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A relation between the canonical Hamilton–Jacobi (HJ) theory and
the De Donder–Weyl Hamilton–Jacobi (DWHJ) theory in the calculus of
variations is studied. In the case of a scalar field in curved space-time
and in general relativity in Gaussian coordinates, we show how the func-
tional derivative canonical HJ equation is derived from the partial derivative
DWHJ equation. The derivation is based on the split between space and
time and the Ansatz which relates the HJ functional eikonal on the infinite
dimensional space of initial data with the DWHJ eikonal functions on the
finite dimensional space of field variables and space-time coordinates.
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1. Introduction

The De Donder–Weyl (DW) theory [1–5] is a generalization of the Hamil-
tonian formulation to field theory which does not distinguish between space
and time. Given a Lagrangian L(ya, yaµ, x

ν) depending on the space-time
variables xν , field variables ya, and their first jet coordinates yaµ (such that a
restriction to a field configuration ya = ya(xν) implies: yaµ = ∂ya(x)/∂xµ =:
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∂µy
a), a Legendre transformation to new variables pµa := ∂L

∂yaµ
(polymomenta)

and H := yaµ p
µ
a − L (the DW Hamiltonian) enables us to write the Euler–

Lagrange field equations in the DW Hamiltonian form

∂µy
a =

∂H

∂pµa
, ∂µp

µ
a = −∂H

∂ya
, (1)

provided the regularity condition det
(

∂2L
∂yaµ∂y

b
ν

)
6= 0 is fulfilled.

The dynamical content of the DW Hamiltonian formulation can be also
represented by the DW Hamilton–Jacobi (DWHJ) equation [1, 2, 4]

∂µS
µ +H

(
ya,

∂Sµ

∂ya
, xµ
)

= 0 . (2)

This partial differential equation for the eikonal functions Sµ(ya, xµ) deter-
mines the solutions of (1) by the embedding conditions

∂L

∂yaµ
=
∂Sµ

∂ya
. (3)

Geometrical aspects of the DWHJ equation have been recently studied in
[6, 7]. The historical role of the HJ formulation of mechanics in the discovery
of the Schrödinger equation [8] makes the DWHJ formulation particularly
interesting. In fact, within the framework of precanonical quantization which
uses the DW theory instead of the canonical Hamiltonian formalism [9, 10],
it was already shown that the DWHJ equation for scalar fields follows from
the corresponding precanonical generalization of the Schrödinger equation
in the classical limit [11]. Precanonical quantization has been applied to the
quantum Yang–Mills theory [12–14], quantum scalar field theory in curved
spacetime [15–18], and to quantization of gravity in metric [19, 20] and
vielbein variables [21–25].

To understand the connection between this approach and the canonical
quantization of general relativity [26, 27], we investigate here a relation-
ship between the DWHJ equation for general relativity [1, 28, 29] and the
canonical HJ equation [30] that has been used to explore the semiclassical
approximation of canonical quantum gravity [31–33]. In Section 2, we estab-
lish a relation between the DWHJ equation and the canonical HJ equation
for a scalar field in a general curved space-time. In Section 3, we restrict
ourselves to Gaussian coordinates and derive the canonical HJ equation for
general relativity from the DWHJ formulation. Our results generalize the
relation between the DWHJ and the canonical HJ equation in flat space-time
found by Kanatchikov [34] and applied to the bosonic string by Nikolić [35].
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2. Canonical HJ vs. DWHJ for the scalar field
in curved space-time

The Lagrangian density of a scalar field in curved spacetime with the
metric gµν (g := det gµν) reads

L = −1

2
gµνϕµϕν

√
−g − V (ϕ)

√
−g . (4)

The canonical HJ equation is derived by using a foliation of spacetime by
space-like hypersurfaces F labelled by the time function t.

