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In general relativity, the Kerr metric uniquely represents the geometry
surrounding an isolated, rotating black hole. An identification of signifi-
cant non-Kerr features in some astrophysical source would then provide a
‘smoking-gun’ for the break-down of general relativity in the strong-field
regime. On the other hand, Kerr black holes are common to many other
theories of gravity, and thus a validation of the Kerr metric does not nec-
essarily favour general relativity amongst all possibilities. The nature of
gravitational perturbations will however differ between different theories of
gravity. Future precision tests involving gravitational waves from oscillat-
ing black holes, such as identifications of the quasi-normal mode spectrum
from ring-down, will thus be able to probe the underlying theory, even if
the object is Kerr. Here, we write down the equations governing metric
perturbations of a Kerr black hole in f(R) gravity in a form that is more
conducive to numerical study.
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1. Introduction

Many higher-order curvature theories of gravity, such as the f(R) and
Gauss–Bonnet theories, are designed so that they reduce to general relativ-
ity (GR) in some appropriate limit. In order to be viable, a given theory
must, in addition to respecting weak-field demands coming from solar sys-
tem experiments, abide by various strong-field constraints set by compact
objects. Observations in the electromagnetic spectrum which probe the na-
ture of black holes (e.g. quasiperiodic oscillations of microquasars) suggest
that they are, geometrically speaking, consistent with the (unique) Kerr so-
lution of GR [1], though there is room for modified gravity parameters to
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be non-zero [2, 3]. In any event, since these higher-order theories contain
GR as a limiting case, they necessarily contain the Kerr solution under some
circumstances [4]. Therefore, a validation of the Kerr spacetime as a descrip-
tion for astrophysical black holes does not necessarily favour GR amongst
all possibilities [4].

Nevertheless, with the advent of gravitational wave astronomy, addi-
tional tests of black hole character are becoming available. Indeed, the
behaviour of gravitational perturbations is inherently tied to the structure
of the field equations [5]. A study of the oscillation spectrum of black holes
in extended theories of gravity, even if Kerr, can thus pave the way for fu-
ture precision tests of GR [6]. Recently, we developed a technique to write
down a decoupled set of (wave) equations governing metric perturbations of
a Kerr black hole in f(R) gravity [7]. The equations presented in [7] were
however written down using the compact notation of the Newman–Penrose
(NP) formalism [8], and thus may not be readily usable. Here, we write
down these equations in coordinate form, so that they are better suited to
numerical analysis. The explicit appearance of f(R) gravity terms becomes
apparent in this way.

2. Field equations

In the f(R) class of theories, the Ricci scalar, R, defining the Einstein–
Hilbert Lagrangian, is replaced by an arbitrary function of this quantity,
f(R). The field equations read1

f ′(R)Rµν −
f(R)

2
gµν + (gµν�−∇µ∇ν) f ′(R) = 8πTµν , (1)

where Rµν = Rαµαν is the Ricci tensor, gµν is the metric tensor, and � =
∇µ∇µ denotes the Laplace–Beltrami operator. Setting f(R) = R returns the
Einstein equations, as expected. Taking the trace of (1) yields a constraint
between the Ricci scalar and the function f

3�f ′(R) +Rf ′(R)− 2f(R) = 8πTµµ . (2)

2.1. Gravitational perturbations

Consider a background metric g which induces a vanishing Ricci tensor.
As is easily verified, this metric solves the field equations (1) in vacuo pro-
vided that f(0) = 0. Through a slight abuse of notation, we introduce a
perturbation h via

gµν → gµν + hµν . (3)
1 Throughout this work, we use natural units with G = c = 1 and adopt a time-like
(+,−,−,−) metric signature. Complex conjugation is indicated by an overhead bar.
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Denoting perturbed quantities with an overhead h and background quanti-
ties with an overhead g, perturbation (3) induces a shift into the function f
through

f(R)→ f(
g

R) +
h

Rf ′(
g

R) (4)

to leading order in h. As a result, if we assume that f is an analytic func-
tion, then, because f(

g

R) = f(0) = 0, only quadratic corrections a2 to the
function f , viz.

