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In general relativity, the Kerr metric uniquely represents the geometry
surrounding an isolated, rotating black hole. An identification of signifi-
cant non-Kerr features in some astrophysical source would then provide a
‘smoking-gun’ for the break-down of general relativity in the strong-field
regime. On the other hand, Kerr black holes are common to many other
theories of gravity, and thus a validation of the Kerr metric does not nec-
essarily favour general relativity amongst all possibilities. The nature of
gravitational perturbations will however differ between different theories of
gravity. Future precision tests involving gravitational waves from oscillat-
ing black holes, such as identifications of the quasi-normal mode spectrum
from ring-down, will thus be able to probe the underlying theory, even if
the object is Kerr. Here, we write down the equations governing metric
perturbations of a Kerr black hole in f(R) gravity in a form that is more
conducive to numerical study.
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1. Introduction

Many higher-order curvature theories of gravity, such as the f(R) and
Gauss—Bonnet theories, are designed so that they reduce to general relativ-
ity (GR) in some appropriate limit. In order to be viable, a given theory
must, in addition to respecting weak-field demands coming from solar sys-
tem experiments, abide by various strong-field constraints set by compact
objects. Observations in the electromagnetic spectrum which probe the na-
ture of black holes (e.g. quasiperiodic oscillations of microquasars) suggest
that they are, geometrically speaking, consistent with the (unique) Kerr so-
lution of GR [1], though there is room for modified gravity parameters to
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be non-zero |2, 3]. In any event, since these higher-order theories contain
GR as a limiting case, they necessarily contain the Kerr solution under some
circumstances [4]. Therefore, a validation of the Kerr spacetime as a descrip-
tion for astrophysical black holes does not necessarily favour GR amongst
all possibilities [4].

Nevertheless, with the advent of gravitational wave astronomy, addi-
tional tests of black hole character are becoming available. Indeed, the
behaviour of gravitational perturbations is inherently tied to the structure
of the field equations [5]. A study of the oscillation spectrum of black holes
in extended theories of gravity, even if Kerr, can thus pave the way for fu-
ture precision tests of GR [6]. Recently, we developed a technique to write
down a decoupled set of (wave) equations governing metric perturbations of
a Kerr black hole in f(R) gravity [7]. The equations presented in [7]| were
however written down using the compact notation of the Newman—Penrose
(NP) formalism [8], and thus may not be readily usable. Here, we write
down these equations in coordinate form, so that they are better suited to
numerical analysis. The explicit appearance of f(R) gravity terms becomes
apparent in this way.

2. Field equations

In the f(R) class of theories, the Ricci scalar, R, defining the Einstein—
Hilbert Lagrangian, is replaced by an arbitrary function of this quantity,
f(R). The field equations read'

F'(R)R,., — f(f)g,w + (g0 — V. V,) f/(R) = 87T, | (1)

where R, = Ry, is the Ricci tensor, g, is the metric tensor, and [ =
V, V# denotes the Laplace-Beltrami operator. Setting f(R) = R returns the
Einstein equations, as expected. Taking the trace of (1) yields a constraint

between the Ricci scalar and the function f

30f'(R) + Rf'(R) — 2f(R) = 8nT}! . (2)

2.1. Gravitational perturbations

Consider a background metric g which induces a vanishing Ricci tensor.
As is easily verified, this metric solves the field equations (1) in vacuo pro-
vided that f(0) = 0. Through a slight abuse of notation, we introduce a
perturbation h via

9uv — 9uv + hw/ . (3)

! Throughout this work, we use natural units with G = ¢ = 1 and adopt a time-like
(+, —, —, —) metric signature. Complex conjugation is indicated by an overhead bar.
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Denoting perturbed quantities with an overhead h and background quanti-
ties with an overhead g, perturbation (3) induces a shift into the function f
through

f(R) = f(R) + Rf'(R) (4)

to leading order in h. As a result, if we assume that f is an analytic func-

g
tion, then, because f(R) = f(0) = 0, only quadratic corrections ag to the
function f, viz.

f(R)=R+ R2 (5)

will appear within the perturbed field equations (1). In general, perturbation
(3) in expression (1) leads to the system

P (R~ By g ] L0
F(R)

Oy -1

my

(6)
where the F]’k form the Christoffel symbols. Equations (6) are complicated,
and although one can write them down explicitly without too much difficulty,
they present themselves in a rather unwieldy form since they are coupled and
are (generally) fourth-order in h. If we specialise to the case of a vacuum

Einstein background with ;B;w = 0, Eq. (6) simplifies considerably, though
it is still coupled (i.e. it is hard to disentangle the components of h from
each other) and presents a challenging numerical problem.