In adapted coordinates, the metric gµν decomposes in terms of the lapse
function N , the shift vector N i and the spatial components hij

ds2 =
(
NiN

i −N2
)
dt2 + 2Nidx

idt+ hijdx
idxj . (5)

By introducing the canonical momentum π and the canonical Hamilto-
nian density H(φ(x), π(x)) in the usual way (cf. e.g. [36]), the canonical
HJ equation for the eikonal functional S(ϕ(x),x, t) takes the explicit form
(h = det hij)

∂tS

+

∫
dx

(
N

2
√
h

δS

δϕ(x)

δS

δϕ(x)
+
1

2
hij∂iϕ∂jϕ

√
−g+V (ϕ)

√
−g+N i∂iϕ

δS

δϕ(x)

)
= 0 , (6)

where the solutions of field equations are embedded by the condition

√
−gg0µ∂µϕ = − δS

δϕ(x)
.

On the other hand, from (4) we obtain the polymomenta and the DW
Hamiltonian density

pµ =
∂L

∂ϕµ
= −
√
−g ϕν gµν , H = − 1

2
√
−g

pµpνgµν + V (ϕ)
√
−g , (7)

and the DWHJ equation (2) for the eikonal densities Sµ(ϕ, xν)

∂µS
µ − 1

2
√
−g

∂Sµ

∂ϕ

∂Sν

∂ϕ
gµν + V (ϕ)

√
−g = 0 , (8)

where pµ = ∂Sµ

∂φ and the solutions of classical field equations are given by
the embedding condition

∂Sµ

∂ϕ
= −
√
−ggµν∂νϕ . (9)
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Our task is to understand the relationship between the canonical formu-
lation (6), which requires a space-time split, and the DW formulation (8)
where all space-time variables are treated equally. Here, we generalize the
consideration of [34] to curved spacetime. At first, we introduce the restric-
tion of the densities Sµ(ϕ, xν) to a field configuration ϕ(x) on a hypersur-
face F at a time t, Sµ|ϕ(F) := Sµ(ϕ(x),x, t). The embedding condition (9)
in adapted coordinates yields

∂Si

∂ϕ

∣∣∣∣
ϕ(F)

+ N i∂S
0

∂ϕ

∣∣∣∣
ϕ(F)

= −
√
−g ∂jϕhij , (10)

∂S0

∂ϕ

∣∣∣∣
ϕ(F)

N2 =
√
−g
(
∂0ϕ−N i∂iϕ

)
. (11)

Following [34], we construct the eikonal functional from the DW eikonal
densities

S :=

∫
F

dxS0
∣∣
ϕ(F)

. (12)

Then, using (8) and (10), for the time derivative of S, we obtain

∂tS =

∫
dx ∂tS

0(ϕ(x),x, t) =

∫
dx

{
− d

dxi
Si
∣∣∣∣
ϕ(F)

− N

2
√
h

(
∂S0

∂ϕ

∣∣∣∣
ϕ(F)

)2

−N i∂iϕ
∂S0

∂ϕ

∣∣∣∣
ϕ(F)

− 1

2

√
−ghij∂iϕ∂jϕ−

√
−g V (ϕ(x))

}
, (13)

where the notation for the total divergence of the eikonal density on ϕ(F)
is introduced

d

dxi
Si|ϕ(F) =

∂Si

∂ϕ

∣∣∣∣
ϕ(F)

∂ϕ(x)

∂xi
+
∂Si

∂xi

∣∣∣∣
ϕ(F)

. (14)

By noticing that the functional derivative of the functional (12) with respect
to ϕ(x) reads

δS

δϕ(x)
=
∂S0

∂ϕ

∣∣∣∣
ϕ(F)

, (15)

and assuming that Si |ϕ(F) vanishes at the boundary of ϕ(F), so that the
integral of the total divergence in (13) does not contribute, we conclude that
the functional S constructed in (12) obeys the canonical HJ equation (6) as
a consequence of the DWHJ equation (8) for the eikonal densities Sµ.
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3. The DWHJ equation and the canonical HJ equation
in general relativity

