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Dynamical systems methods are used to investigate cosmological model
with non-minimally coupled scalar field. Existence of an asymptotically
unstable de Sitter state distinguishes values of the non-minimal coupling
constant parameter 3

16 ≤ ξ < 1
4 , which correspond to conformal coupling

in higher dimensional theories of gravity.
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1. Introduction

We begin with an action integral for the theory where a gravitational part
is given by the Einstein–Hilbert term and a substance filling the universe is
described by the non-minimally coupled scalar field

S = Sg + Sφ

=
1

2κ2

∫
d4x
√
−g R− 1

2

∫
d4x
√
−g
(
ε∇αφ∇αφ+ εξRφ2 + 2U(φ)

)
, (1)

where κ2 = 8πG, ε = ±1 corresponds to a canonical and a phantom scalar
field, respectively, and ξ is a dimensionless non-minimal coupling constant
between the scalar field and gravity.

Working with a spatially flat Friedmann–Robertson–Walker metric, we
obtain the energy conservation condition

3

κ2
H2 = ρφ = ε

1

2
φ̇2 + U(φ) + ε3ξH2φ2 + ε6ξHφφ̇ , (2)
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the acceleration equation

Ḣ = −2H2 +
κ2

6

−ε(1− 6ξ)φ̇2 + 4U(φ)− 6ξφU ′(φ)

1− εξ(1− 6ξ)κ2φ2
, (3)

and the equation of motion for the scalar field

φ̈+ 3Hφ̇+ 6ξ
(
Ḣ + 2H2

)
φ+ εU ′(φ) = 0 . (4)

For the given form of the scalar field potential function U(φ), the system of
equations (3) and (4) subject to the energy conservation condition (2) con-
stitutes dynamical system in variables (φ, φ̇,H) which completely describes
evolution of the model under considerations.

2. Dynamical system and instability of the initial de Sitter state

Let us assume that for large values of the scalar field starting from
some value φ > m∗, the potential function can be approximated as U(φ) =
±M4−m

1 φm±M4+n
2 φ−n withm+n > 0, whereMi are constants. Clearly, the

first term dominates while the second term constitutes some small deviation.
Next, introducing new dimensionless dynamical variables u = φ̇

Hφ = d lnφ
d ln a

and v =
√
6

κφ , together with dimensionless constants α1 = ±2
M4−m

1

H2
0

(√
6
κ

)m−2
,

α2 = ±2
M4+n

2

H2
0

(√
6
κ

)−n−2
, we can write the energy conservation condition

H2

H2
0

=
v2−m (α1 + α2v

n+m)

v2 − ε(1− 6ξ)u2 − ε6ξ(u+ 1)2
, (5)

and the acceleration equation

Ḣ

H2
= −2 +

−ε(1− 6ξ)u2 +
H2

0
H2 v

2−m (α1(2− 3ξm) + α2(2 + 3ξn)vn+m)

v2 − ε6ξ(1− 6ξ)
.

(6)
Finally, we obtain the following two-dimensional dynamical system

du

d ln a
= −u(u+1)− (u+6ξ)

(
Ḣ

H2
+2

)
− ε1

2

H2
0

H2
v2−m

(
mα1−nα2v

n+m
)
,

dv

d ln a
= −uv , (7)

where a time parameter along phase space curves is the natural logarithm
of the scale factor.
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In what follows, we are interested only in asymptotic states, the critical
points, located at infinite values of the scalar scalar field, i.e. for which v∗ =
0. Additionally, we are looking for states where the acceleration equation
(6) vanishes. One can easily find that this situation takes place in two
cases: first, for m = 2, which corresponds to an asymptotically quadratic
potential function, we have the phase space coordinate u∗ = − 2ξ

1−4ξ , second,
for ξ = 3

16 , we have u∗ = −3
2 . Using eigenvalues of the linearisation matrix

in the vicinity of those critical points, one can obtain stability conditions
for corresponding de Sitter state which give rise to additional constraints
on values of the non-minimal coupling constant in the first case and on the
asymptotic form of the potential function in the second case. In figure 1, we
present phase space diagrams for two cases under considerations.
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Fig. 1. Phase space portraits for the canonical scalar field ε = +1 and: ξ = 3
16 ,

m = −1, n = 2, α1 = 1, α2 = 1
4 (left); ξ = 3

14 , m = 2, n = 1, α1 = −1,
α2 = 3 (right). The shaded regions where H2 < 0 are non-physical. For both
phase space diagrams, there is an open and dense set of initial conditions leading
to the singularity free evolutional paths connecting the unstable during expansion
de Sitter state dS− with the stable one dS+.

Let us discuss the case with an asymptotically quadratic scalar field
potential function with m = 2. The eigenvalues of the linearisation matrix
of system (7) in the vicinity of the critical point u∗ = − 2ξ

1−4ξ , v
∗ = 0 are

λ1 = −4+ 1
1−4ξ , λ2 =

2ξ
1−4ξ . It is clear that both eigenvalues are positive when

3
16 < ξ < 1

4 which give rise to an unstable during expansion of the universe
critical point. Using linearised solutions in the vicinity of this state, one can
calculate the value of the Hubble function (2) at the initial de Sitter state
which is (

H∗

H0

)2

= −εα1
(1− 4ξ)2

2ξ(1− 6ξ)(3− 16ξ)
, (8)
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where εα1 < 0. Taking the canonical scalar field ε = +1 and α1 = −2M
2
1

H2
0

for m = 2, we find that the energy density at this state can be smaller than
the Planck energy density

2
M2

1

m2
Pl

(1− 4ξ)2

2ξ(1− 6ξ)(3− 16ξ)
<

8π

3
, (9)

even for mass of the scalar field 2M2
1 ' m2

Pl.

3. Conclusions

In the most simple case of minimally coupled scalar field, the equation of
motion is conformally invariant only in 2 space-time dimensions. Due to the
presence of the non-minimal coupling term, this property can be generalised
to d > 2 space-time dimensions. Assuming a monomial potential function,
the Klein–Gordon equation for the scalar field �φ−ξRφ−εαM4−αφα−1 = 0
is conformally invariant only if ξ = ξconf = 1

4
d−2
d−1 , α = αconf = 2d

d−2 . In
this way, we obtain a discrete set of theoretically allowed values of the
non-minimal coupling constant suggested by the conformal invariance con-
dition of the scalar field in d ≥ 2 space-time dimensions {(d, ξ, α)} =
{(2, 0,∞), (3, 18 , 6), (4,

1
6 , 4), (5,

3
16 ,

10
3 ), . . . , (∞,

1
4 , 2)}.

In this short note, we have used dynamical systems methods to investi-
gate FRW cosmological model with non-minimally coupled scalar field and
an asymptotically monomial potential function. Performed analysis and ex-
istence of the de Sitter state which is unstable during expansion of the uni-
verse give firm constraints on the non-minimal coupling constant. From the
other side, obtained values of the non-minimal coupling constant 3

16 ≤ ξ <
1
4

correspond to the values suggested by the conformal coupling condition in
higher dimensional theories of gravity. This suggest that the conformal in-
variance should be considered as a serious candidate for the fundamental
symmetry of the space-time not only in the substantial sector of the theory
but also in the gravitational [1]. Additionally, observational cosmological
constraints on the non-minimal coupling constant suggest similar values [2].
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