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1. Introduction

The recent gravitational waves detections, together with the measure-
ment of a positive cosmological constant Λ, lead to an urgent need for an
understanding of gravitational waves in spacetimes with Λ > 0. In partic-
ular, there is a need to understand the Hamiltonian charges, which contain
global information about the fields.

In a series of papers, Ashtekar et al. (cf. [1] and references therein) pro-
posed a framework to study the linearized theory, including a quadrupole
formula for the flux of energy flux on a de Sitter background. Not unex-
pectedly, a positive cosmological constant Λ > 0 allows for negative energy
carried away by gravitational waves, though the authors argued that phys-
ically reasonable sources would radiate waves of positive energy. Another
approach to this problem, by Chruściel and Ifsits, isolates the renormalised
light-cone volume [2] as one of the ingredients of a physically meaningful
definition.

Our further studies of this problem [3, 4] showed the need for renormalisa-
tion of the Hamiltonian energy even if weak (linearised) gravitational fields
on a de Sitter background are considered. The question arises about the
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status of the remaining Hamiltonian charges (compare [5]). As a warm-up
for the gravitational problem, we undertook an analysis of these charges
for Maxwell electromagnetism and scalar field theory on light-cones in a
de Sitter background. Here we report on some of these results.

2. Energy and angular momentum in Maxwell theory

We apply the formalism developed in [4] to Maxwell fields on Minkowski,
de Sitter, and anti-de Sitter spacetimes. We consider simultaneously all
three spacetimes in Bondi coordinates (u, r, xA). In these, the metric takes
the form of

g ≡ gαβdxα dxβ = εN2du2 − 2dudr + r2
(
dθ2 + sin2 θdϕ2

)︸ ︷︷ ︸
=:̊γ

, (1)

where N :=
√
|(1− α2r2)| , α ∈

{
0,
√

Λ
3

}
⊂ R ∪ iR , ε ∈ {±1}, with ε equal

to one if 1 − α2r2 < 0, and minus one otherwise; note that any Λ ∈ R is
allowed, and hence α ∈ C0 but α2 ∈ R. We also define γ̊ABdxAdxB = dθ2 +
sin2 θdϕ2, while D̊A denotes the Levi-Civita derivative associated with γ̊.

Conformal invariance of the sourceless Maxwell equations,

∇µFµν = 0 , ∇[µFκλ] = 0 , (2)

shows that for solutions that evolve out of smooth initial data on a spacelike
Cauchy surface in de Sitter spacetime, the (u, x := 1/r, xA) components of
the Maxwell field are smooth functions of (u, x, xA). In (u, x := 1/r, xA)
coordinates, this translates to

F = Fxudx ∧ du+ FxAdx ∧ dxA + FuAdu ∧ dxA +
1

2
FABdxA ∧ dxB , (3)

with Fxu, etc., having full Taylor expansions in x ≡ 1/r around x = 0. In
particular, the fields FAr have expansions of the form of

FAr = −r−2Fxu =
(-2)

F Arr
−2 + . . . , (4)

where the expansion coefficients are functions of u and xA. The vacuum
Maxwell equations provide the asymptotics of the remaining components of
Maxwell tensor, as discussed in detail in [6].

The Noether-type currents for Maxwell fields are obtained from the La-
grangian, which in our signature reads

L (Aµ, ∂Aµ) = − 1

16π

√
| − det g|gµνgαβFµαFνβ . (5)
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We write Aµ,ν for ∂νAµ. The Hamiltonian current is defined as

Hµ[X] :=
∂L
∂Aβ,µ

LXAβ − LXµ

= − 1

4π

√
| − det g|

(
FµβLXAβ −

1

4

(
F νβFνβ

)
Xµ

)
, (6)

where the usual Lie derivative for tensors has been replaced1 by LXAµ :=
XνFνµ to ensure gauge-independence of the Hamiltonian current (6).