In 3 + 1 dimensions, the DWHJ equation for general relativity found by
De Donder [1] and Hořava [28, 29] reads

∂µS
µ + gαγ

(
∂Sδ

∂gαβ
∂Sβ

∂gγδ
− 1

3

∂Sβ

∂gαβ
∂Sδ

∂gγδ

)
= 0 . (16)

It uses the metric density components gαβ =
√
−g gαβ as the field variables,

so that Sµ = Sµ(gαβ, xν).
The polymomenta derived from the truncated Hilbert action without the

surface term are expressed in terms of the Christoffel symbols

Qαβγ =
1

2

(
δαβΓ

µ
γµ + δαγΓ

µ
βµ

)
− Γαβγ . (17)

The solutions of Einstein’s field equations are constructed from the eikonal
densities Sµ using the embedding condition

Qαβγ =
∂Sα

∂gβγ
=

1

2

(
δαβΓ

µ
γµ + δαγΓ

µ
βµ

)
− Γαβγ (18)

and the well-known expression of the Christoffel symbols in terms of the first
derivatives of the metric.

In order to understand the relation between the DWHJ equation for
general relativity (16) and the canonical HJ equation found by Peres [30]∫

dx

(√
−g 3R+

1√
−g

(
1

2
gijgkl − gikgil

)
δS

δgij

δS

δgkl

)
= 0 , (19)

we have to perform a space-time decomposition in (16). In this paper, we
confine ourselves to the simpler case of adapted (Gaussian) coordinates with
g0i = Ni = 0 and g00 = −1. Following [34], we construct the canonical HJ
functional S([gij(x)], t) from the eikonal densities Sµ(gαβ, xµ)

S ([gij(x)], t) :=

∫
F

dx S0
∣∣
g(F)

=

∫
F

dxS0
(
gαβ(x),x, t

)
, (20)

where Sµ|g(F) ≡ Sµ(gαβ(x),x, t) denotes the restriction of the eikonal densi-
ties Sµ

(
gβγ , xµ

)
to the spatial field configurations gαβ(x) on a hypersurface

F at the time t. In the Gaussian coordinates, the embedding conditions (18)
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give rise to the following relations:

∂Si

∂g0j
+

1

2
δij
∂S0

∂gkl
gkl − ∂S0

∂gjk
gki = 0 ,

∂Si

∂g00
= 0 ,

∂S0

∂g00
+
∂S0

∂gij
gij = 0 ,

(21a)
∂Si

∂gjk
=

1

2

(
δijΓ

l
kl + δikΓ

l
jl

)
− Γ ijk ,

∂S0

∂g0i
=

1

2
Γ jij , (21b)

∂S0

∂gij
= −Γ 0

ij = −
1

2
∂0gij . (21c)

Using (16) and (21a), (21b), we obtain for the time derivative of S

∂tS =

∫
dx

{
− d

dxi
Si
∣∣∣∣
g(F)

+
∂Si

∂gαβ

∣∣∣∣
g(F)

∂ig
αβ + gij

(
Γ lklΓ

k
ij − Γ kilΓ ljk

)
+

1√
−g

(
∂S0

∂gij

∣∣∣∣
g(F)

gij

)2

− 1√
−g

∂S0

∂gij

∣∣∣∣
g(F)

∂S0

∂gkl

∣∣∣∣
g(F)

gikgjl

}
, (22)

where the total divergence is understood as in (14). Then, by using (21b),
and the identity

∂

∂gαβ
=
√
−g
(
−gαµgβν + 1

2
gµνgαβ

)
∂

∂gµν
, (23)

we find
∂Si

∂gαβ

∣∣∣∣
g(F)

∂ig
αβ +

√
−g
(
ΓmkmΓ

k
lc g

lc − Γ kijΓ
j
lkg

li
)

