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We review the kinetic-theory-based derivation of relativistic hydrody-
namics for polarized systems of particles with spin 1/2. In the case of global
equilibrium, we find that the equivalence between the polarization and vor-
ticity is not a necessary condition. With the use of the pseudogauge trans-
formation, we show how to relate the de Groot–van Leeuwen–van Weert
expressions forming the basis of our approach with the canonical currents
resulting from the Noether theorem.
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1. Introduction

A first positive results of Λ hyperon spin polarization measurements were
reported recently by the STAR Collaboration [1–4]. The latter findings
have intensified theoretical studies on the possible relation between the local
vorticity of the matter created in relativistic heavy-ion collisions and the spin
polarization of hadrons emitted in these reactions [5–35]; see also [36, 37] for
recent reviews. So far, the thermal-model-based approaches with spin [7, 9]
which correctly address the global polarization observables fail at explaining
the differential measurements [4]. The main feature of these models, namely
the assumption of the direct coupling between the polarization and thermal
vorticity [6], increase their predictive power. However, at the same time,
these approaches eliminate possibility of an independent dynamical evolution
of spin during the system’s expansion. Such a scenario was proposed first
and studied in Refs. [38–41], and leads to the formulation of the framework
of relativistic hydrodynamics with spin. In this work, we comment on the
missing polarization-vorticity coupling in this approach, and the relation
between this approach and the canonical formulation. Throughout the text,
we use natural units with c = kB = ~ = 1.
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2. Spin-polarized systems of particles in equilibrium

Let us consider a relativistic system of massive spin-1/2 particles (+) and
antiparticles (−) in the local equilibrium state described by the following
phase-space density matrices in spin space (r, s = 1, 2) [6]:

f+rs(x, p) = ūr(p)X
+us(p) , f−rs(x, p) = −v̄s(p)X−vr(p) , (1)

with X± = exp
[
±ξ(x)− βµ(x)pµ ± 1

2ωµν(x)Σµν
]
, where x and p denote the

space-time position and four-momentum, respectively. In Eqs. (1), ur(p) and
vr(p) are the Dirac bispinors with the normalization ūr(p)us(p) = δrs and
v̄r(p)vs(p) = − δrs. The quantities βµ ≡ Uµ/T and ξ ≡ µ/T , with T ,
µ and Uµ denoting the temperature, baryon chemical potential and four-
velocity, respectively, are the usual Lagrange multipliers introduced to guar-
antee energy, linear momentum and baryon number conservation. In order
to conserve total angular momentum in the system, we also introduce the
so-called spin polarization tensor ωµν = −ωνµ which couples to the Dirac
spin operator Σµν ≡ i

4 [γµ, γν ].
Using Eqs. (1) in the kinetic-theory definitions of Ref. [42], one can derive

corresponding expressions for the equilibrium Wigner functions

W±eq(x, k) =
e±ξ

4m

∫
dP e−β·p δ(4)(k ∓ p)

×
[
2m(m± /p) cosh(ζ)± sinh(ζ)

2ζ
ωµν (/p±m)Σµν(/p±m)

]
, (2)

where k is the off-mass-shell four-momentum of particles, dP =d3p/((2π)3Ep)
is the on-mass-shell invariant momentum integration measure with Ep =√
m2 + p2 and ζ = 1

2
√
2

√
ωµνωµν .

Hereafter, we consider the following Clifford-algebra expansion of the
equilibrium Wigner function given by Eq. (2):

W±eq(x, k) =
1

4

[
F±eq(x, k) + iγ5P±eq(x, k) + γµV±eq,µ(x, k)

+γ5γ
µA±eq,µ(x, k) +ΣµνS±eq,µν(x, k)

]
. (3)

The real coefficient functions X ∈ {F ,P,Vµ,Aµ,Sνµ} in Eq. (3) can be
obtained by tracing W±eq(x, k) multiplied first by the Clifford-algebra gener-
ators Γ ∈ {1,−iγ5, γµ, γµγ5, 2Σµν}.

3. Kinetic equations

Let us consider the Wigner function which satisfies the kinetic equation[
γµ

(
kµ +

i~
2
∂µ
)
−m

]
W(x, k) = C[W(x, k)] . (4)
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In global equilibrium, Eq. (4) is satisfied exactly with C[W(x, k)] = 0. Us-
ing semi-classical expansion in powers of ~ of the coefficients X at next-to-
leading order, one finds the following kinetic equations for Feq and Aνeq:

kµ∂µFeq(x, k) = 0 , kµ∂µAνeq(x, k) = 0 , kνAνeq(x, k) = 0 . (5)

The coefficient functions P,Vµ, and Sνµ may be calculated from Feq and Aνeq
using the algebraic relations found in Ref. [40]. In the case of global equilib-
rium, Eqs. (5) are fulfilled exactly, which requires βµ to be a Killing vector,
and ξ and ωµν to be constant. However, in this case, ωµν is not necessarily
equal to the so-called thermal vorticity $µν = −1

2 (∂µβν − ∂νβµ) = const.

