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The concept of an intrinsic system can be extended to the case of col-
lective octupole degrees of freedom by exploiting the symmetry properties
with respect to transformations of the octahedral group Oy,. Explicit formu-
las for scalar invariants as polynomials of intrinsic variables are presented.
A method of constructing a basis in the space of functions on the octupole
intrinsic space is proposed.
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1. Introduction

The role played by collective octupole degrees of freedom still attracts
attention of both experimental and theoretical nuclear physicists. First of
all, one should mention attempts to find nuclei with a static octupole de-
formation in actinides region [1|, however, as well lighter nuclei (N = 82)
are an interesting subject of spectroscopic studies [2]. On the theoretical
side, a proper description of such phenomena is difficult, mainly due to the
necessity of considering both quadrupole and octupole deformations, see e.g.
recent paper [3].

Here, I present an extension of the results of |4, 5] where we introduced
the concept of an intrinsic system for the octupole space based on irreducible
representations of the octahedral group Oy,.
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The paper is organized as follows. After a brief recollection of basic
notions and facts about intrinsic octupole introduced in [4, 5], I discuss
rotational invariants built from these variables and show that, quite un-
expectedly, the two variants of intrinsic variables are not fully equivalent.
I then sketch a method of building basis functions in the intrinsic frame
which could in further perspective pave the way to a construction of a basis
in the full quadrupole plus octupole space.

2. Intrinsic octupole coordinates

Collective octupole degrees of freedom are described by variables which
span the seven-dimensional real irreducible representation of the rotation
group SO(3) with the parity operation acting as multiplication by —1. The
best known are seven complex variables oy, 4 = —3, ... 3 with the additional
condition a—, = (—1)"a, ensuring that the considered irreducible represen-
tation of SO(3) is of a real type. Another choice, also useful in several
applications, is to use seven real variables defined as

ap = o, am = V2Re ay, b = V2Im ayy, m=1,2,3.
(2.1)

The concept of an intrinsic (of principal axes) frame of reference appeared
to be very fruitful in the case of quadrupole variables, however, extending
of this concept to the octupole case is not straightforward. To define an
intrinsic system for the octupole space, we exploit properties of octupole
variables with respect to the octahedral group Oy C O(3), for more details
see [4, 5]. This group leaves invariant a set of three intersecting perpendicular
lines (without fixed directions and labels) which seems to be a fundamental
property of a reference frame. The octupole space can be decomposed as
A5 @ F| @ F5 of irreducible representations of Oy, with dimensions 1, 3, 3,
respectively, see [6]. Coordinates compatible with this decomposition are
denoted as (b, f,g) = (b, fz, fy, f2, 92, 9y, 9-), Where b, fi, g, k = x,y,2
span representations A5, F', F5 , respectively. Explicit expressions for them
are given e.g. in Appendix B of [5].

In [4, 5], we introduced two variants of the intrinsic system: F]-type
and F5 -type. In the case of F| variant instead of the LAB system (b, f, g)
variables, one uses (b, f/,w) variables where w are the Euler angles of the
rotation such that the result of this rotation has the form of (¥, f’,0). The
F5 case is defined analogously, with f and g interchanged. We presented
detailed consequences of this change of variables, in particular we discussed
the Hamiltonian and the angular momentum operator expressed through
intrinsic variables. It appears, however, a bit surprisingly, that the F| and
F5 variants are not equivalent, in particular the F; variant does not cover
the whole octupole space, as will be shown in Section 3. In the following,
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I drop primes and denote intrinsic coordinates as (b, f,w). The (b, f), w
will be called the deformation and rotation part, respectively, of octupole
variables.

3. Rotational invariants

Of particular importance in the analysis of functions of collective vari-
ables are the simplest building blocks of a given multipolarity, in other words,
the simplest polynomials (of a given multipolarity) built from the variables.
For example, in the quadrupole case, all scalar polynomials can be built
from two well-known invariants 52, 83 cos3y. The octupole case is more
difficult. Exploiting the connection between invariants of binary forms, see
e.g. 7] and scalar polynomials of multipole tensors, one finds that in the
octupole case there are 4 elementary scalars of the order of 2, 4, 6 and 10,
which generate the full ring of polynomial scalars. Moreover, there is also a
pseudoscalar polynomial of the order of 15. For details, see [8], where the
laboratory frame was discussed. The scalars, denoted here by 72 46 10, can
be expressed through couplings of the « variables as follows:

2 = —VTlaa]’, (3.1)
n = a*230 (3.2)
ne = ab1230 (3.3)
mo = 0212121230 (3.4)
where o239 = [[[aa]?a]?a]’. The analogous notation is used in (3.3),

(3.4). Below, we show explicit formulas for elementary scalars for both F|
and F5 variants of the intrinsic frame.

