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Spin-two particles appear in the spectra of both open and closed string
theories. We studied a graviton and massive symmetric rank-two tensor in
string theory both of which carry spin two. A graviton is a massless spin-
two particle in closed string theory, while a symmetric rank-two tensor is
a massive particle with spin two in open string theory. Using Polyakov’s
string path integral formulation of string scattering amplitudes, we cal-
culated cubic interactions of both spin-two particles explicitly, including
α′-corrections (string corrections). We observed that the cubic interactions
of the massive spin-two particle differed from those of the graviton. The
massive symmetric rank-two tensor in open string theory becomes massless
in the high-energy limit, where α′ → ∞ and α′-correction terms, contain-
ing higher derivatives, dominate: In this limit, the local cubic action of the
symmetric rank-two tensor of open string theory coincides with that of the
graviton in closed string theory.
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1. Introduction

It is interesting to note that spin-two particles appear in the spectra of
both open and closed string theories. The differences between these two
particles lie in their masses. The spin-two particle contained in the spec-
trum of closed string is massless, while that belonging to the spectrum of
open string theory is massive. To distinguish one from the other, we refer
to the former as a graviton and the latter as a symmetric rank-two tensor
throughout this work. Because it is presumed that string theories are consis-
tent and finite, we considered them as guiding principles to study the cubic
interactions of both these spin-two particles. The field theory for massive
∗ Presented at the 6th Conference of the Polish Society on Relativity, Szczecin, Poland,
September 23–26, 2019.
† Corresponding author: taejin@kangwon.ac.kr

(303)



304 T. Lee, H. Park

spin-two particles was developed long ago in 1939 by Fierz and Pauli [1],
who introduced a particular form of the mass term for the spin-two field in
the linearized Einstein gravity. With this particular form of the mass term,
the Fierz–Pauli (FP) model is free of ghost, named the Boulware–Deser
ghost [2–4] having a negative kinetic energy; however, the model does not
reduce to the linearized Einstein gravity in the massless limit. The mass-
less limit of the FP model is singular, and a discontinuity, known as the
van Dam–Veltman–Zakharov (vDVZ) discontinuity [5, 6], is encountered.
Moreover, if we introduce interaction terms to the FP model, the Boulware–
Deser ghost begins to reappear. These problems in the FP model may be
resolved through the Vainstein screening [7].

In a recent study [8], we proposed open string theory to study massive
gravity and performed canonical quantization of the symmetric rank-two ten-
sor model of Siegel and Zwiebach (SZ model) containing two Stueckelberg
fields. The advantage of using the SZ model to describe massive spin-two
particles is that this model has local gauge symmetry, through which the FP
model may be transformed into various other gauge equivalent forms. When
choosing a particular gauge to be imposed on the Stueckelberg fields, the
SZ model reduces to the FP model. As the SZ model is a gauge-invariant
theory, we may choose various alternative gauge conditions. The most con-
venient gauge condition may be the transverse-traceless (TT) gauge, where
the two Stueckelberg fields can be completely decoupled from the symmetric
rank-two tensor to be integrated trivially. In the TT gauge, the SZ model,
describing the massive spin-two field, smoothly reduces to the linearized
Einstein gravity without encountering any discontinuity.

The study presented in this work is the extension of our previous study
on the free field model of massive symmetric rank-two tensors to interacting
models for calculating cubic couplings of the rank-two tensor field explicitly
within the framework of string theory. For comparison, we evaluated the
cubic couplings of the graviton in closed string theory and those of the mas-
sive symmetric rank-two tensor in open string theory. The main method for
evaluating the cubic interactions was Polyakov’s string path integral formula
of scattering amplitudes, [9], which is discussed in detail elsewhere [10–14].
In the proper-time gauge [15], we cast the three-string scattering ampli-
tudes into the Feynman–Schwinger proper-time representation of quantum
field theory, from which the cubic interactions of the spin-two fields could be
directly obtained. The cubic graviton interaction terms, including α′-cor-
rections, were calculated using the Polyakov integral formulation of three
closed-string scattering amplitudes. Then, we evaluated the cubic couplings
of massive symmetric rank-two tensors, applying the same procedure using
Polyakov’s string path integral formulation of three open-string scattering
amplitudes. It was observed that the cubic interactions of the symmetric
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rank-two tensors differed from those of gravitons. However, in the massless
limit where α′ → ∞, α′-correction terms dominate and the local cubic ac-
tion of the symmetric rank-two tensor field in open string theory becomes
identical to that of the graviton in closed string theory.