4. Hydrodynamic equations

In local equilibrium, instead of demanding that Eqs. (5) are satisfied
exactly, we follow a standard approach [43–47] and assume that certain
moments in momentum space of Eqs. (5) are fulfilled. This method yields
hydrodynamic equations which express conservation laws of baryon number,
energy and linear momentum, and angular momentum [40]

∂µN
µ = 0 , (6)

∂µT
µν
GLW = 0 , (7)

∂λS
λ,αβ
GLW = 0 , (8)

respectively. The net baryon current Nµ, the energy-momentum tensor
TαβGLW, and the spin current Sα,βγGLW are given by the de Groot–van Leeuwen–
van Weert (GLW) [42] forms

Nα = nUα ,

TαβGLW = εUαUβ − P∆αβ , (9)

Sα,βγGLW = cosh(ξ)
[
n(0)U

αωβγ +A(0) U
αU δU [βω

γ]
δ (10)

+ B(0)
(
U [β∆αδω

γ]
δ + Uα∆δ[βω

γ]
δ + U δ∆α[βω

γ]
δ

)]
,

with ∆µν = gµν −UµUν being the projector on the space orthogonal to the
flow four-vector.

In the situations when the polarization is small, which is the case ob-
served in experiment, the baryon density, the energy density, and the pres-
sure are given by the formulas: n = 4 sinh(ξ)n(0)(T ), ε = 4 cosh(ξ) ε(0)(T ),
and P = 4 cosh(ξ)P(0)(T ), respectively. The auxiliary functions n(0), ε(0),
and P(0) are the corresponding quantities describing thermodynamic prop-
erties of the system of neutral massive Boltzmann particles without spin
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[48, 49], while the quantities B(0) andA(0) are given by the expressions B(0) =

− 2
m̂2 s(0)(T ), and A(0) = −3B(0) + 2n(0)(T ), with s(0) =

(
ε(0) + P(0)

)
/T de-

noting the entropy density and m̂ = m/T .

5. Relating the GLW and canonical tensors

It is instructive to check that the expressions for the GLW currents given
in Eqs. (9) and (10) are directly related to the corresponding quantities re-
sulting from the canonical formulation using Noether theorem. The relation
between the two is given by the so-called pseudogauge transformation given
by the relations

Sλ,µνcan = Sλ,µνGLW − Φ
λ,µν
can (11)

and

Tµνcan = TµνGLW + 1
2∂λ

(
Φλ,µνcan + Φµ,νλcan + Φν,µλcan

)
, (12)

where the superpotential is given by Φλ,µνcan ≡ Sµ,λνGLW − S
ν,λµ
GLW. One can check

that the canonical energy-momentum is not symmetric, hence the spin cur-
rent is not in this case conserved separately

∂λS
λ,µν
can (x) = T νµcan − Tµνcan = −∂λSµ,λνGLW(x) + ∂λS

ν,λµ
GLW(x) . (13)

6. Summary

In this work, we briefly reviewed the kinetic-theory-based method to
derive the framework of relativistic hydrodynamics with spin. For that pur-
pose, we employed the definitions of the phase-space density matrices in spin
space proposed in Ref. [6] and used the de Groot–van Leeuwen–van Weert
expressions to derive corresponding equilibrium Wigner functions. Starting
with the kinetic equation for the Wigner function, we used the semi-classical
expansion to obtain the transport equations for the Clifford algebra scalar
and axial-vector coefficient functions. Subsequently, employing the standard
method of moments, we derived the hydrodynamic equations with spin. In
the global equilibrium, we find that the polarization-thermal-vorticity cou-
pling is not a necessary condition, as it is usually argued in thermal-model
approaches. Finally, we find that our approach may be related to the canon-
ical framework using the pseudogauge transformation.

Supported in part by the National Science Center, Poland (NCN) grants
No. 2016/23/B/ST2/00717 and No. 2018/30/E/ST2/00432.