F{ wvariant.
n2:b2+f2+f2+f§:b2+ag, (3.5)

_ o 2
m= g f (1604 13042 + 806205 + 24v/15 b<73> : (3.6)

V3 o 16 4 1
= Y2 ((11logous — 1502) — —o3 ) — ——b
" = Jog <( 02042 o3) : 02> T /5802

25 20
b2 (3202 — 129045) + —~—b303 — btos,
( 2 42) 7 3 147\/3 2

1
+
196v/3
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400 4 184V/53 - 5 6 5
9604 1719 = —ﬁb o2+ —5—blos - ﬁb (6405 + 673042)
2092v/5 1
b —b* (3203 — 715 — 228902
+ 3 0309 + /3 ( o5 04209 0'3)

16 3
+%b303 (5o3 + 67042) —|—\5[b2(19202 43904203 — 6910305 — 270032)

3
———bos (8405 — 2590430 + 25503

NG
3V3
00 (57605 — 270004205 + 20250520 + 73500505 — 162505042) , (3.8)
where auxiliary symmetric functions of f;, fy, f. are defined as
oy = fx2+f5+f3, o3 = fulfylz, (3.9)
on = fot [yl o= LR (310)
o6 = fo+ fL+fS, os2 = fofy + fofe+ fafi. (3.11)
Fy wvariant.
o= +g+gtgl =0+, (3.12)
5v5
_ 1
M4 98 T2 (3.13)
25+/3 1
= — - (v 3.14
N6 196 ( T3 3 ( + Tz) 742) ) ( )
125 [ )
9604119 = 32 b0 + 30 (7'27'42 — 97'3) + 3b (7'2 49 + 27'42 — 1573 7'2)

33 3
—9b16373 + <72 Ta2 + 1 i — 972 (4722 — 4742)) ] ,  (3.15)

where symmetric functions of g, gy, g. are defined as:

T = git9,+9s, T3 = 20y9: » (3.16)
T = 939y + 9595 + 9295, Tes = (92 —93) (2 —g;) (95 — 93) - (3.17)
One should remember that the generators of the ring of invariants (in the
polynomial sense) are not uniquely defined. First, they can be multiplied

by real numbers. Second, e.g. by adding the product n2n4 to 1, we obtain
again a sixth order scalar (with respect to rotations).
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As a simple exercise in the application of invariants, one can check that
a point which in the LAB system has coordinates (b = 0,0,0, f. # 0,0,0,0)
and is trivially described in the F| intrinsic system does not belong to the
space of the F; system. The values of invariants do not depend on the
choice of the coordinate system and by applying formulas (3.5)—(3.7) and
(3.12)—(3.14), we obtain an evident contradiction 75 = —% 6. Similar
considerations show that the set of points of the octupole space which are

not covered by the F; is even larger than discussed in this paragraph.

4. Basis in the intrinsic space

In order to apply the presented formalism in the nuclear theory, e.g. for
study of Hamiltonian and other operators, one requires one more important
component, namely an appropriate basis in the Hilbert space of functions
defined on the octupole space. Again, the construction of such a basis is
more difficult than in the quadrupole case, where several approaches were
successfully applied [9]. As can be seen in [8], building eigenfunctions of the
harmonic oscillator which have good angular momentum numbers is very
difficult even in the laboratory system. Here, I follow the general idea of the
method applied in [10] for the quadrupole case which can be summarized as
follows. From a properly chosen dense (in the sense of the Hilbert space)
set of functions of the intrinsic octupole variables, one constructs a subspace
of functions which fulfill two conditions. First (A), they are invariant with
respect to the action of the octahedral group. Second (B), they belong to
the domain of the Laplace-Beltrami operator which is compatible with the
scalar product induced in the intrinsic system by the standard Cartesian
scalar product in the laboratory system. From the physical point of view,
this operator is (up to a constant factor) the simplest form of the kinetic
energy operator in the intrinsic system, see [4, 5]. Then, the standard or-
thonormalization methods can be applied. At present, the above procedure
has been applied only to the F; variant, with results presented briefly below.

In the deformation part of the octupole space, we take all polynomials of
the (b, f) variables times the Gaussian factor exp(— (b4 f?%)/2). Considering
a more general exponent, —c?(b%4f?)/2 does not present any difficulty.

Condition A. Symmetrization.

It turns out that in the symmetrization stage, it is more convenient to
use the spherical coordinates for f, which are denoted by ¢, &1, &. Then the
basic set of functions is organized as follows:

B Y (€1, E2)e” (P HE) 2 DY (W), (4.1)
N =np+ng, N=0,12,..., l=nyne—2,...,001),
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where Dy, are the rotation matrices providing the basis in the L2(SO(3))
space. One should keep in mind that (Im) indices refer to the group SO 4(3)
generated by operators (4.10) and not the “main” SO(3) mentioned in Sec-
tion 2. However, thanks to vector-type properties of the F; IR of the
group Oy, the action of this group on the functions Y;,,(£1,&2) can be eas-
ily determined. Let us add that ¢t and the Gaussian factor are invariant
against Oy, and b is a pseudoscalar with respect to the Oy, action. To obtain
Op-invariant functions from (4.1), we apply the projection operator

