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A series of experiments show that the physical time is the same kind of
quantum observable as the spatial position. Using the projection evolution
as the extension of the standard Schrédinger type evolution, the decay of
a two-particle system in the case of limited allowed space (box) is consid-
ered. A very schematic model is used to show the size effects in the decay
probability distribution.
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1. Introduction

In the standard approach to the quantum mechanics, time is considered
as an events ordering parameter. The experiments in which the temporal
interference is obtained show [1,2] that this concept is only an approximation
and that the quantum time should be the same kind of a quantum observable
as the position in space [3-5].

The time scale, in which the temporal quantum effects emerge, is of
the order of femtoseconds and shorter. In order to treat the time as quan-
tum observable, we developed the projection evolution formalism (PEv), see
[7=12]. In this formalism, the quantum evolution is a stochastic process in
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which the subsequent quantum events are randomly created, with the prob-
ability distribution determined by the actual state of the system and the
so-called evolution operators.

In this work, we show that the projection evolution approach allows to
investigate temporal effects in the decay of nuclei and any other quantum
systems in terms of the competition between remaining in the bound state
and decaying. The key assumption here is that time is a dynamical variable,
not a parameter. In this paper, we discuss the possible role of the external
clock in the decay process. It is not our goal to provide a realistic scenario
of these processes which, especially for fast processes as those observed in
nuclear reactions, should include temporal effects, too. This paper is, to
some extend, the continuation of [6].

2. Two-particle system

To schematically show a possible scenario of the decay process as the
projection quantum evolution, we consider two spinless particles in the non-
relativistic space-time X . The relativistic case can be treated in an analog-
ical way and will be described elsewhere.

First, we introduce the notation and conventions used in this paper. The

coordinates of the n'® particle, n = 1,2,..., A, in the N + 1 dimensional
space-time are denoted by z, = (20 2} 22 ... 2N) = (ct,,,). Simi-
larly, the linear momentum is denoted by p, = (Pno,Pnl, Pn2;- -, PnN) =

(Eyn/c,Pn). The corresponding components of the linear momentum opera-
tor for the n'" particle are

- (D . L 0
(Pnos Pn1s Pn2; - -+ PuN) = <Zh8x%’_m8x}f”’_Zhaxé\J '

Next, we introduce the relative and the “center-of-mass” coordinates in
the space-time X. For a two-particle system (A = 2), they read

ot =l — 2l
1

é-'u = ﬁ(mlufﬂl{ + m2#x5) 5 (].)
I

where m,,g = m,t and m,1 = m,x denote the coefficients which we call
masses of the particles. The coefficient m,,T is the temporal mass of the
n® particle and m,,x is the appropriate spatial mass. The coefficient M, =
m1, + ma, can be called the total mass of this two-particle system.

Using these variables, one can introduce the total linear momentum ]5“

~ L 0 . R
Pu = 'lh@ = Pip +p2u (2)
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and the operator of the relative momentum ¢,

. L 0 1

G = th— = —— [=maup1, + m1upb2u] - (3)
i our M, nam b2y

2.1. Simplified generator of the projection evolution
for a two-particle system

For two-particle spinless system, A = 2, the simplified quantum evolu-
tion generator' expanded in linear momenta up to the second order, can be
written as

A A
W(T) = ZzanM(T>ﬁnu+ Z Zbrnnz;,uu(T)ﬁnluﬁngy

n=1 p ni,no=1 p,v
A
- Z Viung (Tny, Tny) +hec. (4)
n1<ng

The requirement of the spatial rotational and translational symmetries sim-
plifies this expression. After choosing the coordinates of the principal axis
of the quadratic form in linear momenta, one gets

A A
W(T) = Z Gno (T)ﬁno + Z Z bn;u (T)ﬁnuﬁnu
n=1 no W

A
- Z annz(‘rn17$n2)+h.c. (5)
np<ng

In this way, we also require that the interaction term Z;?l <ny Vnans (Tny, Tny)

has to be invariant with respect to spatial rotations.

