin, # is a canonical parameter along
the geodesic. The definition of these coordinates presumes that every point P can be con-
nected with the origin at P, by a unique geodesic. Hence the Riemannian coordinates
fail to be definite outside the region of the boundaries where geodesics begin crossing.
At the origin of NRC the relations hold:

0 0,
8w = O Ty =0,
8. = diag (+1, =1, =1, —1), ®

the superscript “0” meaning that the corresponding quantity is taken at the origin.
Moreover, in the applicability region of NRC the relation

rixix’ =0 6)
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holds [6]. The metric tensor and Christoffel symbols can be represented in the neighbour-

hood of the origin in the form [6],

(1]
8 1 B
8oy = O+ 3 Ry Xx"+ L.,

0
FZ‘, = —% Ri‘w‘,)lxl+ P (7)
We need now expansions of the Ricci rotation coefficients ¢,,, = —@,;, in NRC. As
usual,
(puvl = g(a)lg(a)v;w (8)
where the four vectors g(a)’1 form an orthonormal basis,
Euv = g(a)ug(a)vﬂ g(l)vg(ﬂ)v = 6’[" (9)
(10)

It is casy to check that
¢uv/l;x_¢xvl;u = R/lvux+2¢[l<]ll?®/1]va’

where [x|A] - 4] means antisymmetrization in the indices &, u. Since £* satisfies the parallel

)]

transport equation,
(D/du)é* =0,

the Ricci rotation coefficients are submitted to relations

D
éuq)uvi. = 0 ‘E (éﬂéuvl) v 05

DZ
T &P = 0; (12)
It follows from (12) that at the origin the relations
(13)

=0

0
(pau VA5 ... 0

(x1a2 ... &n)

hold (the vector &* was arbitrary). Here the semicolon denotes covariant differentiation

and
(21x...2n)
the relations (13) obviously follows the formula

(D[ du") B+ (D" ™) (EB )

-i n—i K 9 oy xi -
(Dn ‘/du )(6 (val;al; .,.;ai-l;ug 5 j) = 0
2

™=

+
i

With the help of (12) we get from (10)
I n 0 n—1 n—1 ;AO n—1 n—1 Q K
(D /du )¢uv}._(D /du )(é ¢xvﬂ.;u) = (D /du )(Rlvuxé )

a sum of cyclic permutations of the indices shown in the brackets. From

(14

(15)
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o
Consider the derivative (D" Ydu" Y E Prsni a1l - 7). From (10) and (12) it
follows that

—i i x 2 ® LA — 1
(D” /du )(é (va).;al;...;ai-l;ué e C 1)
= (Dn~i+1/d“”—i+l) (éx%xvﬁ;m 3 oi—23 u éa‘ 1)

—-iy n—i 9 Oa*_l x - T
+(D" /du ) [ S ((pa;vl;az;...; aj—1;<,1\j;...;a,'—1R'J ajgpégé ! AR & )]

(ag .o ai—1pt)

—i n—i KO o i- o
= (D" +1/du +1) (é (pkvl;a,;...; a;-z;ué tl f’al 2)+ Z Cﬁ-l
k=0

(uay ... az+k—y)

Q . .
Ptk —i-k —i—k
x((paxvl;az;--.;xj-l;Q,-;...;ai+k—1‘fa! D I [du"""")

o i X n-i n-i K 0 La o
X (RE 084y = (D" du" ™) (E Py o g™ o €79, (16)
so that the formula (14) can be rewritten as follows,
0 - n= K Y n— - K 9
(D"[du")®,y; + (D" du" ™) (£ D) + (1 —1) (D" 2[du™™2) (EE Dy, 1,0 = 0. (17)
A further rearrangement of (17) gives
0 _ " xO
(D"/dun)¢uwl+n(D" 1/du 1) (é ¢xvl;u)
n-2 n—2 g Oa K
+(n—1) (D" 7/du""") (@4, R, %) -= 0. (18)

Now formulas (18) and (15) lead to the recurrent relation
0 n 0

Dn du® q)lv - Dn—l d n—1 R . K({fk

( / u ) uva R‘*"I( / u )( Avu )

n—

1
- ;;;1 (Dn Z/du" 2) (d)av}»sz(mé ég) (19)

In the neighbourhood of the origin in NRC the coefficients @,,, can be represented as
series,

uvl(é ll) - u\l+ud¢nwl/du+7 uzdz uw_/’du2+ (20)
which can be trivially rewritten, since x* = &u and dfdu = E*0/0x", as
1] gO 1 e 00
@uv,l(x) = (D,,v;_—l-x d)uvl,g-*_f X°X ¢yv1,g,a+ e (21)

The representation (20) is sometimes more convenient. We connect ordinary derivatives
(d/du) and absolute derivatives (D/du) with the help of the covariant differentiation
definition,