=
√
−g 3R+ ∂i

(√
−g
(
gmiΓ kmk − gkeΓ ike

))
. (24)

By noticing that
∂S0

∂gij

∣∣∣∣
g(F)

=
δS

δgij
, (25)

we finally conclude that, under the assumption that the surface terms do
not contribute, the right-hand side of (22) coincides with the Hamiltonian
constraint in the canonical HJ form (19)

∂tS =

∫
dx

(√
−g 3R+

1√
−g

(
1

2
gijgkl − gikgil

)
δS

δgij

δS

δgkl

)
. (26)

Since the DWHJ theory reproduces solutions of the Einstein equations, the
embedding conditions (21) imply that the Hamiltonian constraint is vanish-
ing on the solutions, i.e. ∂tS = 0, and hence the timelessness of the canon-
ical formalism of general relativity emerges from the DWHJ formulation as
a consequence of the space-time splitting.
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4. Conclusions

We derived the canonical functional derivative HJ equation from the par-
tial derivative DWHJ equation for the scalar field theory in curved space-
time and general relativity in metric variables. In both cases, the Ansatz
proposed in [34], which relates the canonical HJ functional with the DW
eikonal functions/densities, holds true. In general relativity, where we con-
fined ourselves to the case of the Gaussian coordinates, we derived the stan-
dard Hamiltonian constraint in the HJ form from the DWHJ equation. We
expect that a consideration in general coordinates will also reproduce the
momentum constraint. The obtained results should be helpful for the com-
parison of canonical quantum gravity [26, 27] and precanonical quantization
of general relativity [19–25], and for the study of the latter in the semiclas-
sical approximation, where it should reproduce the DWHJ equation. They
may also be helpful for understanding the origin of the problem of time in
quantum gravity. We also expect that the DW and the DWHJ formulation
of Einstein’s equations can be useful for their numerical integration using
the polysymplectic integrator which preserves the fundamental structure of
the DW Hamiltonian form of field equations (cf. [37]). Our result can be
viewed as a classical counterpart of the study of the relations between the
functional Schrödinger representation in quantum field theory (see e.g. [36])
and the precanonical quantization based on the DW Hamiltonian theory,
which has been undertaken in [12–18, 34, 38, 39] and whose extension to
quantum gravity is so far unknown.

REFERENCES

[1] Th. De Donder, «Théorie invariative du calcul des variations»,
Gauthier-Villars, Paris 1935.

[2] H. Weyl, Ann. Math. 38, 607 (1935).
[3] H. Rund, «The Hamilton–Jacobi theory in the calculus of variations»,

D. van Nostrand, Toronto 1966.
[4] J. von Rieth, J. Math. Phys. 25, 1102 (1984).
[5] H. Kastrup, Phys. Rep. 101, 1 (1983).
[6] C.M. Campos, M. de León, D. Martín de Diego, M. Vaquero, Rep. Math.

Phys. 76, 359 (2015), arXiv:1411.3959 [math-ph].
[7] M. de León, P.D. Prieto-Martínez, N. Román-Roy, S. Vilariño, J. Math.

Phys. 58, 092901 (2017), arXiv:1504.02020 [math-ph].
[8] E. Schrödinger, Ann. Phys. (Berlin) 79, 361 (1926); 79, 489 (1926).
[9] I.V. Kanatchikov, AIP Conf. Proc. 453, 356 (1998), arXiv:hep-th/9811016.
[10] I.V. Kanatchikov, J. Geom. Symmetry Phys. 37, 43 (2015),

arXiv:1501.00480 [hep-th].

