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The conformal Yano–Killing (CYK) tensor enables one to construct a
conserved quantity (charge) as a two-dimensional surface integral in four-
dimensional spacetime. The aim of the paper is to present a (3+1) decom-
position of CYK tensor and discuss the splitting of CYK charge on Cauchy
surface.
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1. Survey on CYK tensors and associated charges

Let M be a four-dimensional manifold with a Lorentzian metric gµν .
The covariant derivative associated with the Levi-Civita connection will be
denoted by ∇ or just by “ ; ”. “ , ” means directional (partial) derivative.
By T...(µν)..., we will denote the symmetric part and by T...[µν]... the skew-
symmetric part of tensor T...µν... with respect to indices µ and ν (analogous
symbols will be used for more indices).

Definition 1 A skew-symmetric tensor field (two-form) Qµν is a conformal
Yano–Killing (CYK) tensor for the metric g iff Qλκ;σ + Qσκ;λ =
2

n−1
(
gσλQ

ν
κ;ν + gκ(λQσ)

µ
;µ

)
.

CYK tensors are a generalization of conformal Killing vectors to two-forms.
The set of equations in Definition 1 is overdetermined. The solutions exist
mainly for type D spacetimes. Properties and detailed information can be
found in [2] and in the references therein. In the context of further research,
the following property is important:
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Theorem 1 (Hodge duality) Let gµν be a metric of a four-dimensional
differential manifold M . ∗ denotes the Hodge duality1. A skew-symmetric
tensor Qµν is a CYK tensor of the metric gµν iff its dual ∗Qµν is a CYK
tensor of this metric.

The conserved quantities are constructed from the spin-2 tensor field2 Wαβµν .
Wµναβ is skew-symmetric both in the first and the second pair of indices,
and to both of them the Hodge star can be applied. We denote

∗Wµναβ = 1
2εµν

ρσWρσαβ , W ∗µναβ = 1
2Wµνρσε

ρσ
αβ . (1)

The symmetries of spin-2 tensor provide ∗W = W ∗, ∗(∗W ) = ∗W ∗ = −W.
Let Wµναβ be a spin-2 field and Qµν be a CYK tensor. Let us denote by F
the following two-form:

Fµν(W,Q) :=WµνλκQ
λκ . (2)

The following formula is satisfied:

∇νFµν(W,Q) = 0 . (3)

Theorem 1 and Eq. (1) enable one to observe similarly

∗Fµν = ∗WµνλκQ
λκ =Wµνλκ(∗Q)λκ , ∇ν(∗F )µν(W,Q) = 0 . (4)

Let V be a three-volume and ∂V its boundary. Formula (3) implies3∫
∂V

Fµν(W,Q) dσµν =

∫
V

∇νFµν(W,Q) dΣµ = 0 .

In this sense, Qµν defines a charge related to the spin-2 field W 4

C(W,Q) :=

∫
S

Fµν(W,Q) dσµν . (5)

1 Hodge duality (Hodge star) is given by ∗ωαβ := 1
2
εαβ

µνωµν , where εαβµν is the
skew-symmetric Levi-Civita tensor.

2 Spin-2 tensor field fulfills: Wαβµν =Wµναβ =W[αβ][µν], Wα[βµν] = 0, gαµWαβµν = 0,
∇[λWµν]αβ = 0.

3 Symbols dσµν and dΣµ can be defined in the following way: if Ω stands for the
volume form of the manifold M , then dσµν := (∂µ ∧ ∂ν)yΩ, dΣµ := ∂µyΩ.

