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GAMMA TUNNELING IN NUCLET*
A.YA. DzYUBLIK
Institute for Nuclear Research, Kiev, Ukraine

(Received December 28, 2017)

Tunneling along the v path between prolate and oblate axial shapes of
even—even nuclei, being in the ground state, is analyzed. Mixing of two
07T states and splitting of their energies are calculated in the quasi-classical
approximation. Expressions for the EQ transition rates between these 07
levels are derived and compared with the experiment for Kr isotopes. Mix-
ing of the prolate and oblate shapes in these nuclei is found to reach 50%.
Tunneling between states of the nucleus with the same axial shape but with
the angular momentum parallel and perpendicular to the symmetry axis is
also studied. The hindrance factor for decay of the 25T isomeric level of
182()s, provided by ~ tunneling, is estimated.
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1. Introduction

The potential energy of many nuclei has several minima, corresponding
to different shapes. In some cases, when the barriers separating such min-
ima are sufficiently low, the shapes can be mixed. In particular, theoretical
calculations [1| have shown that the energy surface of even-even isotopes of
Kr, as a function of the quadrupole parameters [, -, has minima at v =0
and v = 7/3, corresponding, respectively, to prolate and oblate axially sym-
metric shapes. The deformation parameter 8 remains almost the same in
both potential wells. The barrier, separating them along the ~ direction,
occurs to be shallow, so that just the v motion ensures mixing of the shapes
and splitting of the 0T levels in the ground state of Kr nuclei. The electron
conversion experiments [2—4|, measuring intensities of the electric monopole
transitions between these 07 levels, revealed their considerable enhancement,
which was attributed to the prolate—oblate mixing.

* Presented at the XXIV Nuclear Physics Workshop “Marie and Pierre Curie”,
Kazimierz Dolny, Poland, September 20-24, 2017.
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More extraordinary example of the v tunneling is represented by the
K isomer 251 of 1820s with the energy of 7049.5 keV. It has a uniquely
short halflife of 150 ns and decays with probability 6% into the ground band
level I™ = 24% K = 0 [5]. The corresponding lifetime 7 ~ 0.4 x 1077 s,
while the Weisscopf estimation for M1 transition only gives 0.3 x 10713 s,
So the hindrance factor is Fy; ~ 1078, Such swift decay was explained [6]
by mixing of two states, corresponding to orientation of the total angular
momentum along the symmetry axis and perpendicularly to it. The mixing
is realized by a barrier tunneling in v direction between the wells at v =0
and v = 27/3, where K = 25 and K = 0, respectively. The admixture
of the state with K = 0 in the isomer wave function has been numerically
calculated in [7], taking into account pairing correlations of nucleons.

We shall consider v tunneling between the prolate and oblate shapes as
well as two prolate shapes of 1¥20s, directed perpendicularly to each other,
and having the same spin I = 25 but different projections of the intrinsic
angular momenta on the symmetry axis K = 25 and K = 0. We start from
the collective Hamiltonian, derived in [8,9], which formally coincides with
the Bohr—Mottelson Hamiltonian. The corresponding Schrodinger equation
is solved quasi-classically.

2. Collective kinetic energy

The relative motion of A nucleons in the center-of-mass system is de-
scribed by the Jacobi vectors f_i, E_é, . ,EA_l. In order to separate nuclear
rotation, we introduce the body-fixed frame with axes 2/, 9/, 2’ directed along
the principal axes of the inertia ellipsoid of the nucleus. Then the projections
of é on these axes should satisfy the following conditions:

A-1 A-1 A—-1
D vy =D Ciwiv =D Siyiz =0. (1)
=1 =1 =1

Orientation of the body-fixed system is determined by the Euler angles
01,062,063,

We introduced the Eucledian space of the particle numbers with basis
unit vectors e, es,...,e _1 and vectors