http://dx.doi.org/10.1063/1.526253
http://dx.doi.org/10.1016/0370-1573(83)90037-6
http://dx.doi.org/10.1016/S0034-4877(15)30038-0
http://dx.doi.org/10.1016/S0034-4877(15)30038-0
http://arxiv.org/abs/arXiv:1411.3959
http://dx.doi.org/10.1063/1.5004260
http://dx.doi.org/10.1063/1.5004260
http://arxiv.org/abs/arXiv:1504.02020
http://dx.doi.org/10.1063/1.57105
http://arxiv.org/abs/hep-th/9811016
http://dx.doi.org/10.7546/jgsp-37-2015-43-66
http://arxiv.org/abs/arXiv:1501.00480


220 N. Riahi, M.E. Pietrzyk

[11] I.V. Kanatchikov, Rep. Math. Phys. 43, 157 (1999), arXiv:hep-th/9810165.
[12] I.V. Kanatchikov, Int. J. Geom. Meth. Mod. Phys. 14, 1750123 (2017),

arXiv:1706.01766 [hep-th].
[13] I.V. Kanatchikov, Rep. Math. Phys. 82, 373 (2018),

arXiv:1805.05279 [hep-th].
[14] I.V. Kanatchikov, Rep. Math. Phys. 53, 181 (2004), arXiv:hep-th/0301001.
[15] I.V. Kanatchikov, Int. J. Geom. Meth. Mod. Phys. 16, 1950017 (2018),

arXiv:1810.09968 [hep-th].
[16] I.V. Kanatchikov, arXiv:1812.11264 [gr-qc].
[17] I.V. Kanatchikov, Symmetry 11, 1413 (2019).
[18] I.V. Kanatchikov, Acta Phys. Pol. B Proc. Suppl. 13, 313 (2020), this issue,

arXiv:1912.07401 [gr-qc].
[19] I.V. Kanatchikov, Int. J. Theor. Phys. 40, 1121 (2001),

arXiv:gr-qc/0012074.
[20] I.V. Kanatchikov, Nucl. Phys. Proc. Suppl. 88, 326 (2000),

arXiv:gr-qc/0004066.
[21] I.V. Kanatchikov, «Ehrenfest theorem in precanonical quantization of fields

and gravity», in: M. Bianchi, R.T. Jantzen, R. Ruffini (Eds.) «The
fourteenth Marcel Grossmann meeting on recent developments in theoretical
and experimental general relativity, astrophysics, and relativistic field
theories, Part C», World Scientific, Singapore 2018, p. 2828,
arXiv:1602.01083 [gr-qc].

[22] I.V. Kanatchikov, «On the “spin connection foam” picture of quantum
gravity from precanonical quantization», in: M. Bianchi, R.T. Jantzen,
R. Ruffini (Eds.) «The fourteenth Marcel Grossmann meeting on recent
developments in theoretical and experimental general relativity, astrophysics,
and relativistic field theories, Part D», World Scientific, Singapore 2017,
p. 3907, arXiv:1512.09137 [gr-qc].

[23] I.V. Kanatchikov, AIP Conf. Proc. 1514, 73 (2013),
arXiv:1212.6963 [gr-qc].

[24] I.V. Kanatchikov, J. Phys.: Conf. Ser. 442, 012041 (2013),
arXiv:1302.2610 [gr-qc].

[25] I.V. Kanatchikov, Nonlin. Phenom. Complex Sys. (NPCS) 17, 372 (2014),
arXiv:1407.3101 [gr-qc].

[26] C. Kiefer, «Quantum gravity», Oxford University Press, 2012.
[27] C. Rovelli, «Quantum gravity», Cambridge University Press, Cambridge

2004.
[28] P. Hořava, Class. Quantum Grav. 8, 2069 (1991).
[29] P. Hořava, Covariant Hamilton–Jacobi equation for pure gravity, Preprint

(1990) PRA-HEP-90/4.
[30] A. Peres, Nuovo Cim. 26, 53 (1962).
[31] C. Kiefer, T.P. Singh, Phys. Rev. D 44, 1067 (1991).