(D/du)¢uvl = (d/du)¢uvl avAr é 2®ua[lrv]qé . (22)
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From the relations (19) we get the following expressions of absolute derivatives of the
Ricci rotation coefficients, up to the 3rd order,

.0 [ x . 4} , 0 o
(D/du)¢uvl = % Rﬁ,vuké > (Dz/duz)(puvl = '§ R}.vuu;gg (S

3 3 9 3 9 Kuzpro 0 oa Kzogo
(D /du )¢;tvl = Rlvun;g;o’é < 6 —% R),vch'gaué é 6 . (23)
Now from (7), (23), and (20) we finally get the desired expansion of the Ricci rotation
coefficients in NRC (up to terms cubic in x*)

I\o « [2)0© ‘oo
gDuv). = E Ri.vpxx + ; Ri.v;n\‘;gx X

! 3 0 2 i 9 Oa K00
+ —37 (4 Ri.vmc:q;o'+R;m-[ARv]aaQ'—i R;.\‘;'IQR‘KG}l)x XX, (24)

3. The Noether theorem and the Bel-Robinson superenergy tensor

The Nocther theorem can be based on “invariance” (strictly speaking, the property
to be a scalar density) of the Lagrangian density € under infinitesimal transformations [1]
x"* = x*4¢el" Here £ is an arbitrary vector, and ¢ an infinitesimal parameter. In order
to get conservation laws with proper physical sense, one has to connect & with some
meaningful operation (e.g., time translation relative to a given reference frame or symmetry

property of space time, etc.). This condition leads to a weak differential conservation law

w’, =0 (25)
where
w* = tg:- d_gngztéd,t
(in absence of gravitational field sources), t,; being the standard canonical pseudotensor
density of the gravitational field,

aT )4 T 11 a
< = - 'MBI Mﬂia = 2 ze
08’ ,

the “generalized spin density” of the gravitational fleld [1] and £, the gravitational La-
grangian density. We take the latter in the form

(p(x") — o p(x)), (26)

NET
2K
which follows from the Lagrangian density €, = v —_g R[2rk when the second derivatives
of potentials (tetrad vectors) are covariantly excluded in a divergence term. Inserting

& = g we get [7]
VT8 v ramm v mrR esa e
W = e (2D, —DND, + DD, —D D + DD,
. 4

1] —
‘i'g. tetr. —

(@, D7, —B," D] @7

—3 04DV DT DD )] gy (28)
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In NRC we have
L4 0 % o -4 232 0 @ 2
Wp)* = Wep)*+udo ) /du+ 4 ud ) fdu” + ...

In accordance with the expansion (24) we find that the Oth and Ist order terms
vanish, i.e.

Wy =0, dd,/du = 0.

The further application of (24) and the expression of the superenergy tensor (3
up to term cubic in x*,

0 [
W = (1/2) (3 TZpeX°x7 +4 Tl5p0, X x7X).

A study of the recurrent relation (19) and the definition of the contravariant vector
w* results in the expression

Dy = "5 (B 6 YErEEns | o
@B - 5 SBViV2iVai ... (Vs BVIVIVE vy s

where the last term in the brackets contains linear combinations of products of the Ri
Christoffel tensor components and theirsabsolute derivatives up to the order (n—
expressible through the Bel-Robinson tensor or its derivatives,

(o), _ =0, n<4
Bviaova T # 0’ n 24

The transition from absolute derivatives (D"/du") to-the ordinary ones, (d"/du"),
formed with the help of relation

&€ & xXypo &€ d ‘.;_g'
(Dlduyw " = (d]du)w )"+ 05T 5" —10 g \;u / -8

since w;)* is a vector density.
Hence, by means of using expressions (31) and (32), w,* can be represe
NRC by the series

« 1 01 - oa .z
Py = 5. [(%)T- 300X X"+ (3T pg0, XXX

n—1 %a goa vy Vi
+ ) ( *Bvivaivs; ‘--;Vn+ 'Bvlvzvs‘..v,‘)x e X s
n!

(] Oy
G?ﬂvl O = Bi.ﬂvl v,.+ w-ﬂvl e Vp?
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where 1?)"_’3,.,“‘\,“ consists of summands which we get by exchange of (d"/du")x%w)“ by

(D"/du")rg(,,)“ as a consequence of (32) and formula

0 Q 0
(' ldu w7 = (D"Jdu)0 S + 9, 8 &

resulting from (32). Here y(;?,gvl_,,v" differ from zero only if n > 4,

The expansion we derived here for the conserved vector density w,” enables one
to interpret the Bel-Robinson superenergy tensor as a relative characteristics (meaning
comparison of situations existing in nearby points) of the energy, momentum and stress
densities for gravitational field in vacuum. It is remarkable that this conclusion concerns
not a part of the superenergy tensor components, as it was previously claimed (see [3]),
but all of them simultaneously.
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