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AN EXACT PERTURBATION SOLUTION TO THE EQUATION
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We obtain an exact perturbation solution to a certain nonlinear first-order differential
equation which arises in the study of stellar structure.

In this letter we obtain an exact perturbation solution to the following nonlinear
first-order differential equation

xv ¥ _x Y(Y+1) 1)
eXY — =X~ ,
dx

where ¢ is a small positive parameter, i.e., 0 < ¢ € 0. This equation arises in the study
of stellar structure (Chandrasekhar 1958). A similar equation was considered by Jeans
(1925, 1929).

To solve equation (1), we assume an asymptotic expansion, in the small parameter
g, of the form (Nayfeh 1973),

Y(X,2) = T X). @

In addition, we assume that the functions ¥,(X) are continuous and have a first derivative
on the interval 0 < X < c0. The function Y,(X) is called the generating function and is
gotten by setting ¢ = 0 in equation (1),

X = Yo(Yp+1) = 0. 3)
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We choose the following solution of equation (3) as our generating function,

Yo(X) = VX +1 —1. 0

Our purpose will be to determine the unknown functions Y,(X). We will show that
this can be done iteratively, i.e., the function ¥, (X) is determined once we know
Yo(X), Y (X)), ..., Y, — (X). Consequently, the function Y,{(X) may be expressed, function-
ally, in terms of the generating function Y,(X). Only the functions Y,(X) and Y,(X)
are determined in the book of Chandrasekhar (1958).

First, we must determine the boundary condition satisfied by equation (1) with
assumed solution, equation (2). Note that equation (1) is a singular first-order differential
equation (Bellman 1964). This means that when ¢ = 0, we have an algebraic equation
rather than a first-order differential equation. A consideration of equations (1) and (4),
and the assumptions on the functions Y,(X) easily show that

Y(0,&) = 0. (5)
Equation (5) gives the following result,
Y (0 =0 nx=0 6)

Let us now determine the function Y,(X). This may be done by substituting equation (2)
into equation (1) and setting the coefficients of the various powers of & equal to zero.
After some straightforward, but lengthly algebra, we obtain

n-1 n
dY, -1
X Y, ax +Y,+ Y., =0. Q)
£=0 k=0

Solving for Y,(X), gives

n—-1
Y(X)
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where Yo(X) is given by equation (4).

Note that Y;(X) is given in terms of Yo(X). Similarly, ¥,(X) is determined by Yo(X)
and Y,(X). In general, Y,(X) is determined by Yo(X), Y1(X), ..., ¥, - ,(X); consequently,
Y, (X) is uniquely specified by the generating function Y,(X). Thus, we conclude that the
assumed asymptotic expansion, equation (2), is a solution of equation (1) if the functions
Y,(X) are given by equation (8). Since all the functions Y,(X) are proportional to Yy(X),
the conditions given by equation (6) are satisfied.

Finally, the series, given by equation (2), is a uniformly valid asymptotic expansion
(Nayfeh 1973). This follows from the fact that Y,(X)/Y,(X) is bounded for all X = 0.
This latter result may be easily obtained by induction from equation (8).

The author wishes to acknowledge valuable discussions with S. A. Jackson of Bell
Laboratories (Murray Hill, N. 1.).
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