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The lattice Landau gauge gluon propagator at finite temperature is
computed including the non-zero Matsubara frequencies. Furthermore, the
Källén–Lehmann representation is inverted and the corresponding spectral
density evaluated using a Tikhonov regularisation together with the Moro-
zov discrepancy principle. Implications for gluon confinement are discussed.
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1. Introduction

Recent heavy-ion experiments running e.g. at RHIC [1] and CERN [2]
motivate further theoretical studies of QCD at finite temperature and den-
sity. For pure SU(3) Yang–Mills theory at finite temperature (and zero
density), lattice simulations were able to find a first-order phase transition
at a critical temperature Tc ∼ 270 MeV [3, 4], with the gluons becoming
deconfined and behaving as massive quasiparticles for temperatures above
Tc [5].

Here, we focus on the gluon propagator, in the Landau gauge, computed
on the lattice, including the non-zero Matsubara frequencies. We also show
preliminary results for the associated spectral density.

∗ Presented by P.J. Silva at “Excited QCD 2017”, Sintra, Lisbon, Portugal, May 7–13,
2017.
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2. The gluon propagator at finite temperature

At finite temperature, the gluon propagator in the Landau gauge has two
form factors, the transverse (magnetic) DT and longitudinal (electric) DL

Dab
µν(q̂) = δab

(
PT
µνDT(q4, ~q ) + PL

µνDL(q4, ~q )
)
. (1)

We aim to compute DL and DT for all Matsubara frequencies. This
can be achieved by considering suitable combinations of Daa

ii (q̂) and D
aa
44 (q̂).

Herein, we analyse the finite temperature lattice ensembles generated in
Coimbra [6] with the help of Chroma [7] and PFFT [8] libraries, reported
in [5].

Typical results for the form factors are shown in Fig. 1. For both compo-
nents, we see that the propagator in the infrared region takes smaller values
for higher Matsubara frequencies. This translates into larger mass scales as
q4 is increased.
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Fig. 1. Longitudinal (left) and transverse (right) components of the gluon propa-
gator for T = 324 MeV, including the non-zero Matsubara frequencies.

In Fig. 2, we verify whether the results comply with the so-called O(4)
invariance, i.e. if D(q4, ~q ) = D(0, q) with q2 = q24 + ~q 2. The lattice data is
compatible with the O(4) invariance, except for a small set of temperatures
just below Tc.

Finally, in Fig. 3, we see how the propagator behaves as a function of q4
for various spatial momenta.
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Fig. 2. O(4) invariance for DT at T = 265 MeV (left) and T = 275 MeV (right).
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Fig. 3. DL(q4, ~q ) for several spatial momenta ~q and for T = 265 MeV (left) and
T = 275 MeV (right).

3. Gluon spectral densities

For an Euclidean momentum-space propagator of a (scalar) physical de-
gree of freedom

G
(
p2
)
≡ 〈O(p)O(−p)〉 ,

there is a corresponding Källén–Lehmann spectral representation

G
(
p2
)
=

∞∫
0

dµ
ρ(µ)

p2 + µ
with ρ(µ) ≥ 0 for µ ≥ 0 ,

where the (positive) spectral density contains information on e.g. the masses
of physical states described by the operator O. For physical states, the (pos-
itive) spectral density can be determined using e.g. the maximum entropy
method (MEM) [9].
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However, for the case of unphysical particles like gluons, we need a dif-
ferent method to extract the spectral density, since MEM requires positive
spectral densities. In [10], we exposed a method based on Tikhonov regu-
larization combined with the Morozov discrepancy principle that allows for
positive and negative values for the spectral density. Results were shown for
the gluon spectral density at zero temperature.

Here, we are interested to apply the method to the finite temperature
case. It is convenient to consider a single spectral function for each spatial
momentum (µ0 is an infrared cut-off)

D(q4, ~q ) =
∞∫
µ0

dµ
ρ(µ, ~q )

q24 + µ
. (2)

The reader should be aware that for finite T , and for the lattice sizes
considered, only a small number of the Matsubara frequencies are available.
In Fig. 4, we consider the inversion of the gluon propagator at zero temper-
ature, considering different numbers of data points. We conclude that the
main features are not affected by the number of data points considered in
the inversion. The very preliminary results presented in this work are just
for the spatial momentum ~p = (1, 0, 0).
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Fig. 4. Gluon spectral densities at T = 0 for different sets of data points considered
in the inversion.

The finite T < Tc spectral densities associated to the transverse com-
ponent are similar to the T = 0 case — see Fig. 5. However, above Tc,
the spectral densities become different, as can be seen in Fig. 6. For the
longitudinal component — see Fig. 7, the spectral densities have the same
pattern for all T , different from the T = 0 case.

In Fig. 8, we report the dependence of the infrared cut-off µ0 on the tem-
perature, which seems to be sensitive to the deconfinement phase transition.
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Similar results for the spectral density have been obtained recently with
an alternative method [11].

1 10

µ  [GeV
2
]

-5

0

5

10

15

20

ρ
(µ

)

0 1 2 3 4
p [GeV]

0

1

2

3

4

5

6

D
(p

2
)

Fig. 5. Spectral density (left) and reconstructed propagator (right) for DT at T =

243 MeV.
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Fig. 6. Spectral density (left) and reconstructed propagator (right) for DT at T =

275 MeV.
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Fig. 7. Spectral density (left) and reconstructed propagator (right) for DL at T =

260 MeV.
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Fig. 8. Infrared cut-offs as functions of the temperature, for DL (left) and DT

(right).
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