2. Cubic interactions of graviton in closed string theory

We may express the three-string scattering amplitudes using Polyakov’s
string path integral formulation of the string worldsheet theory with three
external closed strings as follows:

A[3] =
2gclosed

3

∫
D[X]D[h] exp

iS + i

∫
∂M

3∑
r=1

P (r) ·X(r)dσ

 , (1a)

S = − 1

4π

∫
M

dτdσ
√
−hhαβ ∂X

µ

∂σα
∂Xν

∂σβ
ηµν , µ, ν = 0, . . . , d− 1 , (1b)

where σ1 = τ , σ2 = σ. Here, d = 26 for the bosonic string and d = 10 for the
super-string. If we evaluate the three closed-string scattering amplitudes in
the proper-time gauge and cast them into the Feynman–Schwinger proper-
time representation, we obtain [16]

A[3]closed =
2gclosed

3

∫ 3∏
r=1

dp(r)δ

(
3∑
r=1

p(r)

)
〈Ψ1, Ψ2, Ψ3|E[3]closed|0〉 , (2a)

E[3]closed|0〉 = exp


3∑

r,s=1

 ∑
n,m≥1

1

2
N̄ rs
nm

α
(r)†
n

2
· α

(r)†
m

2
+
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N̄ rs
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α
(r)†
n

2
· p(s)


× exp

{
τ0

3∑
r=1

1

αr

(
1
2

(
p(r)
)2
− 1

)}

× exp


3∑

r,s=1

 ∑
n,m≥1

1

2
N̄ rs
nm

α̃
(r)†
n

2
· α̃

(r)†
m

2
+
∑
n≥1

N̄ rs
n0

α̃
(r)†
n

2
· p(s)


× exp

{
τ0

3∑
r=1

1

αr

(
1
2

(
p(r)
)2
− 1

)}
|0〉 , (2b)

where p = p(2) − p(1), τ0 = −2 ln 2, and α1 = α2 = 1, α3 = −2 in the
proper-time gauge. Here, N̄ rs

nm and N̄ r
n are the Neumann functions of the

three open-string scattering amplitudes [10].
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It is noteworthy that the three closed-string amplitudes may be com-
pletely factorized into three open-string scattering amplitudes to confirm the
Kawai–Lewellen–Tye (KLT) relation [17] at the level of second quantized
string theory. Choosing the external three closed-string states as〈

Ψ (1), Ψ (2), Ψ (3)
∣∣∣ = 〈0|

3∏
r=1

(
hµν

(
p(r)
)
a
(r)µ
1 ã

(r)ν
1

)
,

we obtained the three-graviton scattering amplitudes, depicted in Fig. 1

Ahhh,closed = A(1,1)
hhh,closed +A(1,3)

hhh,closed +A(3,1)
hhh,closed +A(3,3)

hhh,closed . (3)

(1)

(2)

(3)

mnh

mnh

mnh

Fig. 1. Three-graviton interactions in the proper-time gauge.

Here, with h(r) = hµν(p(r))a
(r)µ
1 ã

(r)ν
1 , a†1 = α†1,

A(1,1)
hhh,closed =

27gclosed
3

∫ 3∏
r=1

dp(r)δ

(
3∑
r=1

p(r)

)
〈0|h(1)h(2)h(3)

×

1
2
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r,s=1

N̄ rs
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1

2

(
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r=1
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1

a
(r)†
1

2
· p
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×

1
2
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2
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2
· p

) |0〉 , (4)
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3!
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1

2
· p

)3
 |0〉 , (5)



Graviton and Massive Symmetric Rank-two Tensor in String Theory 307

A(3,1)
hhh,closed =

27gclosed
3

∫ 3∏
r=1

dp(r)δ

(
3∑
r=1

p(r)

)
〈0|h(1)h(2)h(3)

×

 1

3!