A-1 A-1 A—1
Ay = Z gixlei , Ay/ = Z giy/ei , A, = Z giz’ei . (2)
i=1 i=1 i=1

Constraint (1) can be treated as an orthogonality condition of these vectors.
Another three collective variables are introduced as lengths of the vectors
Ax/ y/ P
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A-1 1/2 A-1 1/2 A—1 1/2
a= (Z é?x’) ’ b= <Z €i2y’> ’ c= (Z 6@22") ’ (3)
=1 =1 =1

while the remaining 34 —9 variables as generalized Euler angles, which define
orientation of the vectors A,/ , . in the abstract space.
It is convenient to transform a, b, ¢ to new variables p, 8,

)

_ P 2
b = \/§[1+5cos<’y+ 3)] ,

c = L[1—1—6(10531] . (4)

V3
Here,
1/2
p=(a®+b*+c?) / (5)
denotes the hyperradius of the nucleus, and the coordinates 8 and ~ define,
respectively, the deformation and triaxiality of the inertia ellipsoid.

The kinetic energy operator of the nucleus has been expressed in these
coordinates in [8]. Its collective part has the form of

. . B2 1 0 0
T, =171, —
o = T~ g0 [ 735% 05 * g o

B2 12 [2 I2
+8B(p)ﬁ2 [sm 2(y - 277/3) sin ('y—|—27r/3) * sm27] » (©)

where I is the total angular momentum operator,

R W1 D 3440

P om p3A- 48pp op @

is the kinetic energy operator for the monopole vibrations, the mass function
is
2
B(p) = ymp*, (8)
and m is the mass of the nucleon.
For rigid volume vibrations, the function B(p) may be replaced by B =

B(pop), depending on the equilibrium value of p. Let us compare it with the
hydrodynamical one Byya, = (3/87)AmR3, where Ry is the radius of the
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nucleus. For a uniform nucleus with sharp quadrupole surface, pg and Ry
are related by

pg = A(r*) ~ 0.6AR], (9)
where (r2)1/2 is the mean-square radius of the nucleus. Then the mass
parameter becomes [9]

B = 0.3AmR} ~ 2.5Bpyq; - (10)

3. Collective motion

Let us consider an even-even nonrotating nuclei (I = 0), whose wave
function is governed by the equation

R .8 5
{54 856 85 52 sin 3y 87 m373 }W(ﬁ,’Y)
+W(5,7) (B,7) = E¥(B,7). (11)

For every fixed +, the potential energy W(j3, ) versus the deformation
parameter [ reaches its local minimum at the point Sy(7y). As ~y varies from 0
to /3, the curve Sy(7) traces the collective path along the valley connecting
prolate and oblate minima. The ends of the path are defined by 31 = 5p(0)
if v =0 and By = Bo(n/3) if v = 7/3.

Let us expand the potential energy in the Taylor series

W(B,7) =W (Bo(7),7) + 503 (B = Bo(v)* + ..., (12)

where the coefficient Jon.
Cvy) = [ =—— 13
") (3,32 >/3 Bo(7) 1)

determines stiffness of the local g vibrations. We assume that the local
softness parameter

~ Boo()
where the oscillator length
_h

and frequency

ws(7) = VC(7)/B. (16)
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This allows us to write the wave function as a product

T(B,7) = B2 xns (€a)0(7)

11

(17)

where the function x;,(£s) describes harmonic vibrations about local equi-

librium position Sy(7)

£ = (B~ Bo(7)) /Boo(7)

and ng(7y) is the number of § phonons.
Another factor ¢ (v) satisfies the equation

ﬁ2 1 0 o
B 3y 9. S ~-E -
{ 2M (7y) sin 3y Oy s 3787 +U () } Y(v) =0,

where
M(y) = BB3(7)

is the effective mass parameter, varying along the collective path,

2
U) = W(Ba(2),) + s + o) (ma+ 7 )

is the effective potential.
By substitution

() = (sin3v)"%p(y),

we transform the Schrédinger equation (19) for v motion to

2 2
{_21\;(7)8872 +V(v) - E} e(y) =0

with the new effective potential

2
Vo) =00~ ey (1 )

The function () obeys the boundary condition

p(0) = ¢(7/3) = 0.