3. Perturbation equations in coordinate form for practical use

For a Petrov D, vacuum Einstein background, the Newman—Penrose for-
malism can be used to reduce the complexity of the general system (6), as
demonstrated in [7]. The major advantage of this latter work was that the
metric was expanded in such a way that, in an appropriate gauge, the result-
ing equations decouple, as in GR [9]. In particular, the relevant equations
governing gravitational perturbations of a Kerr black hole in f(R) gravity
are given (in the NP language) by expressions (33)—(36) of [7]. It is, how-
ever, useful to present the NP system of equations in coordinate form, so
that they can be tackled more easily with numerical algorithms. To this
end, it is convenient to introduce the Kinnersley null-tetrad {£,n, m,m} in
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the Boyer—Lindquist coordinates {¢,r,0, ¢} [10]

o (?”2—}—a2’1,0,a)7 b —

(r2 +a%, —A,0, a)
A

23 ’
b — (iasin®,0,1,icsch) (7)
B V22, ’

with A =72 —2Mr+a?, X1 =r+iacosf, and ¥ = 1% = 2+ a® cos? 0,
where M and a represent the mass and the spin parameter of the black hole,
respectively. From expressions (7), the Kerr metric is given through the
general formula

G = Luny + by, — mym, — mym, . (8)

In terms of the Kinnersley tetrad (7), a general metric perturbation (3)
can now be written

hwj = hnnﬁuﬁy — 2hnm€(umy) - thmf(umy) + thnf(uny) + héﬁnuny
—2hgmn(#ml,) - QhEmH(NTTlV) + hmmmuml, + 2hmmm(uml,) + hmmmumy ,

9)

where the round brackets denote the symmetrisation operation: X, =
% (Xijk + Xjir). To simplify the general expression (9), we employ the so-
called outgoing radiation gauge ¢#h,, = 0 (see [11] for a discussion on the
existence of this gauge choice). Additionally, noting that

hipm = (mPmYhy,,) = mPm hy, = hmm (10)

and

P = (nFmYhy) = nPmY by = hom (11)

implies that solving for the functions Aun, hnm, bmm, and A, would be
enough to completely reconstruct the perturbed metric (9).
Using the results obtained in [7|, we can now write down the decoupled

equations describing an oscillating Kerr black hole in f(R) gravity. For
h
simplicity, we consider vacuum perturbations 7', = 0 and do not write

down the Teukolsky equations (which are the same in vacuo for GR and

h
f(R) gravity) describing the evolution of the Weyl scalars 1); these can be
found (in coordinate form) in [9]. The full set of perturbation equations,
presented in an order which, when solved sequentially, results in a decoupled
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system, read

(7“2 + a2)2 . 4M ar a?
3a2{ A a?sin? 0| 67 + T@@g + A csc? 0 8;
h h
—0r (A0,) — csc 00y (sin60p) }R —YR=0, (12)

4a* 2rA
{(rz +a?) [(Tz +a2) 0y + 240, + 200, + (aiﬂ —2) M+ ;] )

2r A
+A [A@T + 240 + TE} 9, + a%}

2ar (a® — Mr) +2a® (M —r) cos? 6 4a%A? cos? 0
+ b 0p + e

} B = S1, (13)
4a® 2A
{(T2 + a2) |:(r2 + CL2) 8,5 + 2A8r + 2a3¢ + (712_7:&2 — 2) M + :| 8t

2A
+A [Aar + 2ad, + ] Or + a*0;
2

2a [a® — Mr + ia(M — r) cos 6]
+ X
1

a¢} T = 2A%0 | (14)
4a> 2A
{(7‘2 + a2) |:(T‘2 + a2) O + 240, + 2a0y + (7“2—T—a2 — 2) M + } O

2A
+A {A&« + 2ad, + ] Or + a0}
21

) ot 2
= 531 + S32 + S33 + S34, (15)
and finally

2 o 29 2 ; 0) si 29
{{_a s12n 8t—iasin989—a8¢+a (7“+3m;os ) sin }@

+2a [a* — Mr +ia(M — 1) cos 6] 5 2A? (3a? cos® 6 — r?) } -

1.5 [a(ir—3acosf)sinf coth , 1 5 9
+239 + [ b - Op —icsct0yOy — 5 €¢ 005
N [i (3a® + 2r%) cos O + a (r — r cos 20 — ia cos 30)] csc? 6

