
Vol. 14 (2021) Acta Physica Polonica B Proceedings Supplement No 1

3-FLAVOR EXTENSION OF THE EXCLUDED VOLUME
MODEL FOR THE HARD-CORE REPULSION∗
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We construct a model for quarkyonic matter with an extended version
of the excluded volume model to a three-flavor system, as an alternative to
obtain a hard–soft behavior of the equation of state inferred from gravita-
tional wave observations and analysis.
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1. Introduction

There are many motivations to study the phase structure of quantum
chromodynamics (QCD) related to investigations of relativistic heavy-ion
collisions, early universe, and compact stars. Moreover, the QCD phase
diagram remains poorly understood, despite all the efforts dedicated to its
description over the years, due to the difficulty of first principle calculations
and the lack of experimental observation (for a good review in this subject
see, for example, [1–4] and references therein). On the other hand, observa-
tion and analysis of gravitational waves have been providing important tools
for the understanding of nuclear dense matter. In Ref. [5], there are some of
the most important references in this topic.

Recent results of GW170817 strongly suggest that equation of state
(EoS) has to be hard enough to support two solar masses at few times nu-
clear density but, at the same time, in the low-intermediate density regime,
its hardness has to become moderated to satisfy a radius lesser then 13.5 km
at 1.4 solar masses [5]. These constraints will also be reflected in the sound
velocity squared, v2s , that will increase fast with the density and exceeds its
conformal value of 1/3. This constraint for the radius was inferred by tidal
deformability in the neutron star inspiral with 90% credence, and posterior
analyses suggest even more compact neutron stars [6]. It is not an easy task
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to conciliate an EoS hard at small densities with a moderate hardness at
intermediate-high density. For example, allowing more degrees of freedom
such as hyperons to the system usually makes the EoS softer, since they
will take the low-momentum phase space and their decay channels may lead
to a lower Fermi level. However, if the EoS becomes too soft, it would be
necessary to consider some repulsive nuclear interaction and, even then, it
could not be enough to support this small radius. Although many models
predict a phase transition to a quark phase at high densities, this realization
is also problematic, since there will be debates about signs of this hypothet-
ical transition. As an alternative candidate it is worth to consider a model
for the quarkyonic matter, which naturally generates the hard–soft evolution
of EoS.

2. Quarkyonic matter for the description of neutron stars EoS

This novel phase of QCD is argued from large Nc construction, and was
proposed in Ref. [7]. For low values of quark chemical potential µq, the
deconfinement temperature Td does not depend on µq, and hadronic phase
is separated from deconfined phase. With increasing µq, a finite baryon
density nB appears and, when µq exceeds the quark mass, quarkyonic phase
takes place. This change of baryon density is accompanied by a change in the
pressure that is independent of Nc in hadron phase and of the order of Nc in
quarkyonic phase. Description of quarkyonic matter as a weakly interacting
system conflicts with the confinement feature; on the other hand, if we use a
description in terms of a strongly interacing (baryonic) system, the pressure
should be dominated by baryons interactions of O(Nc), instead of the kinetic
pressure of O(1/Nc). To conciliate these apparently contradictory ideas, it
was purposed that quarks deep inside Fermi sphere weakly interact due to
the Pauli blocking, while quarks near the Fermi surface form baryons that
interact strongly in a shell of width of ΛQCD [7]. In this way, bulk quantities
as pressure and entropy are dominated by quarks, while physical excitations
are dominated by color singlet mesons and baryons.

In quarkyonic matter picture, nucleons and quarks degrees of freedom
are quasiparticles: quarks inside a Fermi sphere are weakly interacting, while
quarks near the Fermi surface strongly interact and are confined in baryon-
like states. In the deep Fermi surface, the Pauli principle does not allow
a strong interaction of quarks, but at the Fermi surface, with a shell width
of ∼ ΛQCD, these quarks can interact strongly through infrared singular
gluons. Recent results show that quarkyonic matter can take into account
the hard–soft behavior of the EoS [8], and many works have been developed
in this sense [9, 10].
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3. Three-flavor excluded volume model

3.1. Nucleons in an excluded volume

We extended the excluded volume model for the 3-flavor (n, p, and Λ)
system, where each nucleon has its own effective hard-core size n0 from the
repulsive interaction. The Fermi momentum and number density in this
repulsive nature can be written as

nexNi
=

nNi

1− nÑ/n0
=

2

(2π)3

k
Ni
F∫

0

d3k , (1)

nÑ = nn + np + (1 + α)nΛ , (2)

where α determines the strength of hard-core repulsion of Λ hyperon with
neutrons and protons, and is set to be {α = 0.2}1. kNi