(18)

(21)

(24)
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4. WKB approximation

We solve Eq. (22) in the quasi-classical approximation (the turning points
are denoted by a and b). It is not applicable near the points v = 0 and 7/3.
Therefore, following [10], we omit the divergent tails of V' (+y) in these points.
For simplicity, we assume that 5y does not change along the path. Besides,
the potential in the region 0 < v < a is approximated by the parabola

Viy) = —29%, (25)

where the mass parameter M = Bﬁg, whereas at b < v < 7/3 by

M 2
Vi) = 52 (= m/3) + AV, (26)
where
AVy=U(n/3). (27)

The WKB wave function at 0 < v < a has the form of

v

— 9 gin| [ k(Y |, 28
©(7) ") 0/(7) ol (28)

where
k(v) = V2M[E - V()] /h. (29)

Applying standard matching rules near the turning point a, one finds
the wave function under the barrier (a < v < b)

C1

) = e

b
_E A _ ! !
cos (¢1 4)e exp /Ik(v)ldv
Y
b

1 . TN —a / /
L sin (9= T) e exp / k() dy | b (30)
Y

where the action
b

A= / Ik(7)ldy (31)

a
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and the angles

a /3
¢1 = /k‘(v)d% P2 = /k'(v)dv- (32)
0 b
Inserting (25), (26) into (32), one has
7B _ w(E - AVp)
¢1 - %7 ¢2 - 2hw’y . (33)

Approximating also the barrier in the region a < v < b by the inverse
parabola

Mw? m\ 2
V(y) = ——2 ( — 7> 34
(7) 5 (V%) (34)
one finds the well-known expression
W
A=—
fiog (35)
where the barrier height
W =V(r/6)— E. (36)

The wave function in the oblate well (b < v < 7/3) becomes

w/3 w/3
W):;l(w) C4 sin / k()Y | + Co cos / Ky | Y, 67
Y

where the coefficients are

C1 = 2cos (¢1 - E) sin <¢2 - E) e 4 1sin <<Z>1 - E) cos <¢>2 - E) e,

4 4 2 4 4
(38)
and
Cy = 2cos (qﬁl - %) cos (qﬁg — %) e — %sin <¢1 - %) sin <q§2 - Z) e A
(39)

From the boundary condition ¢(7/3) = 0, it follows that Cy = 0, i.e.,

4 cot <q§1 — %) cot <q§2 - %) =e 24, (40)
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Then the wave function takes the form of

v
co 1/

= —sin | - d , 41

©(7) 7 h/gp ¥ (41)

where the amplitude for the oblate component of the wave function is
1sin(¢r —7m/4) _4
= - €
2 cos (pg — m/4)

Let the barrier have small transparency, i.e., e 24 < 1. In the case of
e 24 =0, Eq. (40) reduces to the Bohr-Sommerfeld quantization rule

¢1(2) (6) = (n1(2) + 3/4)71’ ) (nl =0,1,2,.. ) ) (43)

which determines the unperturbed energies €1, €5 in both wells.
For the physical (perturbed) energies from Eq. (40), one finds

Cl. (42)

E* = 1(e1 +e2) £ 3/ A2 + 402, (44)
where the notations are
hw
A=¢ —e, v =2y, UozTye_A. (45)
T

The parameter vy means the tunneling strength in the case of the potential
V(z), having two minima and tending to +o0o when x — +o0o [8]. However,
for v motion in the finite interval 0 < < 7/3 it doubles, vg — v = 2vy.

Setting the energy of the ground state 07 to be zero, one finds the energy
of the first excited 05 state

Eyp = VA% + 402, (46)

The wave functions of this ground 07 doublet can be written as a su-

perposition of well-known functions <p( ())(’y), which describe « vibrations in

two isolated potential wells:

px(y) = el () + 50 (7). (47)

The ratio of their amplitudes is given by

2v
=cy/c; = — . 48
Re=cy/ep = A+ VAT + &2 (48)
For v < |4,
a1, ||~ —. (49)
1 2 |A‘



Gamma Tunneling in Nuclei 15

5. Electric monopole transitions

Now, we shall analyze the EO transitions between the levels of the doublet
O;r and Of. For the nucleus, treated as an uniformly charged drop with a
quadrupole deformation, the E0 transition operator reads [11]