(
3∑
r=1

N̄ r
1

a
(r)†
1

2
· p

)3


×

1
2

3∑
r,s=1

N̄ rs
11

ã
(r)†
1

2
· ã

(s)†
1

2

(
3∑
r=1

N̄ r
1

ã
(r)†
1

2
· p

) |0〉 , (6)

A(3,3)
hhh,closed =

27gclosed
3

∫ 3∏
r=1

dp(r)δ

(
3∑
r=1

p(r)

)
〈0|h(1)h(2)h(3)

×

1

3!

(
3∑
r=1

N̄ r
1

a
(r)†
1

2
· p

)3

1

3!

(
3∑
r=1

N̄ r
1

ã
(r)†
1

2
· p

)3
|0〉 . (7)

We observed that A(1,3)
hhh and A(3,1)

hhh correspond to α′-corrections of the or-
der of O(α′) and A(3,3)

hhh,closed to an α′-correction of the order of O(α′2)

in the three-graviton scattering amplitude of Einstein’s gravity A(1,1)
hhh,closed.

Through algebraic calculations, we obtained

A(1,1)
hhh,closed = κ

∫ 3∏
i=1

dp(r)δ

(
3∑
r=1

p(r)

)
hµ1ν1

(
p(1)
)
hµ2ν2

(
p(2)
)
hµ3ν3

(
p(3)
)

×
{
ηµ1µ2p(1)µ3 + ηµ2µ3p(2)µ1 + ηµ3µ1p(3)µ2

}
×
{
ην1ν2p(1)ν3 + ην2ν3p(2)ν1 + ην3ν1p(3)ν2

}
, (8)

where κ = gclosed
3×25 . This is precisely the three-graviton interaction term of

the conventional perturbative Einstein’s gravity [18–22]. Similar algebraic
calculations yielded the following cubic interaction of gravitons in string
theory, including α′-corrections:

A(1,1)
hhh,closed +A(1,3)

hhh,closed +A(3,1)
hhh,closed +A(3,3)

hhh,closed

= κ

∫ 3∏
i=1

dp(i)δ

(
3∑
i=1

p(i)

)
hµ1ν1

(
p(1)
)
hµ2ν2

(
p(2)
)
hµ3ν3

(
p(3)
)

×
(
ηµ1µ2p(1)µ3 + ηµ2µ3p(2)µ1 + ηµ3µ1p(3)µ2 + p(1)µ3p(2)µ1p(3)µ2

)
×
(
ην1ν2p(1)ν3 + ην2ν3p(2)ν1 + ην3ν1p(3)ν2 + p(1)ν3p(2)ν1p(3)ν2

)
. (9)
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This result, exhibiting clearly the KLT relation between cubic couplings
of open and closed string theories, is in perfect agreement with previous
results [23].

3. Cubic interactions of massive symmetric rank-two tensor

The three open-string scattering amplitudes, if cast into the Feynman–
Schwinger proper-time representation, may be written as follows [10]:

A[3],open =
2gopen

3

∫ 3∏
r=1

dp(r)δ

(
3∑
r=1

p(r)

)
〈Ψ1, Ψ2, Ψ3|E[3]open|0〉 , (10a)

E[3]open = exp

{
1

2

3∑
r,s=1

∑
n,m≥1

N̄ rs
nm α

(r)†
n · α(s)†

m

+
3∑
r=1

∑
n≥1

N̄ r
nα

(r)†
n · p+ τ0

3∑
r=1

1

αr

((
p(r)
)2

2
− 1

)}
, (10b)

where τ0 = −2 ln 2 and p = p(2)−p(1). We selected the external string state,
representing three rank-two tensors〈

Ψ (1), Ψ (2), Ψ (3)
∣∣∣ = 〈0|

3∏
r=1

(
hµν

(
p(r)
)
a
(r)µ
1 α

(r)ν
1

)
to calculate the three massive-symmetric-tensor scattering amplitudes, de-
picted in Fig. 2.

(1)

(2)

(3)

mnh

mnh

mnh

Fig. 2. Three rank-two tensor interactions in the proper-time gauge.