http://dx.doi.org/10.1016/S0034-4877(99)80024-X
http://arxiv.org/abs/hep-th/9810165
http://dx.doi.org/10.1142/S0219887817501237
http://arxiv.org/abs/arXiv:1706.01766
http://dx.doi.org/10.1016/S0034-4877(19)30008-4
http://arxiv.org/abs/arXiv:1805.05279
http://dx.doi.org/10.1016/S0034-4877(04)90011-0
http://arxiv.org/abs/hep-th/0301001
http://dx.doi.org/10.1142/S0219887819500178
http://arxiv.org/abs/arXiv:1810.09968
http://arxiv.org/abs/arXiv:1812.11264
http://dx.doi.org/10.5506/APhysPolBSupp.13.313
http://arxiv.org/abs/arXiv:1912.07401
http://dx.doi.org/10.1023/A:1017557603606
http://arxiv.org/abs/gr-qc/0012074
http://dx.doi.org/10.1016/S0920-5632(00)00795-7
http://arxiv.org/abs/gr-qc/0004066
http://dx.doi.org/10.1142/9789813226609_0352
http://arxiv.org/abs/arXiv:1602.01083
http://dx.doi.org/10.1142/9789813226609_0519
http://arxiv.org/abs/arXiv:1512.09137
http://dx.doi.org/10.1063/1.4791728
http://arxiv.org/abs/arXiv:1212.6963
http://dx.doi.org/10.1088/1742-6596/442/1/012041
http://arxiv.org/abs/arXiv:1302.2610
http://arxiv.org/abs/arXiv:1407.3101
http://dx.doi.org/10.1103/PhysRevD.44.1067


On the Relation Between the Canonical Hamilton–Jacobi Equation . . . 221

[32] G. Lifschitz, S.D. Mathur, Phys. Rev. D 53, 766 (1996).
[33] M. Reginatto, J. Phys.: Conf. Ser. 442, 012009 (2013),

arXiv:1312.0435 [gr-qc].
[34] I.V. Kanatchikov, Phys. Lett. A 283, 25 (2001), arXiv:hep-th/0012084.
[35] H. Nikolić, Eur. Phys. J. C 47, 525 (2006), arXiv:hep-th/0512186.
[36] D.V. Long, G.M. Shore, Nucl. Phys. B 530, 247 (1998),

arXiv:hep-th/9605004.
[37] M.E. Pietrzyk, «Polysymplectic integrator for the Short Pulse Equation and

numerical General Relativity», in: «The fourteenth Marcel Grossmann
meeting», World Scientific, 2017, pp. 2677–2682.

[38] I.V. Kanatchikov, Adv. Theor. Math. Phys. 18, 1249 (2014),
arXiv:1112.5801 [hep-th].

[39] I.V. Kanatchikov, Adv. Theor. Math. Phys. 20, 1377 (2016),
arXiv:1312.4518 [hep-th].

http://dx.doi.org/10.1103/PhysRevD.53.766
http://dx.doi.org/10.1088/1742-6596/442/1/012009
http://arxiv.org/abs/arXiv:1312.0435
http://dx.doi.org/10.1016/S0375-9601(01)00225-0
http://arxiv.org/abs/hep-th/0012084
http://dx.doi.org/10.1140/epjc/s2006-02580-0
http://arxiv.org/abs/hep-th/0512186
http://dx.doi.org/10.1016/S0550-3213(98)00408-8
http://arxiv.org/abs/hep-th/9605004
http://dx.doi.org/10.1142/9789813226609_0327
http://dx.doi.org/10.4310/ATMP.2014.v18.n6.a1
http://arxiv.org/abs/arXiv:1112.5801
http://dx.doi.org/10.4310/ATMP.2016.v20.n6.a3
http://arxiv.org/abs/arXiv:1312.4518

	1 Introduction
	2 Canonical HJ vs. DWHJ for the scalar fieldin curved space-time
	3 The DWHJ equation and the canonical HJ equationin general relativity
	4 Conclusions