M(E0) = (52 ;& cosSv), (50)

where Z is the nuclear charge number. The EO transition strength from the
initial state 0; to the final one Of is given by

B (E0;05 — 0) = |My;(E0)|*. (51)
Inserting here the wave functions, one finds [9]
B (E0;03 — 0f) = ¢Bmax (E0;0§ — 0F) , (52)

where the factor 4
(1+R2) (1+R?%)
varies from ¢ = 0 in the case of pure shape to ¢ = 1 in the case of complete
mixing of shapes; the maximal strength

q= (53)

37\?
Brax (E0;05 — 07) = <87T>

X{ﬂf—ﬁ’% + 2 s <61+62)(h—3h>]}2. 69

Here, we neglected small terms ~ (/Buw.g))? inside the square brackets.
It is useful to rewrite the factor ¢ as

g=42(1-c2) =4 (U/EOEL)Q : (55)

where ¢ = (05)2 is the weight of the oblate shape in the ground state 01+.

Inverting this equation, one can find the parameters ¢? and v:

=05 (1 /11— q) . v=05yGEy; . (56)
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These formulas allow us to extract the parameters ¢, v, and A from ex-
perimental values of transition strengths B(E0) between the levels of the
ground 0" doublet in the Kr isotopes [2-4]. Everywhere the mass pa-
rameter B was calculated by means of Eq. (10) with the nuclear radius
Ry = 1.2A/3 fm. For ™Kr, where the energy E02+ = 0.5 MeV, the deforma-
tion parameters 81 ~ 0.38, 2 ~ 0.32 and phonon energies hiw, = 1.689 MeV,
hws ~ 1.5 MeV, one finds Bpax(E0) = 0.074.

From experimental data 0.065 < Beyp(E0; 05 — 07) < 0.105 [4], we get

A =50+£17%, ©=023+001MeV, 0<]|A<0.2MeV. (57)

Note that Petrovici et al. [12] predicted for ““Kr the weight ¢ = 30% and 47%
with A = —0.071 MeV, but their B(E0) < 0.037 contradicts the experiment.
For ““Kr with E02+ = 0.76 MeV and 51 ~ 0.37, By =~ 0.30, we ob-

tained Bpax(E0) = 0.079. Comparing with the experimental data 0.07 <
Bexp(E0; 05 — 07) < 0.09 [13], we found

A=50+17%, ©=037+0.01 MeV, 0<|A|<0.25MeV. (58)

For "®Kr, where on = 1.0 MeV, 51 ~ 0.34 and B2 ~ 0.30 [1], comparison
of Bimax(E0) = 0.038 with the data 0.035 < Bexp(EO0; 05 — 07) < 0.060 [13],

gives

A =50+14%, ©=04940.01 MeV, 0<]|A[<0.28MeV. (59)

6. Gamma tunneling in K-isomer '820s

We estimate now the hindrance factor Fyy for decay of the 257 isomer of

18205, using the above formulas for mixing of the states gpgo) (v) with K = 25

and cpgo) (7) with K = 0. The angular momentum I™ = 25 is conserved

during the mixing. In both cases, when v = 0 and 27/3, the nucleus %20s
is axially symmetric and prolate. At v = 0, it is oriented along the axis 2’
of the body-fixed frame, while at v = 27/3, along the axis ’.

The decay probability per unit time from such a mixed state p;() into
the level |f) = |IT = 24", K = 0) level is determined by

Pij=c wgf 7 (60)

(2)
i—f

factor Fiy = c3. Then from Eq. (49), one finds the hindrance factor

hw 20 W
Fg=|(—L — .
= (55) e (5)

(0)

where w is the decay rate from the pure state ¢, ’, so that the hindrance
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According to Fig. 1 of [7], 2A = hw, = 0.4 MeV, W = 2.152 MeV.
Putting also hiwp = 0.4 MeV, we found the factor Fiy ~ 107!, whereas
Bengtsson et al. [7] obtained Fyy ~ 107%-107% At the same time, they
indicated that Fy lowers by 5—6 orders if K-isomer has the same pairing gap
as in the ground state.
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