F represents the Fermi
momentum in the reduced space. The energy density of the 3-flavor system
can be written as [9]
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(2π)3

√
k2 +M2

Ni
+ κen

4
3
e , (3)

where the last term is included to take into account the electromagnetic
charge, np = ne, and we also have to consider the decay channels µn → µp+

µe and µΛ = µn. Furthermore, {MΛ = 1.2Mp,n, κe = (3π2)4/3

4π2 , n0 = 5ρ0}2
and chemical potentials are calculated as

µf =
∂εN
∂nf

and µB =
∑

f=n,p,Λ,e

µf
∂nf
∂nB

. (4)

In the left panel of Fig. 1, we show the density profile for the nucleonic
system. In this case, hyperon Λ appears at around nB ∼ 3.5ρ0, but is ex-
pelled at nB ∼ n0 due to its large repulsion in comparison to other nucleons.
Baryon chemical potential obtained for this model including only nucleons
naturally diverges at nB = ρ0 as might be seen in the right panel of Fig. 1,
and generates a singular sound velocity. This behavior can be understood
using arguments similar to those of the Hagedorn model [11]: when the tem-
perature exceeds its critical value and entropy diverges, the system prefers
to create more degrees of freedom instead of populate higher energy states.
For our particular case, when nB exceeds hard-core density, the system will
prefer to generate quark degrees of freedom.

1 For more details about this and some other choices of α, see Ref. [10].
2 Here, n0 = 5ρ0 is related to the effective hard-core size, n0 = 1/v0, while ρ0 ∼
0.16 fm−3 is the nuclear saturation density.
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Fig. 1. Left: Density profile for neutrons (solid), protons (dashed) and Λ (dotted).
Right: Baryon chemical potential given in Eq. (4). In both plots, we used α = 0.2.

3.2. Mean-field mixture of nucleons and quarks

The energy density for the mean-field mixture of baryons and quarks can
be written as

εmix =

(
1−

nÑ
n0
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Individual chemical potentials can also be evaluated through equations (4),
now including the derivatives with respect to up, down and strange quarks.
Charge neutrality is guaranteed by the condition ne = np + 2nũ − nd̃ − ns̃,
and we also must consider the constraints µd̃ = µũ + 3µe and µd̃ = µs̃
for β-equilibrium. Moreover, since the total baryon density is fixed, from
the minimum of εmix, we also have the constraint µn = µd̃ − µe. In these
expressions, tilde denotes units of baryon number.

In both panels of Fig. 2, one may see the density profile for the mean-
field mixture. We keep fixed the total baryon density nB = nN + nQ̃ and
evaluate the configuration that minimizes energy density in Eq. (5). The
results show that for α = 0.2, s quark arise at nB ∼ 6.2ρ0 and Λ hyperon at
nB ∼ 7.5ρ0. This behavior as well as the fractions of Λ and s are strongly
dependent on the choice of α, as may be seen in Ref. [10].

One may see from the right panel of Fig. 3 that nucleonic system presents
a very hard EoS, while the mean-field mixture shows a hard–soft behavior, in
qualitative agreement to neutron star EoS obtained by gravitational waves
data.
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Fig. 2. Left: Density profile for neutron, proton, up and down quarks. Right:
Density profile for hyperon Λ and strange quark. Both plots represent the results
for the mean-field mixture.
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Fig. 3. Left: Sound velocity square. Right: Equation of state of nucleonic system
(dashed) and mean-field mixture (solid).

4. Final remarks

We presented a model for the mixture of quarks and nucleons as an al-
ternative to take into account the gravitational wave constraints for the EoS
of neutron stars. The idea of making use of quarkyonic matter to this end
was previously suggested in Ref. [8] where a formula was proposed for the
thickness of Fermi surface of nucleons, and also in Ref. [9], for a single-flavor
model where separated regions for nucleons and quarks were considered. In
this first step, we still may not obtain realistic results for a direct comparison
with EoS inferred from gravitational waves data, but the mean-field mixture
already shows the expected hard–soft behavior. In our model, since we are
not considering the Pauli exclusion principle, quark degrees of freedom are
present even for very small baryon density, making the EoS harder in this
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regime. The same analysis is being developed using a more realistic model
for the quarkyonic picture, taking into account the Pauli principle where
nucleons form a shell-like structure around a Fermi sphere of quarks.
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