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TRANSFORMATION FROM THE USUAL NUCLEAR SHELL
MODEL TO THE TRANSLATIONALLY INVARIANT SHELL
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A general formula is obtained for the coefficient of transition from the wave function
of the usual nuclear shell model for the dipole states in p-shell nuclei to the wave function of
the translationally invariant shell model. The coefficients for the set of functions of the
configurations s%p® and s*p (2s — 1d) are calculated and a table is given.

1. Introduction

It is well known that the wave function of the shell model is not translationally in-
variant [1, 2]. Among the excited states there exist the so-called “‘spurius states”, the
states in which the center of mass of the nucleus is excited and the intrinsic state remains
unchanged. This defect in the shell model is very significant for the light nuclei. However,
a complete set of pure wave functions (free of spurius states) can be constructed in the
framework of the so-called ‘“translationally invariant shell model” [3, 4], abbreviated
TISM). This model also has the advantage of describing the cluster structure of the
nucleus.

In TISM the wave function [AN[fJ(Ax)LST) describes the nuclear state of 4 nucleons
characterised by N — the number of oscillator quanta, [f] — Young scheme, (1) — the
irreducible representation of SU; group, LST — the total angular momentum, the spin and
isotopic spin of the nucleus. However, the procedure for calculating the energy spectra and
some other nuclear properties by the wave functions of the usual shell model is rather
easier than by the TISM wave functions.

2. Derivation of the transformation coefficients from the usual shell model to the TISM

We consider the states of the configurations s%p**! and s*p* ! (25— 1d) which are
formed when one nucleon is removed from the s-shell of the configuration s*p* to the
p-shell or from the p-shell to the (25— 1d)-shell. In TISM these states are denoted by the
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wave function |4 = K+4N = K+ 1[fW(An)LST). According to Elliot and Skyrme [4]
we can write the relation between the wave function of the usual shell model and the
TISM wave function as follows:

YoolRa) |AN[f] Gu)LST) = U% ] drasimlS* P T LS, T, : LST)
10141

+ ) Besrawrserea, X 1* P TILfVIL'S"T" 213 4§ : LST, 1
(f7IL7"S”*T" I3

where po0(R,) is the wave function of the center of mass of zero vibration a, f are coefficients
to be found.

Upasirs = <SCPUTAILS, Ty : LSTyeo(R,) [AN[f] (Ap)LST),
Biywrsirog, = <S4PK‘1[f”]L”S”T”, 2y LSTI"/’OO(R‘A) |AN[f]1 (AWLST. 2

The wave function |s3p**') can be written in the form of an antisymmetrized product

of the antisymmetric functions |s*) and [p**!>
_, PBUK+D! .
SRS ST = (1 PED e s 1 ooy L,
3
where  — the antisymmetrization operator.
Then,
- A!
s = 0
x {p* T '[/LILS, Ty 5 5°0 3 4 : LST|yoo(R,) |AN[f] (Au)LST). C))

The function on the left side of the matrix element is antisymmetric only with respect
to the interchange of the p-nucleons and s-nucleons separately.

The shell function [p**'> (and also [s*)) can be written as a product of the intrinsic
wave function and the wave function of the center of mass,

|PK+1L51T1> = 11;/1 <PK+ 1L|'Pnt§ K+1N,4,> lwnt(ﬁx+1), N.A8,T, : LS T},
ni,N1Ay

[5°0 43 > = (s°0lyoo; 3003 poo(R3), 3003 4: 01 4, )

where zp,,,(ﬁ“ 1) — the wave function of the center of mass of (K+ 1) nucleons in the p-state,
woo(R3) — the wave function of the center of mass of three nucleons in the s-state and
n+N, = N, T+ A = L. The squares of the coefficients in the expressions (5) give the
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statistical weights of the products of zp,,,(ﬁ) and the wave function of the intrinsic motion
in the shell wave function.

Expressing the wave function on the right side of the matrix element (4) through the
coefficients of fractional parentage {c.f.p.) for separating 3 particles {5, 6], changing the
coupling momentum scheme in (5) and substituting in (4) we get

A-1 Al
Urygsry = (—1) KL 1)!

x Y <(ANLST|A—3N;A;S,T;;nl, 0044 (nl): LST) <{p*"'Liy,; K+1N 4>
NiyAy,nl
1 A4, L
x {5*|900; 300> | 0 0 0| <nl;00: nl|A—3,3|00, nl : nl), (6)

1 A, L

where nl/ — the principal quantum number and the orbital momentum of the wave function
of the center of mass of three nucleons relative to the center of mass of (4 —3) nucleons.
The Talmi coefficient [7] stands for the product of the wave. function

<%z(ﬁx+ s 1/’oo(jéa) IWOO(RA)a ¢vl(§A—3 _§3)>6nv511'

The coefficient <{s3|1g0;300> =1 and 9j-symbol =1. To find the coefficient
(P 'Lip,; N1A,> we express the function |p¥*!> through the c.fip.,

{p"*'LS, Ty) = Z <P LS Ty p*L\ S\ Ty |p*Ly S T{, p% 3 : LS, T}

Ly'$)'Ty"