If we assume that X is a Killing vector field and the Maxwell field is
sourceless, then the Lie derivative of the Hamiltonian current (6) reads

LYHµ[X] = −
√
| − det g|

2π
∇σ
[
Y [σFµ]αXκFκα −

1

4
Y [σXµ]FαβFαβ

]
. (7)

As in [4], we denote by Cu the light cone of constant retarded time u.
Somewhat to our surprise, in contradistinction with the scalar field and
with the linearised gravitational field, one finds that the energy and angular
momentum integrals over Cu are convergent. The most interesting charge
is the energy-like integral associated with the motion of the tip of the light
cone to the future along the flow of a Killing vector2 T ≡ ∂u. Letting
dµC =

√
det gAB dr ∧ dx2 ∧ dx3 and dµγ̊ =

√
det γ̊AB dx2 ∧ dx3, energy is

defined as E[Cu, T ] :=
∫
Cu
Hµ[∂u]dSµ =

∫
Cu
Hu[∂u]dµC . We find

E [Cu, T ] =
1

16π

∫
Cu

(
1

r2
γ̊AC γ̊BDFABFCD+2F 2

ur−2εN2γ̊ABFrAFrB

)
dr dµγ̊ .

(8)
The total angular-momentum, defined as J [R] :=

∫
Cu
Hµ[R]dSµ, is gener-

ated by a Killing field R = εBAD̊A

(
Rin

i
)
∂B, where Ri are constants. One

finds

J [R] =
1

4π
Ri

∫
Cu

εABD̊Bn
i
(
r2FurFAr + γ̊BCFBrFCA

)
dr dµγ̊ . (9)

Key physical information is provided by the rate of change of the energy
and the angular momentum as the tip of the light cone is moved to the

1 LXAµ is a natural definition for the Lie derivative of a connection one form on a
U(1) principal bundle.

2 Recall that ∂u is timelike at the tip of the light cone so that each subsequent cone so
obtained lies to the future of the preceding one.
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future along the flow of the Killing vector T := ∂u. Using (7), we find

dE[Cu]

du
= − lim

R→∞

1

4π

∫
SR

[
r2F 2

ur + γ̊ABFuAFrB + εN2γ̊ABFrAFrB
]
r=R

dµγ̊

= − 1

4π

∫
S∞

[̊
γAB

(
α2

(-2)

F Ar

(0)

F Bu +
(0)

F Au

(0)

F Bu

)]
dµγ̊ . (10)

Analogously, the u-derivative of angular momentum is given by

dJ [R,Cu,R]

du
:= − 1

4π
Ri lim

R→∞

∫
SR

εABD̊Bn
i
[
r2FurFuA − εN2γ̊BCFrBFCA

−γ̊BCFuBFCA
]
r=R

dµγ̊

= − 1

4π
Ri

∫
S∞

[
εABD̊B

(
ni
)(

γ̊BC
(
α2

(-2)

F Br +
(0)

F Bu

)
(0)

F CA

−
(-2)

F ur

(0)

F Au

)]
dµγ̊ . (11)

3. Energy and angular momentum in scalar field theory

In [4], we found that the canonical energy on light cones for a natural
class of linear scalar fields in de Sitter spacetime was generically infinite,
and had to be renormalised. Here, we consider convergence of the inte-
grals defining the total angular momentum. We recall the results for energy
from [4].

In our signature, the Lagrangian density reads

L = −1

2

√
| − det g|

(
gµν∂µφ∂νφ+m2φ2

)
, (12)

and we choose m = 2α2 to obtain a conformally-invariant field equation

2gφ−
(d− 2)R(g)

4(d− 1)︸ ︷︷ ︸
=:m2

φ = 0 , (13)

where d is the dimension of spacetime (d = 4 in our case) and R(g) is the
scalar curvature of g.

The canonical energy-momentum current Hµ equals

Hµ[X] = −
√
| − det g|

(
∇µφLXφ−

1

2

(
∇αφ∇αφ+m2φ2

)
Xµ

)
. (14)
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As for the Maxwell field, we consider simultaneously Minkowski space-
time and (anti-)de Sitter spacetime in coordinates as in (1).