One needs to note that the evolution generators are defined up to trans-
formations which leave the eigenspaces of these generators invariant. Par-
ticularly W and cW, where c is an arbitrary non-zero real number, determine
the same projection evolution operators. This property allows to choose one
of the coefficients arbitrarily. Let us assume, in analogy to the Schrédinger
equation, that a,o(7) = ap(7) = 1. Similarly, one can expect that the coef-
ficients by, (7) are inversely proportional to the masses with the appropriate
signs

A p2 dim(X) ﬁ2 A
W(T) = Z ﬁnO + 2 o Z ) - - Z Vn1n2(gjn1’xn2)' (6)
n=1 Mno p=1 Mnp ni1<ng

! The projection operators projecting on eigenspaces of the evolution generator are the
evolution operators.
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In what follows, we work in a two-dimensional space-time, i.e., we consider
only one temporal and one spatial coordinate. The generalization to more
spatial dimensions is straightforward. In our case, the transformation to the
relative coordinates (1) gives

A\ 2 ~ N\ 2
YR ) N o) R [0
2MT 2MX 2mT 2mX

+ V(T;é‘,w)] (D)

where & = (£0,¢1) are the center-of-mass coordinates and = = (2%, 2!) rep-

resents relative coordinates between two particles. The coefficients Mx, Mt
are “space” and “temporal”’ total masses of both particles, respectively. The
coefficients mx, mr denote the reduced “spatial” and “temporal” masses.

Let us now assume that the evolution parameter is 7 = 7,, where
n = 0,1,2,... The evolution parameter 7 is the common parameter for
every physical subsystem. It orders the evolution steps. It has no metric
structure but allows for introducing a kind of quantum causality (forward
and backward).

As the next step, we modify generator (7) adding two external potentials
to localize particles in space and time. This is a useful step, even though
these potentials break the translational symmetry.

At the beginning, we consider the evolution generator for 7 = 75. The
first modification is adding the temporal potential Ur(¢Y). This potential
represents the averaging of times of particles in the environment of our two-
particle system, which we assume to be open. The second potential Ux (£1)
is added for technical reason to avoid unnormalizable vectors in the spatial
part of the center-of-mass variable ¢'. The evolution generator takes now
the form

NG
P°+M+UT(€ )] —
(40)° B (4)°

2mT 2m X

-V (:L‘O, :L‘l) , (8)

where the sign in front of the interaction term V' is arbitrary. It is chosen
here in such a way that, after neglecting time dependence, the traditional
form T+ V is obtained. We add also the subscript ¢ which distinguishes
between two situations: the particles before (o = 1) and after (o = 2) the
decay. The interaction between particles is chosen as independent of 7.
According to the PEv formalism, any change of the environment leads to
the change of 7, which generates the next step of the projection evolution.
In this context, the evolution generator should be a function of 7. Even
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though the time evolution is a stochastic process, the total temporal linear
momentum Fp, which is responsible for the shift of the evolution genera-
tor (8), seems to be a non-negative number for both particles. Thus, Py
determines the arrow of time. This suggests the existence of an averaged
characteristic time interval tg generated by the environment, which gives an
averaged shift 79 — 7, of the evolution generator

A~

WU(Tn) — eintEpo/ﬁwo_(To)efintEﬁo/ﬁ

~\ 2
. (Po) . o
Py + M + emtEpo/ﬁUT (50) e—zntEP()/h

+ (QAO)Q B (‘21)2 S vs (xo xl)
2mT 2mX ’ ’

A\ 2
) oo

. (150)2 <P1>2
_ p0+2MT+UT(§O—ntE)]— 2MX+UX(§1)]
+M — M — Vs (:Uo,acl) , 9)

2mT 2mX

where n = 0,1,2,... The “external time” £° is approximately discretized
by tg. The time interval tg is an average period of the external time during
which Nature decides which of the two channels to choose: decay or not
decay. Because one observes that particles are quite well-localized in time,
one can assume that the temporal potential Ur(£°) has a deep minimum for
0 =0.

Similarly, one can expect that, e.g., the temporal part of the electro-
magnetic interaction between two particles should lead to the localization
of particles in time. It means that the mesoscopic and the macroscopic
worlds can be in many aspects well-described by time treated as a param-
eter. This leads to the confinement of both particles close to the minimum
of the potential Ur(£°).