4 The flux of Fµν through any two-dimensional closed surfaces S1 and S2 is the same
as long as we are able to find a three-volume V between them (i.e. there exists V
such that ∂V = S1 ∪ S2).
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2. (3+1) decomposition of CYK tensor for the Minkowski
spacetime. Instant charges

The aim of this section is to present the decomposition of CYK tensor
and associated conserved quantities for the Minkowski spacetime. In [3], the
following decomposition of CYK tensor for the Minkowski spacetime has
been proved:

Lemma 1 Each CYK tensor in the Minkowski spacetime can be expressed
in the following way:

Q = a(t)T0 ∧X + b(t) ∗(T0 ∧ Y ) , (6)

where X, Y are (three-dimensional) conformal Killing fields; a(t), b(t) are
quadratic polynomials of a single indeterminate t.

The basis of the space of solutions for the equations, given in Definition 1,
(i.e. the basis of CYK tensors) in the Minkowski spacetime is twenty-dimen-
sional. This is a maximal possible dimension of space of CYK solutions for
four-dimensional spacetime.

Spin-2 tensor can be splitted into well-known gravito-electro-magnetic
tensors5. Let us consider how charge (5) is related with an instant charge (8)
on Cauchy surface Σt : t = const. We need to introduce the following
conserved quantity:

Definition 2 (instant charge) Consider a given spatial hypersurface Σ
equipped with a conformally flat, Riemannian metric γ. Let A be a two-
dimensional closed surface, embedded in Σ. We can define the following
instant charges:

I(E,X) :=

∫
A

EijX
jdSi , I(B,X) :=

∫
A

Bi
jX

jdSi , (8)

where Xj is a conformal Killing vector field (CKV).

Instant charge does not depend on the choice of the surface A iff the three-
dimensional divergence of gravito-electric (gravito-magnetic) tensor van-
ishes. The relation between four-dimensional CYK conserved quantity and
CYK charge is as follows. Using (4), (5), (6), and decomposition into mag-
netic and electric part, we can prove

5 Let nµ be a normed vector perpendicular to the foliation Σt. A spin-2 field on Σt
can be equivalently described by two symmetric and traceless tensors: the electric
and the magnetic part of Weyl tensor. Electric (magnetic) part

Eαβ :=Wαµνβn
µnν , Bαβ :=W ∗αµνβn

µnν . (7)
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Theorem 2 Let Σt be a t = const. Cauchy surface in the Minkowski space-
time. Charge C(W,Q), defined by (5), can be decomposed at each Σt surface
as follows:

C(W,Q) = α(t)I(E,X) + β(t)I(B, Y ) , (9)

where I(E,X) is an instant charge (8); α(t), β(t) are quadratic polynomials
of a single indeterminate t.

Conformally flat three-dimensional space contains ten-dimensional space of
CKV. We discuss below the physical properties of some of them.

Mass is one of the most important quantities which characterize a phys-
ical system. However, some subtleties arise and they will be analyzed in our
next paper [4]. We claim that the following instant charge:

IM := I(E,S) (10)

describes quasi-local mass. S is CKV related with scaling generator6. If we
consider asymptotically flat space with two-dimensional foliation of topologi-
cal spheres S(R), which are parametrized by theirs radius R, then the ADM
mass is given by mADM = 1

8π lim
R→∞

IM(S(R)). The theorems below illus-

trate the relation between instant charges and traditional Poincaré (ADM)
charges for momentum and angular momentum:

Theorem 3 Let Σ be a flat, three-dimensional spatial hypersurface im-
mersed in the spacetime which satisfies Einstein vacuum equations. Assum-
ing that Bi

j|i = 0 , then for any two-dimensional, closed surface A immersed
in Σ holds ∫

A

Bi
jRjkdSi =

∫
A

P ijT jk dSi , (11)

where P ij is (canonical) ADM momentum, Rk is a rotation generator around
the axis k, and Tk is a translation generator along the axis k.