f(R) = R+
a2
2
R2 + . . . (5)

will appear within the perturbed field equations (1). In general, perturbation
(3) in expression (1) leads to the system

f ′′(
g

R)
h

R
g

Rµν+f ′(
g

R)
h

Rµν+gµν

−gβσ h

Γαβσ
g

∇αf ′(
g

R)+
h

�

[
h

Rf ′′(
g

R)

]
−

h

Rf ′(
g

R)

2


+hµν

[
h

�f ′(
g

R)− f(
g

R)

2

]
+

h

Γαµν
g

∇αf ′(
g

R)−
g

∇µ
g

∇ν
[

h

Rf ′′(
g

R)

]
=8π

h

Tµν+O
(
h2
)
,

(6)
where the Γ ijk form the Christoffel symbols. Equations (6) are complicated,
and although one can write them down explicitly without too much difficulty,
they present themselves in a rather unwieldy form since they are coupled and
are (generally) fourth-order in h. If we specialise to the case of a vacuum

Einstein background with
g

Rµν = 0, Eq. (6) simplifies considerably, though
it is still coupled (i.e. it is hard to disentangle the components of h from
each other) and presents a challenging numerical problem.

3. Perturbation equations in coordinate form for practical use

For a Petrov D, vacuum Einstein background, the Newman–Penrose for-
malism can be used to reduce the complexity of the general system (6), as
demonstrated in [7]. The major advantage of this latter work was that the
metric was expanded in such a way that, in an appropriate gauge, the result-
ing equations decouple, as in GR [9]. In particular, the relevant equations
governing gravitational perturbations of a Kerr black hole in f(R) gravity
are given (in the NP language) by expressions (33)–(36) of [7]. It is, how-
ever, useful to present the NP system of equations in coordinate form, so
that they can be tackled more easily with numerical algorithms. To this
end, it is convenient to introduce the Kinnersley null-tetrad {`,n,m, m̄} in
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the Boyer–Lindquist coordinates {t, r, θ, φ} [10]

`µ =

(
r2 + a2, 1, 0, a

)
∆

, nµ =

(
r2 + a2,−∆, 0, a

)
2Σ

,

mµ =
(ia sin θ, 0, 1, i csc θ)√

2Σ1

, (7)

with ∆ = r2− 2Mr+ a2, Σ1 = r+ ia cos θ, and Σ = Σ1Σ1 = r2 + a2 cos2 θ,
whereM and a represent the mass and the spin parameter of the black hole,
respectively. From expressions (7), the Kerr metric is given through the
general formula

gµν = `µnν + nµ`ν −mµmν −mµmν . (8)

In terms of the Kinnersley tetrad (7), a general metric perturbation (3)
can now be written

hµν = hnn`µ`ν − 2hnm`(µmν) − 2hnm`(µmν) + 2h`n`(µnν) + h``nµnν

−2h`mn(µmν) − 2h`mn(µmν) + hmmmµmν + 2hmmm(µmν) + hmmmµmν ,

(9)

where the round brackets denote the symmetrisation operation: X(ij)k ≡
1
2 (Xijk +Xjik). To simplify the general expression (9), we employ the so-
called outgoing radiation gauge `µhµν = 0 (see [11] for a discussion on the
existence of this gauge choice). Additionally, noting that

hmm ≡ (mµmνhµν) = mµmνhµν ≡ hmm (10)

and
hnm ≡ (nµmνhµν) = nµmνhµν ≡ hnm (11)

implies that solving for the functions hnn, hnm, hmm, and hmm would be
enough to completely reconstruct the perturbed metric (9).