3. Decay or not decay inside of a box, this is the question

In this section, we consider a very simplified model of the decay of a two-
particle system. We expect two sets of preferred states coming from two
generators W (7) and Wa (7). The first set is a collection of bound states
of this two-particle system and the second one corresponds to the system
of two spatially independent particles. To keep the simplicity of the model,
the possible quantum temporal effects like time interference are to some
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extend neglected by the decoupling of the spatial and temporal motions in
the interaction terms of the evolution generators. This decoupling also leads
to a stronger localization of the particles in time.

3.1. Spectral decomposition of the evolution generators

As it was mentioned earlier in our schematic model, we assume the inter-
action to be independent of 7. The only difference between both generators
W () and Wa(7) is in the interaction terms V,(x°, z!), for ¢ = 1,2. To find
the set of the evolution operators, one needs to get the spectral decomposi-
tions of both generators

WU(TYL) = Z w&J)E(Tm g, 04) ) (10)

where the projection operators E(7,; o, ) play the role of the evolution op-
erators. The spectral decomposition of (10) can be found by solving the

eigenproblems of the generators W, (7;,)
Wo ()t (3 €0,61, 2%, 21) = w9 (1,620 ), (11)
where 0 = 1,2 and the eigenvalues w&a) are, in general, degenerated.
The projection operators B(7,; 0, &) can be explicitly written as

Briova) = Y [60(m)) (v7(m)| (12)
B

The external clock is here simulated by the shifts of the potential Ut (£°),
which localizes the particles at the vicinity of the temporal center of mass £°.
This temporal potential is assumed here to be the harmonic oscillator po-
tential ,
Ur (€%) = g Mrowr (€°)" (13)

Every tick of the external clock is treated as a new step of the projection
evolution. In other words, we consider the quantum projection evolution in
which the two-particle system moving to the next step of its evolution either
remains bounded or decays.

The technical potential Ux (£!) is added to avoid problems with the
continuous spectrum. In the following, we use

Ux (€1) = LMy (617 (14)

with a very small omega, wx ~ 0. The interaction we consider is the sum
of the temporal and spatial interaction terms

Vo (azo,xl) =-vt (ﬂso) + VX (:1:1) ) (15)
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where V.1 (20) = Vi (a1; 2°), Vi¥ (2°) = Vo (ax; zt), and V5~ (20) = Voo (L; 21).
Here, Voo (a;z*) denotes the infinite well type interaction defined as

0, for |zt <a,

16
oo, for |zt >a. (16)

Vool(a; zt) = {

The parameters a = ar,ax simulate the range of the temporal and spatial
interactions, respectively. The parameter L > ax describes the size of the
free spatial box in which our two-particle system decays. This box is sim-
ulated by the upper limit L of the distance between the free particles after
the decay.

The eigenvalues of generators (11) can thus be written as

w@ = AD A\ AT AKX a7)

where different values of o describe distinct eigenvalues. The corresponding
eigenvectors are

U3 (i€ a% ) =x() (60— mtp) x5 (€1) 630 (2°) 0850 (a)

(18)
Here, n = 0,1,2,3,... and kg, k1, 7T, ST, TX,Sx are the harmonic oscilla-
tor quantum numbers of the global temporal motion and the global spatial
motion, parity of the temporal relative motion function and its quantum
number, the parity of the spatial relative motion function and its quantum
number, respectively. The quantum number 8 = {ko, K1, 71, ST, TX, SX }

distinguishes the eigenvectors belonging to a given eigenvalue w&g). The
global temporal motion is described by the eigenfunctions

T (€)= 1D (€ nte)
eintEﬁoxg) (50) _ eiMT(f()fntE)/huKO (T]T;50 —ntg) , (19)

with n = 0, 1, 2, 3, ... and the Corresponding eigenvalues
T 1 MT

The functions u, (nr; £°) are the eigenfunctions of the one-dimensional har-
monic oscillator,

2:[;2
i) = [ i) exp (). (21)

n
V24!
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where n = \/mw/h. The global spatial motion is determined here by the
harmonic oscillator functions

X (€Y = ugy (nx;€Y) (22)
and the eigenvalues
)\,(31() = hwx (Iﬂ + %) . (23)

The eigenfunctions of the relative motion are given by the eigenvalue problem
with the infinite well potential. We denote these eigenfunctions by

1 m(2s+1) u)g " _ _

—=—cos| —5-—x #|<a), forw=4+1, s=0,1,2,...,
vs(w, a;zt) = V12a < 2a (|2#] <a)

T sin(Z2x#) 6 (|2#] <a) forw=-1, s=1,2,...,

where 0(|z| < a) = 1 for |z| < a and zero otherwise, and w = £1 denotes
the parity of the eigenfunctions. The corresponding eigenvalues are

2.2 2s+1)2
yoo _ PPm(E7)T forw =41, (25)
B 2ma? | 2 for w=—-1.