P3PP = (I+Rs+R3) (I+Ro+ R3+R3)(I+Ry), (4.2)

where Ry, k = 1,2,3 are well-known generators of Oy, see e.g. [11]. If we
use btY D as a shorter notation for (4.1), with the Gaussian factor skipped,
we arrive at the formulas

PLbtYD = bt (YinPipse + (1) D) - (4.3)
PbtYD = [1+ (—1)™tK] [1 + (—1)“b+<m+K>/Q} BYD,  (4.4)
PybtYD = bt Y, [5mm’5KK’ n ( K L (_jym +K’)

Xy (5) dierrc (5 )}Ylm’IDMK’ (4.5)

where d’ () is the “small” Wigner function. Of course, after the projection,
one should choose linearly-independent functions, what is rather easy in the
considered case. In particular, one can obtain a simple analytical formula
for a number of such functions for given (ny, n, 1, J).

Condition B. Domain of the Laplace—Beltrami operator.

At this stage, we turn back from spherical to Cartesian coordinates for f.
The Laplace—Beltrami operator can be written as (using slightly more com-
pact notation than in [4, 5])

9.,
50 Z WidM;,; W, (4.6)

k.j=1,2,3

1
~d aT Z dafs 8f5

where

3/2
d_8<b3—<12> 2+ 52+ +2(57) fzfyfz> (17)

is the deformation part of the Jacobian of the change of variables (from the
laboratory system to the intrinsic system, 5], Eq. (13)) and
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15fofy +8V1Bbf.  16b°+15 (f.°+f.")  8V1Bbfo+15f,f-
8v/15bfy +15fx f- 8V15bfo+15f,f.  16b°+15 (fo.°+f,°

Wk:Sk(w,&,) + A (f,af) , k=1,2,3, (4.9)

1602415 (f,24+£.2)  15fufy +8VIBbf.  SVIBbf,+15ffs \
M=4 . (4.8)
)

with
A = 3(fy8fz — fzafy)/Q, etc. (4.10)

and with S being components of the angular momentum multiplied by ¢
(see [5], Eq. (16)).

It can be verified that the functions obtained through symmetrization in
the previous stage, denoted as

G(b, f,w)e(F+)/2
belong to the domain of A provided that

d* Y 95(d0sG)+d Y Wy (d* M W,G) =Y (Wid) d* MW, G (4.11)
B=b.f ki k;j

can be expressed as
&’p(b, f), (4.12)

where p is a polynomial (0 non excluded). This condition is far from trivial,
even for low values of N (the order of G in the (b, f) variables), say N = 4,
we have to deal with polynomials of the order greater than 10. Hence, to
find linear combination of the symmetrized functions that fulfill condition B,
I have used the Maxima system for symbolic computations. The developed
procedures can be applied for N < 10, J < 12 but, at present, the more
detailed analysis has been done for N up to 4 and J up to 6.
A few remarks and examples.

1. J = 0. For even N, conditions A and B are fulfilled by polynomials

név - (b2 + fz)N /2 from which one can easily build Laguerre polyno-

mials Lg\?//;) , which enter the eigenfunctions of the octupole harmonic

oscillator with the seniority number A = 0, see [3].

2. N =4,J = 0. In this case, we have 5 functions after stage A from
which 2 linear combinations fulfilling condition B can be built. One is,
as expected, proportional to 7]%, while the second one is proportional
to n4, Eq. (3.6). This is again a nontrivial fact, because this result
is obtained in a way that is completely independent from the theory
applied in Section 3.
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3. The rotation part of the basis functions is conveniently expressed using
the semi-Cartesian Wigner functions, see [5], Eq. (8)

Dy = (Dl + (05D _x) /V2(140k0), K >0, (4.13)
Dy = i (Dlx — (~1)FDY; k) /V2, K>0. (4.14)

For example, in the case of N = 2,J = 2, there is only one basis
function which can be written as

= DR 0Dl
K=0 K=1
with
00 = Laf2- 12 12, (VBE £+ 0VEbE,) /2. VB £2) (fr 1)
(4.16)
OO = (VB LA AVBb S, ~AVEb L ~VB LS, ) (4.17)

5. Concluding remarks

The results presented in this contribution extend our knowledge on the
formal properties of the intrinsic system for the octupole tensors. However,
there are still problems which remain only partly solved. Let us mention
two of them. First, despite some hints, there is no formal proof that the
variables chosen according to the F] variant cover the whole octupole space.
Second, the integration measure in the deformation part contains the factor
|d| = |8 (b® — (15/16)b(f2 + f2 + f2) + 2(15/16)* % f f, f.) | which seems to
make it impossible to obtain analytical results for a scalar product of even the
simplest basis functions and requires a very careful numerical treatment. On
the other hand, limitations on N and J for the basis discussed in Section 4
seem to be not very important for physical applications and, moreover, with
some more work, the upper limits can be raised.

Inspiring discussions with S.G. Rohozinski during our long-lasting col-
laboration are gratefully acknowledged.
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