Using the results obtained in [7], we can now write down the decoupled
equations describing an oscillating Kerr black hole in f(R) gravity. For

simplicity, we consider vacuum perturbations
h

Tµν = 0 and do not write
down the Teukolsky equations (which are the same in vacuo for GR and

f(R) gravity) describing the evolution of the Weyl scalars
h

ψ; these can be
found (in coordinate form) in [9]. The full set of perturbation equations,
presented in an order which, when solved sequentially, results in a decoupled
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system, read

3a2

{[(
r2 + a2

)2
∆

− a2 sin2 θ

]
∂2t +

4Mar

∆
∂t∂φ +

(
a2

∆
− csc2 θ

)
∂2φ

−∂r (∆∂r)− csc θ∂θ (sin θ∂θ)

}
h

R−Σ
h

R = 0 , (12){(
r2 + a2

) [(
r2 + a2

)
∂t + 2∆∂r + 2a∂φ +

(
4a2

a2 + r2
− 2

)
M +

2r∆

Σ

]
∂t

+∆

[
∆∂r + 2a∂φ +

2r∆

Σ

]
∂r + a2∂2φ

+
2ar

(
a2 −Mr

)
+ 2a3 (M − r) cos2 θ

Σ
∂φ +

4a2∆2 cos2 θ

Σ2

}
hmm = S1 , (13){(

r2 + a2
) [(

r2 + a2
)
∂t + 2∆∂r + 2a∂φ +

(
4a2

r2 + a2
− 2

)
M +

2∆

Σ1

]
∂t

+∆

[
∆∂r + 2a∂φ +

2∆

Σ1

]
∂r + a2∂2φ

+
2a
[
a2 −Mr + ia(M − r) cos θ

]
Σ1

∂φ

}
hmm = 2∆2

h

ψ0 , (14){(
r2 + a2

) [(
r2 + a2

)
∂t + 2∆∂r + 2a∂φ +

(
4a2

r2 + a2
− 2

)
M +

2∆

Σ1

]
∂t

+∆

[
∆∂r + 2a∂φ +

2∆

Σ1

]
∂r + a2∂2φ

+
2a
[
a2 −Mr + ia(M − r) cos θ

]
Σ1

∂φ +
2∆2

(
3a2 cos2 θ − r2

)
Σ2

}
hnm

= S31 + S32 + S33 + S34 , (15)

and finally{[
−a

2 sin2 θ

2
∂t − ia sin θ∂θ − a∂φ +

a2 (r + 3ia cos θ) sin2 θ

Σ

]
∂t

+
1

2
∂2θ +

[
a (ir − 3a cos θ) sin θ

Σ
− cot θ

2

]
∂θ − i csc θ∂θ∂φ −

1

2
csc2 θ∂2φ

+

[
i
(
3a2 + 2r2

)
cos θ + a (r − r cos 2θ − ia cos 3θ)

]
csc2 θ

2Σ
∂φ

+
a2 (r − 3ia cos θ) sin2 θ

ΣΣ1

}
hnn = S41 + S42 + 2Σ2

1

h

ψ4 , (16)
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where equation (12) arises from the trace constraint (2) and the S form
source terms. In particular, we have

S1 = −a2

{(
r2 + a2

) [(
r2 + a2

)
∂t + 2∆∂r + 2a∂φ +

2M
(
a2 − r2

)
r2 + a2

]
∂t

+∆2∂2r + 2a∆∂r∂φ + a2∂2φ + 2a (M − r) ∂φ
} h

R , (17)

S31 = − ∆√
2Σ1

{{
− ia

(
r2 + a2

)
sin θ∂t − ia∆ sin θ∂r +

(
r2 + a2

)
∂θ

−i
[
a2 +

(
r2 + a2

)
csc2 θ

]
sin θ∂φ

+
a
[
−ir

(
3a2 + 3r2 + 2Mr

)
+ a

(
5a2 + 5r2 − 6Mr

)
cos θ

]
sin θ

Σ

}
∂t

+

[
∆∂θ +−i∆ csc θ∂φ +

2a∆ (a cos θ − 2ir) sin θ

Σ

]
∂r +

(
a∂φ +

∆

Σ1

)
∂θ

+

[(
7a3+6r2a−12Mra

)
cos θ+2ir

(
r2+2a2cos 2θ−a2−2Mr

)
−a3cos 3θ

]
csc θ

2Σ
∂φ

−ia csc θ∂2φ −
4ia∆ sin θ

Σ

}
hmm , (18)

S32 = −∆ cot θ√
2Σ1

[(
r2 + a2

)
∂t +∆∂r + a∂φ −

2ia∆ cos θ

Σ

]
hmm , (19)