If X is a Killing vector and the Klein–Gordon equation of motion (13)
is assumed, then the Lie derivative of the Hamiltonian (6) reads

− LYH
µ[X]√

| − det g|
= 2∇σ

(
Y [σ∇µ]φXα∇αφ−

1

2
Y [σXµ]

(
∇αφ∇αφ+m2φ2

))
.

(15)
It follows from [4] (cf. Section 2.2.1 there) that scalar fields evolving out

of smooth initial data on a Cauchy surface have an asymptotic expansion of
the form of

φ(u, r, xA) =

(-1)

φ (u, xA)

r
+

(-2)

φ (u, xA)

r2
+

(-3)

φ (u, xA)

r3
+ . . . . (16)

We denote by Cu,R = Cu∩{r ≤ R} the truncation of the light cone to r = R.
We use the asymptotics (16) which applies both to the α = 0 case withm = 0
and to the case α2 = m2/2 with m 6= 0. The energy on the truncated cone
is defined as E[T ,Cu,R] :=

∫
Cu,R
Hµ[∂u]dSµ =

∫
Cu,R
Hu[∂u]dSu, and reads

E[T ,Cu,R] =
1

2

∫
Cu,R

(
γ̊ABD̊AφD̊Bφ+m2r2φ2 +

(
r2−α2r4

)
(∂rφ)2

)
dr dµγ̊

=
α2R

2

∫
SR

(
(-1)

φ

)2

dµγ̊ +

∫
Cu,R

O
(
r−2
)

dr dµγ̊ (17)

which, as already mentioned, diverges as R tends to infinity; a renormalised
finite energy is obtained by dropping the boundary integral in (17).

As for the Maxwell field, the total angular-momentum is obtained from
the integral J [R,Cu,R] :=

∫
Cu,R
Hµ[R]dSµ ≡ RiJ

i[Cu,R], where the J is are
given by

J i[Cu,R] :=

∫
Cu,R

r2εABD̊Bn
iD̊Aφ∂rφ dr dµγ̊ =

∫
Cu,R

O
(
r−2
)

dr dµγ̊ , (18)

so that the limit R→∞ is finite, even though the total energy diverges.
As before, a question of interest is the rate of change of the charge

integrals as the tip of the light cone is moved to the future along a flow of
the Killing vector ∂u ≡ T . Using (15), we obtain the energy-flux



1-A11.6 P.T. Chruściel, T. Smołka

dE [T ,Cu,R]

du
= −

∫
SR

[
r2
(
∂uφ+

(
α2r2 − 1

)
∂rφ
)
∂uφ

]
r=R

dµγ̊

=

∫
SR

[
α2

(-1)

φ ∂u
(-1)

φ R+ α2
(-1)

φ ∂u
(-2)

φ +

(
2α2

(-2)

φ − ∂u
(-1)

φ

)
∂u

(-1)

φ +O

(
1

R

)]
dµγ̊ .

(19)
The u-derivative of angular momentum is given by

dJ [R,Cu,R]

du
=−Ri

∫
SR

εABD̊Bn
i
[
r2
(
∂uφ+

(
α2r2−1

)
∂rφ
) (
D̊Aφ

)]
r=R

dµγ̊

= Ri
∫
SR

[
εABD̊B

(
ni
)(

α2
(-1)

φ D̊A

(-2)

φ +

(
2α2

(-2)

φ − ∂u
(-1)

φ

)
D̊A

(-1)

φ

)]
dµγ̊ . (20)

4. Summary

We have analysed the total energy and angular momentum of the Maxwell
field and of a conformally-invariant scalar field on de Sitter and Minkow-
ski backgrounds. Energy for linearised gravity in a similar setup has been
analysed in our previous works [3, 4]. Somewhat surprisingly, Maxwell fields
have finite total charges, as opposed to linearised gravitational fields and
scalar fields. A detailed analysis of all Hamiltonian charges3, including an
investigation of the algebra of charges, will be presented in [6].
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