= e, P LSTPLSITL <P Lilprs KN1A3)
1'Sy'Ty n'V,N1dy*

* |9wir(R), KN AWLSIT)); p 442 LS, T, )
where W' +N' = N, I'+ A}, = L;.
In the wave function on the right side of (7) we change the momentum scheme A} + I’

= L] to T+p = & and make a transformation in the wave function |y, (Ry), ¢,: &>
to the center of mass of (K+1) nucleons, using the Talmi coefficient [7},

[9wrs KN1AYL, S Ty); p44: LS, Ty
= Y UYL LL)n'l, 11: LK, 1 nl,vody : &

nl,volo, ¥
X |KN3 AL 9u(Ris1), Proao R —Tx+1) { £} LS, T, (= M 74 7F, (8)

where @, ;, — the wave function of the motion of the (X+1)-th nucleon relative to the
center of mass of K nucleons. Before the function on the right side stand Racah coefficients
and Talmi coefficients. Changing the scheme T+ie = &£ to A+, = A and expressing
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the wave function |K+1N,A4,> through the c.f.p. we get

XY LIy, NoAy) = > <M MLAILS Ty p [ 1L, S T

Ly'Sy'Ty'\Ny'[f1'141" volosl', &
x (K +IN[f1]4,S, T KN1[f1]A1S1T5, voho)
x U(AJVLL; LLYU(LAG LA, LA ('l 11 : LIK, 1 nl, vodo : &
X (ML s KNy} (= L s i dan2, ®

And hence, by equation (9) we can find the coefficient (p"‘|1,u(f€,,,); N = m) if the coef-
ficient (p™ |9(R,,—;); N = m—1) is known.

The coefficient <p3L|w(§3); N = 34> can be found explicitly. Using fractional
parentage expanding of the function |[p*) and |[NA) asin (7) and (8), we obtain the following
formula

-

(PPLipa(R3); 3NAY = (p’LST|p*LS'T">

L'S'T' N A" va,n'l', &%
x (ANAST|2N'A'S'T’, vAYU(A'I'LL; LY)
x {111 : C|1L,1n'l, N'A" : LYU(IALA"; £ A)
x{n'l' 11 L2 nl, vA 1 L) (—)EFEHa-A=i-i=g (10)

The coefficient § in (2) can be found similarly. We write the function |s4p* ™1, 21, : LST)
in the form of the antisymmetrized product of the antisymmetric function |s*p*~*) and
the function of the last nucleon [2/;> .Then we perform in the shell function [s*p®~'>
a transition to the function of the intrinsic motion of (4 — 1) nucleons taking into considera-
tion that their center of mass is in the ls-state.

s*pX LIS T", 213 % 4 : LSTY = /A poo(Ry-1)
x|A—1IN = K—1[f"]L'S"T";2l3 %+ 4 : LST) (1)

Using the Talmi coefficient, the function 44|25 is transformed to the product of the
function of the center of mass of 4 nucleons and the function of the motion of the A-th
nucleon relative to the center of mass of (4—1) nucleons.

Is*pX LS T", 213 : LST) = JA |[A—1IN'L'S"T"; poo(R ), @u(Ra-1—F4) : LST
x 00, 215 : 1,]A—1,1{00, 215 : 13)6,,9,,. 12)
Using the c.f.p. in the function on the right side of (2) we get finally
Bipwseroas = /A CANLST|A—1N'[f""]L'S"T", 21, : LST)

x €00, 21 : 5|4 —1,1]00, 215 : I3). (13)
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By the formulas given above we calculated the coefficients « and B for all possible one
photon-excited states of °Li nucleus. The rcsults are given in the table shown below.

TABLE I
e and f coefficients
Shell function
TISM P [f')LS'T": LST s, 1d:LST | s, 2S:LST
Function
fi {3 {21] {2 {11] {2 [11]
(f) (A10) LSTYT 13033083 1 3L | osT (ST ST ST
[42] an | 201 Vi | Vb NER
1321] an 201 NE -Ji
421 | ap | 210 s JE | v
[321] an | 210 -J% Ji
[411] an 211 .\/:_1“§ \/IZB V& N
[321] an | 2u -2 |-2 1
[321] an, | 2 2 |-1 z ~
4111 | (D, | 200 o VE Vi
[42] G | 301 |-VZ Vi
{42 (30) 30 | V2 Ji
[411] G0 | 311 )
133] @G0y | 31 -1
[411] (30) 300 1
[33] (30) 300 | -1 .
@11] an 111 Vi |~V - N —\/_T‘"g
[411] (30) 111 Vi Vi
[33] (30 111 -1
[321] an, | 1 2 2 -1
(321] an, | 1 ] -2 1 |-3 . B
[42] @G0 | 101 |-/1E NES NER
[42] (1 101 S o T 125 /128
321} an 101 N *\/§ 1 . -
M2 | ey | 1m0 | VIS Vi VT
421 | an | 110 V22 —V 35| Vi viss
[321] an | 1o NE Vi - N
[411] an | 100 s Jis i
[411] (30) 100 £ Vi
(33] (30) 100 | -1
(321} an 121 1
1321] an | 22 -1
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