Using these functions, the temporal relative motion is described by

Oy a (2°) = ey (71,0m32%) |

AT — 2 (26)

TT,ST aT;mT,ST ?

and the spatial relative motion before (¢ = 1) and after (o = 2) the decay
is given by

¢(Xcr ( ) _ ) Usx (WX,ax;xl) foroc=1, (27)
oex VUsy (WX,L;xl) for o =2,
A foroc=1
)\(X,O') — AxX X ,SX ’ 28
TX,SX EC;WX,SX fOI‘ o= 2 . ( )

3.2. Fvolution operators and the decay probability

The evolution operators constructed as projections onto eigenspaces of
the generators W, (7,) have the standard form (12)

Brsoa) = 32 3 (ul? =0 -+ Al %))

TX,S8X
K0,R1,5T,SX

gc?mmﬂrT,STﬂTX,SX (T”)>< gc?mmﬂrT,STﬂrX,SX (T”)> ) (29)

where d(a = b) = 1 if a = b and zero otherwise.

X
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In this model, we have a set of events represented by two orthogonal
decompositions of unity E(7;0,«), 0 = 1,2. The renormalized operators
belonging to both sets can be considered as the evolution operators

B (7n; 0, @) = /Do B(7p50,0) (30)

where p1,p2 > 0 and p; + ps = 1 are the maximal probabilities of choosing
either the first channel (not decay) or the second channel (decay). The
operators

E (1,; 0, a)TE/(Tn;o, a) = pol(mh; 0, ) (31)

give the positive operator valued measure (POVM) which defines the re-
quired quantum probability measure determining the probability of choosing
the next state for the following step of the evolution.

Assuming that the density operator p(7,; &, &) represents the state of the
system for 7 = 7,,, the next state for 7 = 7,41 is chosen randomly according
to PEv as

st 7,0) = - ti el lf (Tat130,) (32)

Tr(E(Tn_H,aa)( & B (Tot1;0,0))

with the probability distribution
pev(Tnt1; (0,0) = (0,a)) = peTr (B(741; 0, @) p(70; 5, &)) - (33)

The total temporal By and spatial P, momenta are conserved quantities. In
our model, this property is broken by the generators W, (7,,) because of the
external potentials Ut and Uyx. To fulfill the conservation law on average,
however, we keep the quantum numbers k¢ and x; fixed during the evolution
process. One can find that for the special case of a decay from the state with
positive parity and kg = 0, for either a very small elementary clock tick tg or
a wide temporal potential Ur, i.e., for nrtg ~ 0, the probability of changing
ko is very small. The same effect can be observed for nrtg = 5. In our
example of the application of this model, we will assume Ky = Kg.

To neglect the temporal interaction effects, which require more detailed
analysis and are out of scope of this article, we fix the range at of the
temporal interaction. Assuming, in addition, that the model parameters
are chosen so that the generators have no degeneracy in their spectra, the
evolution operators reduce to simple, one-dimensional operators

E(Tn-i-lao- K’Ov’ilaﬂ-T7ST77TX)SX = (34)

T X T
A, e XD 65D ) Vb, (XD, e X000 o5
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Assume now that for 7' = T, the particles are in an eigenstate of the gener-

ator Wi (75): \XTnmxm )QﬁWT’quﬁﬂx s)x> The transition probability (33) to a
new state is now given by the snnple scalar products

pev(Tn41; (6, Ro, K1, 71, 87, Tx,8x ) — (0, Ko, K1, TT, ST, TX, SX))

2 Sy (2
D P 2 o
The last equation is obtained using the unitarity of transformation (19).
Note that probability (35) is, in this schematic model, independent of the
evolution parameter 7.