Here, the massive symmetric rank-two tensor field, hµν , satisfied the fol-
lowing TT gauge condition: hµν(p)pµ = hµν(p)pν = 0, hµµ(p) = 0. We de-
composed the scattering amplitude of the three rank-two tensors, Ahhh,open,
into four terms by expanding the three-string vertex, E[1, 2, 3]open, as fol-
lows:

Ahhh,open = A(3,0)
hhh,open +A(2,2)

hhh,open +A(1,4)
hhh,open +A(0,6)

hhh,open . (11)



Graviton and Massive Symmetric Rank-two Tensor in String Theory 309

To be explicit, with h(r) = hµν(p(r))a
(r)µ
1 a

(r)ν
1 ,

A(3,0)
hhh,open =

27gopen
3 · 3!

∫ 3∏
r=1

dp(r)δ

(
3∑
r=1

p(r)

)
〈0|h(1)h(2)h(3)

×

(
1
2

∑
r,s

N̄ rs
11a

(r)†
1 · a(s)†1

)3

|0〉 , (12a)

A(2,2)
hhh,open =

27gopen
3 · 2! · 2!

∫ 3∏
r=1

dp(r)δ

(
3∑
r=1

p(r)

)
〈0|h(1)h(2)h(3)

×

(
1
2

∑
r,s

N̄ rs
11a

(r)†
1 · a(s)†1

)2(∑
r

N̄ r
1a

(r)†
1 · p

)2

|0〉 , (12b)

A(1,4)
hhh,open =

27gopen
3 · 4!

∫ 3∏
r=1

dp(r)δ

(
3∑
r=1

p(r)

)
〈0|h(1)h(2)h(3)

×

(
1
2

∑
r,s

N̄ rs
11a

(r)†
1 · a(s)†1

)(∑
r

N̄ r
1a

(r)†
1 · p

)4

|0〉 , (12c)

A(0,6)
hhh,open =

27gopen
3 · 6!

∫ 3∏
r=1

dp(r)δ

(
3∑
r=1

p(r)

)
〈0|h(1)h(2)h(3)

×

(∑
r

N̄ r
1a

(r)†
1 · p

)6

|0〉 . (12d)

We observed that A(3,0)
hhh,open did not contain any derivative and could not

be factorized. Therefore,

A(3,0)
hhh,open = 4κ

∫ 3∏
i=1

dp(r)δ

(
3∑
r=1

p(r)

)
×hµ1ν1

(
p(1)
)
hµ2ν2

(
p(2)
)
hµ3ν3

(
p(3)
)
ηµ1ν2ηµ2ν3ηµ3ν1 , (13)

where κ =
22gopen

3 . Through algebraic calculations, we also evaluated the
remaining terms as follows:
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A(2,2)
hhh,open = κ

∫ 3∏
i=1

dp(r)δ

(
3∑
r=1

p(r)

)
hµ1ν1

(
p(1)
)
hµ2ν2

(
p(2)
)
hµ3ν3

(
p(3)
)

×

{(
ηµ1µ2p(1)µ3 + ηµ2µ3p(2)µ1 + ηµ3µ1p(3)µ2

)
×
(
ην1ν2p(1)ν3 + ην2ν3p(2)ν1 + ην3µ1p(3)ν2

)
+2ηµ1µ2p(1)µ3ην2ν3p(2)ν1 + 2ηµ2µ3p(2)µ1ην3ν1p(3)ν2

+2ηµ3µ1p(3)µ2ην2ν3p(1)ν3

}
. (14)

We observe that A(2,2)
hhh,open is similar to A(1,1)

hhh,closed of closed string but differs

from it: A(2,2)
hhh,open is not factorized in contrast to A(1,1)

hhh,closed.
It may be interesting to evaluate other terms explicitly and compare

them with their counterparts of closed string. Using the symmetric property,
hµν = hνµ, and the TT gauge conditions, we obtained

A(1,4)
hhh,open = κ

∫ 3∏
i=1

dp(r)δ

(
3∑
r=1

p(r)