S33 = − i∆ sin θ√
2Σ1

{{
a
(
r2 + a2

)
∂t + a∆∂r − i

(
r2 + a2

)
csc θ∂θ

+
[
a2+

(
r2+a2

)
csc2 θ

]
∂φ−

ar (∆+2iaM cos θ)+i
(
r2+a2

)2
cot θ csc θ

Σ

}
∂t

+∆

[
−i csc θ∂θ + csc2 θ∂φ +

i
(
−2a2 − r2 + a2 cos2 θ

)
cot θ csc θ

Σ

]
∂r

+

(
i∆ csc θ

Σ1
− ia csc θ∂φ

)
∂θ + a csc2 θ∂2φ

+

[
ia3 cos 3θ − ia

(
a2 + 8Mr

)
cos θ − 4r∆

]
csc θ

4Σ
∂φ

+
a∆
[
2
(
a2 + 2r2

)
cos 2θ − a2 (cos 4θ − 3)

]
csc2 θ

2Σ2

}
hmm , (20)
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S34 = −a2
√

2i∆

Σ1

{{
−a
(
r2 + a2

)
sin θ∂t − a∆ sin θ∂r − i

(
r2 + a2

)
∂θ

−
[
a2 +

(
r2 + a2

)
csc2 θ

]
sin θ∂φ −

2aMr sin θ

Σ1

}
∂t

−∆
(
i∂θ + csc θ∂φ +

a sin θ

Σ1

)
∂r +

i∆

Σ1

∂θ − ia∂θ∂φ

− csc θ

(
a∂φ −

Σ − 2Mr

Σ1

)
∂φ

}
h

R , (21)

S41=−
sin θ√
2Σ1

{{
ia
(
r2+a2

)
∂t−ia∆∂r−

(
r2+a2

)
csc θ∂θ+i

[
a2+

(
r2+a2

)
csc2θ

]
∂φ

+
−2air

(
a2+∆

)
+a2cos θ

[
4a2−2Mr+4r2−2ia(M−r)cos θ+

(
r2+a2

)
cot2 θ

]
Σ

+
r2
(
r2 + a2

)
cot θ csc θ

Σ

}
∂t

+∆

[
csc θ∂θ−i csc2 θ∂φ+

iar+
(
a2cos 2θ−r2−2a2

)
cot θ csc θ

Σ

]
∂r−a csc θ∂θ∂φ

+
ia [∆+2ia (r−M) cos θ] cot θ+r

(
3a2−4Mr+r2

)
csc θ

Σ
∂θ+ia csc2 θ∂2φ

−
ir
(
4a2−4Mr+r2

)
+a cos θ

[
−3a2+2(M−r)r+ia(2M−3r)cos θ+a2cos 2θ

]
Σ

× csc2 θ∂φ +
1

8Σ2

{
− 2

[
3a2r3 + 4r4 (−4M + r) + a4 (8M + r)

]
cot θ

−ia csc θ
{(
a2 − r2

) (
7a2 − 16rM + 4r2

)
+4
[
a4 − 2a2 (M − 3r) r + r3 (−8M + 3r)

]
cos 2θ

−2ia
[
a2 (M + 2r) + r2 (5r − 8M)

]
cos 3θ

+a2
(
−3a2 + 8Mr − 5r2

)
cos 4θ + 2ia3 (M − r) cos 5θ

}}}
hnm , (22)
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and

S42 = −r
2+a2

2Σ2
1

{{
r2+a2

2
∂t−∆∂r+a∂φ+

[
M− 2a2M

r2 + a2
− 2∆

Σ1

+
∆

Σ1

]}
∂t

+
∆2

r2 + a2

[
1

2
∂r −

a

∆
∂φ +

r + 3ia cos θ

Σ

]
∂r

+
a

r2 + a2

{
a

2
∂φ +

Mr2 − a2r + a cos θ [−3i∆+ a (r −M) cos θ]

Σ

}
∂φ

−4a2∆2 cos2 θ

(r2 + a2)Σ2

}
hmm (23)

which, when solved subject to appropriate boundary conditions, defines the
gravitational perturbations of Kerr black holes in f(R) gravity. An explicit
solution will be presented elsewhere.
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