Theorem 4 Let Σ be a flat, three-dimensional spatial hypersurface im-
mersed in the spacetime which satisfies Einstein vacuum equations. Assum-
ing that the linear momenta vanish

I(B, Tx) = I(B, Ty) = I(B, Tz) = 0 (12)

and the three-dimensional covariant divergence of the magnetic part disap-
pears

Bi
j|i = 0 , (13)

6 For conformally flat space, with the metric in the form ψ
(
dR2 +R2 dΩ2

)
, the scaling

generator has a form of S = R∂R .
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then for any two-dimensional, closed surface A immersed in Σ holds∫
A

Bi
jKjkdSi =

∫
A

P ijRjkdSi , (14)

where P ij is the ADM momentum, Kk is the generator of conformal ac-
celeration in the direction of k, and Rk is a rotation generator around the
axis k.

2.1. Example: Constant-time surface in Schwarzschild–de Sitter spacetime

Let us consider Schwarzschild–de Sitter spacetime in the standard coor-
dinates (t, r, θ, φ), whose line element is given by the formula

ds2 = −f(r) dt2 + dr2

f(r)
+ r2 dΩ2 , (15)

where f(r)=1−2M
r −

Λ
3 r

2. Three-dimensional surface Σt={t=const.} is con-
formally flat dr2

f(r)+r
2 dΩ2 = r2

R2

[
dR2+R2 dΩ

]
. The above equation deter-

mines R up to multiplicative constant. However, the three-dimensional CKV
related with scaling generator is uniquely determined. It is equal to S =
R∂R. Projection of four-dimensional Weyl tensor with a well-defined S en-
ables one to construct quasi-local mass (10). For the considered case, the mass
does not depend on the choice of two-dimensional surface7 and it is constant

IM = 8πM . (16)

2.2. Asymptotic charges

Instant charges, defined by (8), do not depend on the two-dimensional
integration surface iff the three-dimensional divergence of the integrand van-
ishes. Let us weaken the assumptions for instant charges by considering a
three-dimensional spatial surface Σ equipped with the Riemannian met-
ric γij . We consider two two-dimensional, oriented closed surfaces A1, A2

limiting the three-dimensional volume V ⊂ Σ such that the boundary of V
fulfills ∂V = A1 ∪ A2. At the moment, we do not impose additional condi-
tions for gravito-electro-magnetic tensor Eij and vector field Xk. Using the
Stokes theorem, we have∫

∂V

(√
γEijXj

)
dAi =

∫
V

(√
γEijXj

)
,i
dΣ

=

∫
V

[
√
γEij

(
X(i|j) −

1

3
Xk
|kγij

)
+
√
γXjE

ij
|i

]
dΣ , (17)

7 The two-dimensional surface has to be homotopic to a round sphere — an orbit of
rotational symmetry of the Schwarzschild–de Sitter solution.
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where “ | ” denotes a three-dimensional Levi-Civita derivative which agreed
with the metric γij .

If space Σ possesses a solution of CKV asymptotically8 and the diver-
gence of gravito-electric tensor also vanishes at spatial infinity, then the
following asymptotic charge:

Ias(E,X) := lim
r→∞

∫
S(r)

EijX
jdSi (18)

stabilizes at spatial infinity providing integral (17) converges at spatial in-
finity. It means that the integrand should fall off faster than 1

r . The precise
analysis will be discussed in [4].

3. Conclusions

The construction presented in the paper gives a clear relation between
instant charges (5) and conserved quantities built with the help of CYK ten-
sor. Such a relation may be specially useful in the case of asymptotically de
Sitter spacetimes. There exist significant interpretation problems for asymp-
totically de Sitter spacetimes, mainly related with the spatial nature of the
scri beyond the cosmological horizon. Mass (energy) defined as an instant
charge does not contain a CKV which changes its spacetime characteris-
tics when passing the cosmological horizon. In some sense, the construction
briefly described in the paper is an introduction to further investigations for
de Sitter spacetime. All CYK solutions for de Sitter spacetime have been
analyzed in [1]. The CYK decomposition for de Sitter spacetime will be a
part of a separate paper.
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(
1
rδ

)
, where δ is suitably chosen to the case.
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