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We apply the Dirac procedure for constrained systems to the Arnowitt–
Deser–Misner (ADM) formalism linearized around a Bianchi I universe with
a single minimally coupled scalar field. We discuss and employ basic con-
cepts such as Dirac observables, Dirac brackets, gauge-fixing conditions, re-
duced phase space, physical Hamiltonian, canonical isomorphism between
different gauge-fixing surfaces and spacetime reconstruction. We show that
the definition of a gravitational wave as a traceless-transverse mode of the
metric perturbation needs to be revised. Moreover, there exist coordinate
systems in which a polarization mode of the gravitational wave is given en-
tirely in terms of a scalar metric perturbation. The obtained fully canonical
formalism will serve as a starting point for a complete quantization of the
cosmological perturbations and the cosmological background.
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1. Introduction

From the CMB observations [1], we know that our Universe is mostly
isotropic and homogeneous and the present matter structure of our Uni-
verse suggests the presence of small initial perturbations. Thus, we work
with cosmological perturbation. To study the dynamical origin of initial
perturbations, we assume as little primordial symmetries as possible, since
symmetries are generally unstable under the backward evolution. For this
reason, we drop the assumption of isotropy by working with a Bianchi I met-
ric. We implement the Dirac method for constrained system [2] which allows
us to study the Hamiltonian formalism for cosmological perturbations. With
this method, the Hamiltonian’s degrees of freedom can be easily separated
between physical and unphysical ones. The obtained Hamiltonian can also
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be written in a gauge-invariant way by using the Dirac observables, which
also give a form suitable for the canonical quantization. We hereby present
this approach applied to a perturbed and anisotropic metric to obtain the
system’s Hamiltonian with the presence of a scalar field φ in a potential
V (φ). See [3] for more details.

2. ADM formalism and Hamiltonian

In the ADM formalism [4], the line element reads

ds2 = −N2dt2 + qij
(
dxi +N idt

) (
dxj +N jdt

)
. (1)

The phase space includes the 3-metric qij and the 3-momenta1 πij =√
q
(
Kij −Kqij

)
which, together with the scalar field φ and its momentum

πφ, give the canonical pairs satisfying the following canonical relations:{
qij(x), πkl(x′)

}
= δ(i

(kδj)
l)δ3(x−x′) , {φ(x), πφ(x′)} = δ3(x−x′) . (2)

The perturbation of the ADM variables reads

δqij = qij − q̄ij and δπij = πij − π̄ij , (3)

where the overlined terms represent background quantities. For the lapse
and shifts we have

Nµ → N̄µ + δNµ. (4)

The perturbed Hamiltonian is found to read

H = N̄H(0)
0 +

∫
T3

(
N̄H(2)

0 + δNµδHµ
)

d3x , (5)

where H(0), δHµ, and H(2)
0 are zeroth, first and second order Hamiltonians.

The subscript 0 and i distinguish between the scalar and vector part, and
it is assumed that Greek indexes run from 0, ..., 3 and Latin ones indicate
1, 2, 3. Moreover, Nµ represent the lapse and shifts for µ = 0 and µ = 1, 2, 3
respectively. The zeroth and first order Hamiltonian are constraints in our
theory, whilst the second order Hamiltonian is not, which differs from the
non-perturbative approach in which the Hamiltonian is a sum of constraints.
It is then straightforward that the lapse and shifts play the role of Lagrange
multipliers.

The Hamiltonian (5) defines a gauge system since the dynamics is trun-
cated at linear order.

1 Kij denotes the extrinsic curvature tensor.
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3. Mode decomposition

We will now work in the momentum representation. The Fourier trans-
form of a perturbation variable reads

δX̌(k) =

∫
δX(x̄)e−ikix

i
d3x . (6)

From now on, we will raise and lower indexes with the rescaled spatial metric

γij = a−2qij = a−2a2i δij . (7)

Notice that (7) is dynamical in a Bianchi I universe since the directional
scale factor ai is time-dependent. This is not true in the FLRW case in
which γij is constant. It is easy to see that the time dependence of γij is
such that the vector ki, normal to the wavefront of the plane wave, will also
evolve in time. Given ki, we can define an orthonormal spatial triad made
from the normalized vectors (k̂i, v̂i, ŵi).

Any spatial symmetric 2-rank covariant tensor can be decomposed in
scalar, vector, and tensor modes using a γ-orthogonal basis defined as fol-
lows:

A1
ij = γij , A2

ij = k̂ik̂j −
1

3
γij ,

A3
ij =

1√
2

(
k̂iv̂j + v̂ik̂j

)
, A4

ij =
1√
2

(
k̂iŵj + ŵik̂j

)
,

A5
ij =

1√
2

(
v̂iŵj + ŵiv̂j

)
, A6

ij =
1√
2

(
v̂iv̂j − ŵiŵj

)
.

(8)

As expected, in a Bianchi I universe, this basis is time-dependent, while it
is constant in FLRW [5].