The bound system can decay to different free particle states with different
probabilities. In Fig. 1, examples of the transition probabilities ((6 = 1, ko =
0,Rk1, 7,87, Tx = +1,5x = 0) — (0':2,1%0—0 Ki,TT,ST,Tx = +1,8x =
1,5,9,13))) are presented as functions of v = %X, which is the ratio of the
interaction range ax in the position space and the spatial size of the box L.
One clearly sees that the terms with lower sy dominate, with the leading

role played by the sx = 1 contribution. This term drops to zero as v — 1.

= 6%1/%15WTfrTéﬂx7?X 5ST§TpO'

pev

0.020¢
0.015¢
0.010¢
0.005¢

0.10 0.15 0.20 0.257

Fig.1. A few examples of the transition probabilities from the bound to unbound
states, as functions of v = ax /L.

The most interesting is the total decay probability in one evolution step
from a given fixed state to all allowed states. To calculate the total decay
probability, one needs to sum up the partial probabilities (35) over the al-
lowed final states, i.e., the states with lower than initial energy represented
by the spatial Hamiltonian.

Assume that at the evolution step 7,, we still have the two-particle sys-
tem bounded. Because, in this case, the evolution operator projects on the
eigenspaces of the generator Wi (7,), the two-particle system has to be in an

eigenstate of W, (Tn)

c=1
!pn,ﬁ (Tn;507§17$0)931) = 1/},%(;7,§1)777T7§T77rx7gx (Tn;goaglv'xo?xl) ) (36)
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where v = (&, Ro, k1, 7T, $T,7x,Sx). The Hamiltonians which determine
the set of allowed final states, i.e., states with the appropriate energies, are
of the form of

H(o) = gﬁi +V, (a) . (37)

In our case, the eigenstates of the evolution generators are also eigenstates of
the Hamiltonians H (o) and it is enough to compare the appropriate eigen-
values to find the set of allowed final quantum numbers. Because we assumed
no changes in the temporal part of the interaction between particles, for ev-
ery initial quantum number §x, we need to find the set of the final quantum
numbers sx. Using formulae (25), one gets the maximal allowed value of sx
as a function of initial 5x

%5}( for T = —1, (38)
SX,max — -
X %(%(25)(4—1)—1) for mx = +1.

The total decay probability from the state ¥, 5, given by Eq. (36), to the
set of allowed states ¥, 11, is

peVD = 5K1R15WTﬁT(SWX7?X55T§T

| S @

> (e

SX >8X,max

X P2 ‘ <X£1T)n0

As it was mentioned earlier, this elementary decay probability does not de-
pend on the evolution parameter 7, explicitly. Using the above observations
we see that, in our case, every step of the projection evolution leads to a con-
stant probability bp = pevp(g.s. = (0 = 2,k = 0, k1,77 = +1,s7,Tx =
+1,sx = 0)) for the decay and (1 — bp) for remaining in the undecayed
state. In Fig. 2 the total probability decay from a given evolution step to
the next one is plotted as a function of the v parameter. The decay goes
from the positive parity state with sx = 0, and kg = 0.

The minimal value of the parameter v = 0 corresponds either to the
zero-range interaction in the finite-size box (L < o0) or to the infinite box
(L = o0). The maximal value of v = 1 describes the maximal-range in-
teraction in the box — it simulates a kind of a long range interaction. In
Fig. 2, the total decay shows the influence of the size of the box on the decay
probability — more free space for the decaying particles implies larger de-
cay probability. The jumps of the decay probability curve correspond to the
change of numbers of allowed states to which the system can decay. Both
features seem to be a characteristic behaviour of the decay in a spatial box.
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pevp
0.05¢

0.04:
0.03¢
0.02¢
0.01¢
0.00

01 02 03 04 05 ’
Fig.2. The total decay probability as a function of v = ax /L, from the bound to
all allowed unbound states.

4. Summary

In this paper, we considered a very schematic model of a decay of a two-
particle system. We have used an extension of the standard quantum me-
chanics called the projection evolution (PEv), which allows to treat time on
the same footing as the spatial coordinates. In our model, however, we have
strongly reduced the most possible temporal effects, which deserve a more
advanced analysis. On the other hand, the external time (external clock)
determined by the environment of our two-particle system is considered. We
have studied the competition between two processes: the evolution of our
system in the external time without and with the decay. In our calculations,
we have considered the effects of the size of the box versus the interaction
range, which turned out to be an important factor for the decay.
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