)
hµ1ν1

(
p(1)
)
hµ2ν2

(
p(2)
)
hµ3ν3

(
p(3)
)

×

{(
ηµ1µ2p(1)µ3 + ηµ2µ3p(2)µ1 + ηµ3µ1p(3)µ2

)
×p(1)ν3p(2)ν1p(3)ν2 +

(
ην1ν2p(1)ν3 + ην2ν3

×p(2)ν1 + ην3ν1p(3)ν2
)
p(1)µ3p(2)µ1p(3)µ2

}
. (15)

We realized immediately that it could be identified withA(1,3)
hhh,closed+A(3,1)

hhh,closed
of closed string. Further, simple algebraic calculations yielded

A(0,6)
hhh,open =

κ

2

∫ 3∏
i=1

dp(r)δ

(
3∑
r=1

p(r)

)
hµ1ν1

(
p(1)
)
hµ2ν2

(
p(2)
)
hµ3ν3

(
p(3)
)

×p(1)µ3p(2)µ1p(3)µ2p(1)ν3p(2)ν1p(3)ν2 . (16)

We observed that A(0,6)
hhh,open agreed exactly with 1

2A
(3,3)
hhh,closed of closed string

theory. Combining them together, we find the difference between the cubic
interactions of the massive symmetric rank-two tensor in open string theory
and those of graviton in closed string theory
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Ahhh,open(h)−Ahhh,closed(h) = A(3,0)
hhh,open(h)− 1

2A
(0,6)
hhh,open

+2κ

∫ 3∏
i=1

dp(r)δ

(
3∑
r=1

p(r)

)
hµ1ν1(1)hµ2ν2(2)hµ3ν3(3)

×
{
ηµ1µ2p(1)µ3ην2ν3p(2)ν1 + ηµ2µ3p(2)µ1ην3ν1p(3)ν2

+ηµ3µ1p(3)µ2ην2ν3p(1)ν3
}
. (17)

As α′ →∞, the symmetric rank-two tensor becomes massless and the cubic
interactions in the massless limit behave as follows:

A(3,0)
hhh,open ∼ O

(
(α′)−3/2

)
, A(2,2)

hhh,open ∼ O
(

(α′)−1/2
)
,

A(1,4)
hhh,open ∼ O

(
(α′)1/2

)
, A(0,6)

hhh,open ∼ O
(

(α′)3/2
)
. (18)

This observation leads to the conclusion that in the massless limit (or equiv-
alently high energy limit), the α′-correction terms, containing higher deriva-
tives, dominate in both string theories: A(0,6)

hhh,open of open string theory and

A(3,3)
hhh,closed of closed string theory which in fact are identical.

4. Discussions and conclusions

We evaluated three particle-scattering amplitudes of spin-two particles
in both closed and open string theories using Polyakov’s string path inte-
gral in the proper-time gauge. Cubic couplings of spin-two particles were
directly obtained from the three particle-scattering amplitudes. As for the
three-graviton interactions, including α′-corrections, we confirmed a previ-
ous result [23], which was completely factorized in accordance with the KLT
relations [17]. Then, we calculated three-particle scattering amplitudes of
the massive symmetric rank-two tensor, carrying spin two, in open string
theory to derive the cubic couplings of massive spin-two particles. We com-
pared the cubic interactions of two spin-two particles and observed that the
cubic coupling of the massive symmetric rank-two tensor differs from that
of the graviton. In the high-energy limit, where α′ →∞, the massive sym-
metric rank-two tensor becomes massless, the α′-correction term with six
derivatives dominates. As a result, classical cubic actions of both theories
become identical.

An immediate extension of this work may be to calculate four-particle
scattering amplitudes of symmetric rank-two tensors and compare them with
the four-graviton scattering amplitudes, which have been studied in a recent
work [27]. It would also be interesting to further extend this work to higher-
spin particles in the string theory [28–30] to examine their high-energy limits
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[25, 26] as suggested elsewhere. The Fock space representations of three-
string scattering amplitudes given in Eq. (2a) and Eq. (10a) would be useful
to study higher-spin particles in general.

T.L. was supported by the 2018 Research Grant (PoINT) from the Kang-
won National University.
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