25 ¢
__h
} B = Sa1 + Sao + 2524, (16)

a? (r — 3iacos ) sin” 6
r3
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where equation (12) arises from the trace constraint (2) and the S form
source terms. In particular, we have

S1 = —ay {(r2 +a?)

oM 2 _ .2
(7’2 + a2) Oy + 240, + 2a0y + M] Oy

r2 + a2
h
+A202 + 200,04 + a28q25 +2a (M —71)0s} R, (17)
S31 = —\/iA&{{ —1ia (7’2 + a2) sin 00; — iaAsin 60, + (r2 + a2) Op

—3 [a2 + (7“2 + a2) csc? 6] sin 60y
+a [—ir (3a2 +3r2 4+ 2M7") +a (5a2 +5r2 — 6M7’) cos 0] sin 6 }8
i

X
2aA (acos 6 — 2ir) sin@] < A >
O+ | ady + = | O,
5 Wor s )%
n [(7a3—i— 6r2a—12Mra) cos 0+2ir (7"2+ 2a2cos 20—@2—2Mr)—a3cos 30} csc
2y ¢

4iaAsin 0
—iacsc 9635 - zasm}hmm’ (18)

+ [A@g + —iAcsc00y +

X

Acot
S30 = — \/%Ogl [(7“2 +a*) Oy + Ady + ady —
S33 = —Z\Afjgla{{a (r2 + a2) Oy +aAd, — 1 (7’2 + a2) csc 00y

+ [a2+ (r2+a2) csc? 6’] O0p—

(19)

2ia A cos 9}
T mm

ar (A+2iaM cos 0)+i (r2+a2)2 cot O csc 0 }8
5 4

) (—2@2 — 12 4+ a2 cos? 0) cot 0 csc 9] 5

+A | —icscf0p + csc® 00, + ! b

(iA cscd
+
1
[ia?’ cos 30 — ia (aQ + 8Mr) cosf — 4T‘A] csc
+ D
4y
+aA 2 (a® + 2r?) cos 20 — a* (cos 46 — 3)] csc? § }h

—jacsc 98¢> g + a csc? 6’83)

2372
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\[ZA

S34 = —ao {{ a(r +a )sm@('?t—aAsmﬁ(? —2(7“ +a )8

— [a2 + (7’2 + a2) csc? 0} sin 60, — WTMHG} O

1
asm9

—A <289 +csc 00y + ) Or + ;A@g — 1a0p0p
1

1

—cscl <a8¢ — Z?]Mr) 3¢} ; (21)
2

541:—\8;10 {{w(r +a )8t—zaA8 (r2+a2)csc 989+i[a2—|— (rQ—i-aQ)cchH} Dy

N —2air (a*+A)+a?cos 0 [4a®— 2Mr+4r*—2ia(M—r)cos 0+ (r*+a?) cot? ]

X

_l’_

72 (7‘2 + a2) cot § cscl 5
b ¢
tar+ (aQCos 20 —1r? —2a2) cot O csc 6
X
+ia [A+2ia (r—M) cos 0] cot +r (3a* —4Mr+r?) csc 6
)
ir(4a*~4Mr+r?)+acos 6 [-3a*+2(M—r)r+ia(2M —3r)cos 0 +a?cos 26|
)

x csc? 00, + 822{ -2 [3@21"3 + 47t (—4M + 1) + a* (8M + r)] cot 6

+A|cscO0p—1i csc? 004+ Or—acsc00p0y

dp+ia csc? 9835

—1a csc 9{ (a2 —r ) (7a2 — 16rM + 47“2)

+4 [a* — 2a* (M = 3r)r +1° (—8M + 3r)] cos 20

—2ia [a2 (M +2r) + % (57 — 8M)] cos 36

+a® (—3a* + 8Mr — 5r%) cos 40 + 2ia* (M — 1) cos 50} } } by (22)
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and

2 2 2 2 2 2M 2A A
Spp = — 10 {{’" ta 8t—A8T+a8¢+[M e +]}at

22% 2 _T2+6L2_El 21

A2 1 a r + 3ia cos 0
= 128, — =0y + — | D,
"2 1 a2 |:2 T A s+ ) :| T

a a Mr? —a?r +acos[—3iA+a(r — M) cosb)
- f8¢+ a¢
7”2+0/2 2 by
4a?A? cos® 0

e Ao |, (23)

(r? + a?) 52

which, when solved subject to appropriate boundary conditions, defines the
gravitational perturbations of Kerr black holes in f(R) gravity. An explicit
solution will be presented elsewhere.
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