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It is shown how to obtain the Ward identities and the equation for Green functions in
our approach based on the external source method combined with the quantum dynamical
equation. The results obtained previously and in this paper make transparent the connection
between Mandelstam’s geometric approach and the functional approach to the quantization
problem of gauge fields.

1. Introduction

The Mandelstam approach [1, 2] to the quantization problem of Yang-Mills and
gravitational fields may be characterized as a geometric one. In fact the path dependent
quantities, the construction of which is the most important step in Mandelstam’s formalism,
are shown by us [3] to be just the quantities taken on a horizontal path of a fibre space.
Furthermore, our approach to the quantization problem of gauge fields, based on the
external source method combined with the quantum dynamical equation [4], enables us
to etablish a connection between the geometric approach used by Mandelstam and the
functional approach used by other authors [5-8]. We would like to note here that such a
connection is regrettably absent in the book by Konopleva and Popov [9] who treat the
problem of gauge fields under both aspects: geometric (first part) and functional (second
part).

The present paper is the continuation of [4] and is aimed at showing how to obtain
the generating equation for Green functions and the Ward identities in our approach and
at making more transparent the connection, which is mentioned above.

We shall use indices from the beginning of the Greek alphabet to denote components
in isotopic space and indices from the middle of the Greek alphabet to denote components
in the space-time.
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We have obtained the following functional differential equation for the vacuum-to-
-vacuum amplitude Z in the case of Yang-Mills fields (Eq. (2.13) in [4]):

S +iJ%(x)— ife*8,G"(x, y)| Z=0 (L.1)
s RO sy )2 =0 -
where G**(x, y) is the Green function defined by (Eq. (2.12) in [4])
Vi(x)8,G"(x, y) = 6*°6(x - y), (1.2)
with
Vi = 070, + fc* A, (1.3)

An important identity necessary for the deduction of the Ward identities was also
proved (Eq. (2.10) in [4])

Vhege = VA1 8, [ [VIPO)AWNIGT(x, y)dy : = Vi [6,G%(x, )]y, (1.4

In (1.4) the symbol :...: indicates that in the expression between colons the external
source J, and the field 4; are to be ordered so that J; appears before 4.
In the gravitational case the functional differential equation for Z is of the form

(Eq. (3.13) in [4])
88 . . :
(S_g;;(?) +1J“v(x)—16u6vG(x, y)|x=y g—’%z =0, (15)
where g*'(x) = \/—gg""(x) and the Green function G(x,y) is defined by (Eq. (3.12)
in [4])
VE'(x)0,G(x, y) = 6;0(x—y) 1.6)
with
V4 = §"70,—0,8% 04— 0,60, — %040, — 6030, (1.7
The identity analogous to (1.4) in the gravitational case is the following (Eq. (3.10)
in [4])
Vi = =V50, 1§ G(x, Vi () po(y)dy :—V570,0,G(x, y)|,= x- (1.8)

2. Yang-Mills fields
A. Equation for Green functions
Let us consider Eq. (1.1). We have

oS

mj = av(avAz(x) - auA:(x)) +.ﬁ:(x)’

where

Ji = c(— 410,48 +2470,45 — 410, A0) + fe P PP ALALA. Q.1
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In (1.1) the expression enclosed in parentheses is of the form

00,4, =0, A3) = F (2.2)

1
If we add to the LHS of the preceding equation a divergence — 0,0°(6" = 8,4;) we
o

obtain the equation

1
A4 - (1—— ) 0,0 = #, 2.3)
o
with solution
a aﬂav -1 &,
Ay(x) = Opy— 0 (1—o) {<x]O " u> f(u)du, (2.4)

where (x|[J7'|y> = 43(x, y).

Thus the adding of a divergence leads only to the change of the gauge of the Green
function

0,0, -
Duv(x: y) = [6;‘\’” u[l (l—d)] <X'D 1’y>

Integrating (1.1) in the gauge « we have

(AL +f § Dy(x, w)jS(u)du + § D,y(x, u)J(u)du
= [ D%, w)fc70,G" (u, y)ly=udu),  sZ = 0. (2.5)
aJ

o
If we operate from the left with P[Wi‘ and set J — 0 after commuting P with the

source, we obtain the following equation for Green functions from (2.5)

<01T{A“(x)P{A]+f j D%, u»,(u)duP{A]Jrf D%, ) -—— P[A]du

SA%u)
- Joyv(x, w)fe*?9,G*(u, y)iy=uduP[A]} 10> = 0. (2.6)

(In (2.6) P[A] is an arbitrary functional of A,(x).
(i) Inserting P[A] = A%(y) into (2.6) we get

—— = — +—(p—+ - F =T

(ii) If we set P[4] = A%(y) A}(z) in (2.6) we have

—a( = O =X 1
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In the preceding diagram equation the continuous lines describe the gauge field, the
dotted — the Faddeev-Popov ghost field.