Polarization-vorticity Coupling within the Fluid Dynamics with Spin 207

REFERENCES

[1] STAR Collaboration (L. Adamczyk et al.), Nature 548, 62 (2017).
[2] STAR Collaboration (J. Adam et al.), Phys. Rev. C 98, 014910 (2018).
[3] STAR Collaboration (T. Niida), Nucl. Phys. A 982, 511 (2019).
[4] STAR Collaboration (J. Adam et al.), Phys. Rev. Lett. 123, 132301 (2019).
[5] F. Becattini, L. Tinti, Ann. Phys. 325, 1566 (2010).
[6] F. Becattini et al., Ann. Phys. 338, 32 (2013).
[7] F. Becattini et al., Phys. Rev. C 95, 054902 (2017).
[8] H. Li et al., Phys. Rev. C 96, 054908 (2017).
[9] Y. Xie, D. Wang, L.P. Csernai, Phys. Rev. C 95, 031901 (2017).
[10] W. Florkowski, A. Kumar, R. Ryblewski, Phys. Rev. C 99, 011901 (2019).
[11] W. Florkowski, E. Speranza, F. Becattini, Acta Phys. Pol. B 49, 1409

(2018).
[12] F. Becattini, W. Florkowski, E. Speranza, Phys. Lett. B 789, 419 (2019).
[13] B. Boldizsár, M.I. Nagy, M. Csanád, Universe 5, 101 (2019).
[14] G.Y. Prokhorov, O.V. Teryaev, V.I. Zakharov, J. High Energy Phys. 1902,

146 (2019).
[15] W. Florkowski, A. Kumar, R. Ryblewski, Acta Phys. Pol. B 51, 945 (2020),

arXiv:1907.09835 [nucl-th].
[16] S.Y.F. Liu, Y. Sun, C.M. Ko, Phys. Rev. Lett. 12, 062301 (2020),

arXiv:1910.06774 [nucl-th].
[17] W. Florkowski et al., Phys. Rev. C 100, 054907 (2019).
[18] H.Z. Wu et al., Phys. Rev. Res. 1, 033058 (2019).
[19] J.j. Zhang et al., Phys. Rev. C 100, 064904 (2019).
[20] S. Li, H.U. Yee, Phys. Rev. D 100, 056022 (2019).
[21] K. Hattori, Y. Hidaka, D.L. Yang, Phys. Rev. D 100, 096011 (2019).
[22] N. Weickgenannt et al., Phys. Rev. D 100, 056018 (2019).
[23] K. Hattori et al., Phys. Lett. B 795, 100 (2019).
[24] V.E. Ambrus̨, J. High Energy Phys. 2020, 16 (2020),

arXiv:1912.09977 [nucl-th].
[25] X.L. Sheng, L. Oliva, Q. Wang, Phys. Rev. D 101, 096005 (2020),

arXiv:1910.13684 [nucl-th].
[26] Y.B. Ivanov, V.D. Toneev, A.A. Soldatov, Phys. Atom. Nucl. 83, 179 (2020),

arXiv:1910.01332 [nucl-th].
[27] Y. Xie, D. Wang, L.P. Csernai, Eur. Phys. J. C 80, 39 (2020).
[28] K. Fukushima, S. Pu, arXiv:2001.00359 [hep-ph].
[29] Y. Liu, X. Huang, Nucl. Sci. Tech. 31, 56 (2020),

arXiv:2003.12482 [nucl-th].
[30] S. Bhadury et al., arXiv:2002.03937 [hep-ph].
[31] Y. Liu, K. Mameda, X. Huang, Chin. Phys. C 44, 094101 (2020),

http://dx.doi.org/10.1038/nature23004
http://dx.doi.org/10.1103/PhysRevC.98.014910
http://dx.doi.org/10.1016/j.nuclphysa.2018.08.034
http://dx.doi.org/10.1103/PhysRevLett.123.132301
http://dx.doi.org/10.1016/j.aop.2010.03.007
http://dx.doi.org/10.1016/j.aop.2013.07.004
http://dx.doi.org/10.1103/PhysRevC.95.054902
http://dx.doi.org/10.1103/PhysRevC.96.054908
http://dx.doi.org/10.1103/PhysRevC.95.031901
http://dx.doi.org/10.1103/PhysRevC.99.011901
http://dx.doi.org/10.5506/APhysPolB.49.1409
http://dx.doi.org/10.5506/APhysPolB.49.1409
http://dx.doi.org/10.1016/j.physletb.2018.12.016
http://dx.doi.org/10.3390/universe5050101
http://dx.doi.org/10.1007/JHEP02(2019)146
http://dx.doi.org/10.1007/JHEP02(2019)146
http://dx.doi.org/10.5506/APhysPolB.51.945
http://arxiv.org/abs/arXiv:1907.09835
http://dx.doi.org/10.1103/PhysRevLett.125.062301
http://arxiv.org/abs/arXiv:1910.06774
http://dx.doi.org/10.1103/PhysRevC.100.054907
http://dx.doi.org/10.1103/PhysRevResearch.1.033058
http://dx.doi.org/10.1103/PhysRevC.100.064904
http://dx.doi.org/10.1103/PhysRevD.100.056022
http://dx.doi.org/10.1103/PhysRevD.100.096011
http://dx.doi.org/10.1103/PhysRevD.100.056018
http://dx.doi.org/10.1016/j.physletb.2019.05.040
http://dx.doi.org/10.1007/JHEP08(2020)016
http://arxiv.org/abs/arXiv:1912.09977
http://dx.doi.org/10.1103/PhysRevD.101.096005
http://arxiv.org/abs/arXiv:1910.13684
http://dx.doi.org/10.1134/S1063778820020131
http://arxiv.org/abs/arXiv:1910.01332
http://dx.doi.org/10.1140/epjc/s10052-019-7576-8
http://arxiv.org/abs/arXiv:2001.00359
http://dx.doi.org/10.1007/s41365-020-00764-z
http://arxiv.org/abs/arXiv:2003.12482
http://arxiv.org/abs/arXiv:2002.03937
http://dx.doi.org/10.1088/1674-1137/44/9/094101


208 R. Ryblewski

arXiv:2002.03753 [hep-ph].
[32] D. Yang, K. Hattori, Y. Hidaka, J. High Energy Phys. 2020, 70 (2020),

arXiv:2002.02612 [hep-ph].
[33] X. Deng, X. Huang, Y. Ma, S. Zhang, Phys. Rev. C 101, 064908 (2020),

arXiv:2001.01371 [nucl-th].
[34] F. Becattini, arXiv:2004.04050 [hep-th].
[35] D. Montenegro, G. Torrieri, Phys. Rev. D 102, 036007 (2020),

arXiv:2004.10195 [hep-th].
[36] W. Florkowski, R. Ryblewski, A. Kumar, Prog. Part. Nucl. Phys. 108,

103709 (2019).
[37] F. Becattini, M.A. Lisa, arXiv:2003.03640 [nucl-ex].
[38] W. Florkowski et al., Phys. Rev. C 97, 041901 (2018).
[39] W. Florkowski et al., Phys. Rev. D 97, 116017 (2018).
[40] W. Florkowski, A. Kumar, R. Ryblewski, Phys. Rev. C 98, 044906 (2018).
[41] W. Florkowski et al., Phys. Rev. C 99, 044910 (2019).
[42] S.R. De Groot, W.A. Van Leeuwen, C.G. Van Weert, «Relativistic Kinetic

Theory, Principles, Applications», North-Holland, Amsterdam 1980.
[43] G. Denicol, H. Niemi, E. Molnar, D. Rischke, Phys. Rev. D 85, 114047

(2012).
[44] G. Denicol, E. Molnár, H. Niemi, D. Rischke, Eur. Phys. J. A 48, 170 (2012).
[45] A. Jaiswal, Phys. Rev. C 87, 051901 (2013).
[46] A. Jaiswal, Phys. Rev. C 88, 021903 (2013).
[47] L. Tinti, G. Vujanovic, J. Noronha, U. Heinz, Phys. Rev. D 99, 016009

(2019).
[48] W. Florkowski, «Phenomenology of Ultra-Relativistic Heavy-Ion Collisions»,

World Scientific, Singapore 2010.
[49] W. Florkowski, M.P. Heller, M. Spaliński, Rep. Prog. Phys. 81, 046001

(2018).

http://arxiv.org/abs/arXiv:2002.03753
http://dx.doi.org/10.1007/JHEP07(2020)070
http://arxiv.org/abs/arXiv:2002.02612
http://dx.doi.org/10.1103/PhysRevC.101.064908
http://arxiv.org/abs/arXiv:2001.01371
http://arxiv.org/abs/arXiv:2004.04050
http://dx.doi.org/10.1103/PhysRevD.102.036007
http://arxiv.org/abs/arXiv:2004.10195
http://dx.doi.org/10.1016/j.ppnp.2019.07.001
http://dx.doi.org/10.1016/j.ppnp.2019.07.001
http://arxiv.org/abs/arXiv:2003.03640
http://dx.doi.org/10.1103/PhysRevC.97.041901
http://dx.doi.org/10.1103/PhysRevD.97.116017
http://dx.doi.org/10.1103/PhysRevC.98.044906
http://dx.doi.org/10.1103/PhysRevC.99.044910
http://dx.doi.org/10.1103/PhysRevD.85.114047
http://dx.doi.org/10.1103/PhysRevD.85.114047
http://dx.doi.org/10.1140/epja/i2012-12170-x
http://dx.doi.org/10.1103/PhysRevC.87.051901
http://dx.doi.org/10.1103/PhysRevC.88.021903
http://dx.doi.org/10.1103/PhysRevD.99.016009
http://dx.doi.org/10.1103/PhysRevD.99.016009
http://dx.doi.org/10.1142/7396 
http://dx.doi.org/10.1088/1361-6633/aaa091
http://dx.doi.org/10.1088/1361-6633/aaa091

	1 Introduction
	2 Spin-polarized systems of particles in equilibrium
	3 Kinetic equations
	4 Hydrodynamic equations
	5 Relating the GLW and canonical tensors
	6 Summary