Similarly we can obtain equation for other Green functions from the generating
equation (2.6) by setting P[A] equal to various polynomials of 4, and 6.

B. Ward identities

After finding Z from (1.1) in the general gauge a and setting Z = 0, where 6Z is the
variation of under the transformations 45 — A} —f~*/%#u? (u’ — arbitrary function of x)
we get the following equation

1
- VE20,0° + VA [0,G7(x, y)]c=y+ VE(WIAY) = O. (2.7
By using the important identity (1.4) we can convert (2.7) into

§9“ =: J G*(x, YVI(»)JI(y)dy:. (2.8)

From (2.8) we get the Ward identities

6
A(w)

£<01T9“(x)P[A]io> = (0T f duG(x, w)V?*(u) P[A]]0). 2.9

If we set P[A] = 0 and then P[4] = 0f(y) A?(z) the Ward identities (2.9) yield respectively
p.D = 06*p,p~? and the Slavnov identity.

3. Gravitational field

A. Equation for Green functions

Let us consider Eq. (1.5). Here

oS

W = R,”(x). (31)

Now rewritte g*" as
gﬂ“ = 6#V+lhﬂ",

where "' is the Minkowski metric. Separating the terms which are proportional to A from
R, (x) we have

R,, = — A} Ohd,,+4% 0,0;hh+1 8,0,k ~% Oh,) +R (A7) (3.2
In (3.2), #,, (2?) is that part of R,, which contains second, third and higher powers of 4.

1
If in (1.5) we add the divergences E—é{ve,‘} 0, = 0,68, {...} denotes symmetrization of
o
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indices represented by three points) to the expression in parentheses we get the following
equation

1 1
2 (g{ (6, +14 8,0,h5+1% 8,0, -1 Ohy— % 8,0,hs— % 6,,6;_}:’1)

= guv(;{'z)'*"]uv _auavG(x’ y)}x=y (33)
with a solution
2h¥(x) = | D*"(x, u) £, (u)du (3.4
where £, is the LHS of (3.3) and
Dlo’uV(x’ _V) = [(2_a)alaauv_éxpécv_a).v(sap ( D )(5Aaau6v+5nvalaa')

+(1—a) (5M0°0° + 57670 + 5°40%0 + a“a‘a”)] IOy,
Integrating Eq. (1.5) in the gauge o we obtain
{(A(x) = [ DM, ) [R3(0) +J10)
—3,0,G(u, y)Iy=,,]du}g_’12 = Q. (3.5
3

By the same procedure used for obtaining (2.6) from (2.5) we convert (3.4) into the foliowing
generating equation for Green functions

o|T {lh""(x)P (a]1- JD“”’(x, u) [%a(u)l’[s]

5
* 5g7ca) | 18191960 M- ..P[g]] du} 0y =0 (3.6)

where P[g] is an asbitrary_functional of g*'.
() Substituting P[g] = g%°(»)—86%" = Ar®(y) into (3.5) we get

—0— = ——+5 B+ ;=5

!

(i) Substituting P[g] = A2A**(y)h**(2) into (3.5) we get similarly

—
[ ] ! v

@( —_ (% P —
n§2 s + n=t Ve f

The equation for higher Green functions may be obtained by setting P(g] equal to various
polynomials of ¢** and 6%,
B. Ward identities

In order to obtain Ward identities we must find Z from (1.5) in the general gauge o
and then set §Z = 0 (8Z is now the variation of Z under the transformations g** — g’
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—10,6" 4 g"°0,u" + §"0 " — g"*0,u% here u’ is an arbitrary function of x). As result,
we obtain

1
- Vﬁvaveu+V;'vauavG(xs y)|y=x+V‘)l.vJuv = 0. (37)
o
If we make use of the identity (1.8) Eq. (3.6) can be expressed as follows
1
-0"(x) =: JG(x, W)V (u)J yo(u)du: (3.8)
o

Eqg. (3.8) yields us the following Ward identities

1
;<OIT9”('x)P[9] 10> = <01TJG(x, wVyY () —— P[g] [0,. (3.9

o ""( )
If we set P[g] = 0°(y) and then P[g] = 6%(y) g“*(2), the Ward identities (3.9) yield respec-
tively p,p D" = 46" and the Slavnov identity for gravitational field obtained in [8].

It was noted in [4] that the important identities (1.4) and (1.8), which enable us to
derive all results, obtained in [4] and in the present paper, are analogous to the equatians
(4.43) in [1] and (6.15) in [2] for path independent Green functions of Mandelstam’s
formalism. Thus our approach furnishes a way for establishing a transparent connection
between the functional approach and the geometric approach used in Mandelstam’s
papers. The geometric meaning of Mandelstam’s approach was shown by us in [3]
by using the theory of fibre bundle.
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