In the new basis, the ADM variables transform as2

δqij = δqnA
n
ij and δπij = δπnAijn . (9)

Being this a time-dependent transformation, it adds an extra term in the
Hamiltonian whose form can be obtained by computing the symplectic form

dq̌ij ∧ dπ̌ij = dδqn ∧ dδπn + dt ∧ d

(
dAnij
dt

Aijmδqnδπ
m

)
︸ ︷︷ ︸

−Hext

. (10)

2 The dual basis Aijn is defined such that AijnAmij = δmn .
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4. Fermi–Walker basis

As mentioned in the previous section, the A basis is constant in FLRW,
this means that the triad obtained from the wave-vector k is constant and
can be fixed in a convenient position. This, however, is not true in a Bianchi I
universe, in which the triad rotates. Using the Fermi–Walker transport to
parallel-transport the pair of vectors v and w, we are able to get the simplest
dynamical law and the least amount of couplings in the description of our
system in this basis. The two vectors v and w are Fermi transported along
a future-directed null vector p

~p = ~k + |~k|∂η (11)

with the metric
ds2 = −dη2 + γijdx

idxj . (12)

A Fermi propagated field ~E is given by ∇~p ~E = 0 and its components read

dE0

dλ
= −kiσijEj ,

dEj

dλ
= −|k̄|σjiE

i, (13)

where σij is the shear in the spatial direction i, j and λ is an affine parameter.
In the case in which the vector field ~E is initially on the plane (v, w), it will
eventually develop longitudinal and temporal components. Thus we need to
project the covariant derivative into the plane

dEj

dη
= −σjiE

i + k̂jσkiE
i , (14)

where η is the conformal time and we used the relation dη = |~k|dλ.
Equation (14) allows us to compute the time derivative of the A basis

which is needed to compute the extra Hamiltonian of Eq. (10) coming from
the time-dependent transformation as explained in the previous section.

5. Dirac method

In our theory, we have 4 gauge fixing conditions δcµ and 4 first-class
constraints δHµ = 0. Together they form 8 second-class constraints

δCρ = {δc1, δc2, δc3, δc4, δH0, δHk, δHv, δHw}. (15)

As a set of second-class constraints, they form an invertible matrix of the
commutation relations

det{δCρ, δCσ} 6= 0 . (16)
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We can then introduce the Dirac bracket

{·, ·}D = {·, ·} − {·, δCρ}{δCρ, δCσ}−1{δCσ, ·} , (17)

which are the equivalent of the Poisson bracket in a constrained system.
Strongly imposing the second-class constraints on the second-order Hamil-
tonian, we get the physical Hamiltonian

Hphys =

(
NH(2)

0 + δNµδHµ
)∣∣∣∣

δCρ=0

= NH(2)
0

∣∣∣∣
δCρ=0

. (18)

The Hamilton equations in the gauge-fixing surface for any background-
independent observable O are generated by the physical Hamiltonian via
the Dirac bracket

Ȯ =
{
O, NH(2)

0

∣∣
δCρ=0

}
D
. (19)

The obtained physical Hamiltonian is in a form similar to the one of a
quasi-harmonic oscillator. By shifting and rescaling our ADM variables, we
are able to write our Hamiltonian in the form

HBI =
N

2a

[
δπ̃2φ + δπ̃25 + δπ̃26 +

(
k2 + Uφ

)
δφ̃2 +

(
k2 + U5

)
δq̃25

+
(
k2 + U6

)
δq̃26 + C1δq̃5δq̃6 + C2δq̃5δφ̃+ C3δq̃6δφ̃

]
,

(20)

where δq̃i and δπ̃i are an extension of the Mukhanov–Sasaki variables3. No-
tice that in Eq. (20), we still have some coupling terms, as expected these
terms vanish in the isotropic limit.

6. Dirac observables

To describe our physical Hamiltonian in a gauge-invariant way, it is
convenient to introduce the Dirac observables. They are first-order kine-
matical phase-space observables which weakly commute with the first-class
constraints

∀δξρ {δDi ,

∫
δξρδHρ} ≈ 0 . (21)

They form a complete algebra {δDi , δDj} ≈ δDk, which can be computed
both with the Dirac or Poisson bracket

{δDi , δDj}D ≈ {δDi , δDj} . (22)
3 The Mukhanov–Sasaki variables are defined as the set of variables which satisfy the
equation of motion of the Harmonic oscillator. In our case, we cannot get rid of all
the coupling terms, so our variables are only an extension of the traditional ones since
they satisfy the equation of motion of a quasi-harmonic oscillator.
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From Eq. (21) we notice that they can be defined up to a constraint

{δDi + αρδHρ , δDj} ≈ {δDi , δDj} . (23)

The number of Dirac observables is equal to the number of reduced vari-
ables parametrizing any gauge-fixing surface. In our case, the phase space
has dimension 14 with 4 gauge fixing conditions and 4 constraints, thus we
are left with 6 independent Dirac observables. As pictured in Fig. 1, there
is a canonical isomorphism between the physical variables, i.e. the extended
Mukhanov–Sasaki variables, in any gauge-fixing surface and the Dirac ob-
servables {

δDi

∣∣
δcρ=0

, δDj

∣∣
δcρ=0

}
D
↔
{
δDi

∣∣
δc′ρ=0

, δDj

∣∣
δc′ρ=0

}
D′
, (24)

Hence, we can write the physical Hamiltonian as

HBI =
N

2a

[
δP 2

1 + δP 2
2 + δP 2

3 +
(
k2 + Uφ

)
δQ2

3 +
(
k2 + U5

)
δQ2

1

+
(
k2 + U6

)
δQ2

2 + C1δQ1δQ2 + C2δQ1δQ3 + C3δQ2δQ3

]
. (25)

where δP i and δQi are Dirac observables. The observables describing grav-
itational waves are δQ1 = 1√

2a
δq5 + 2Pvw

aPkk

(
δq1 − 1

3δq2
)
and δQ2 = 1√

2a
δq6 +

Pvv−Pww
aPkk

(
δq1 − 1

3δq2
)
. As we can see, there can be well-defined gauges in

which δQ1 and δQ2 contain both tensor and scalar modes if the wavefront
has a non-vanishing shear component. Therefore, in an anisotropic uni-
verse gravitational waves can no longer be identified as purely transverse
and traceless metric perturbations.

Fig. 1. Basic elements in the Dirac procedure.
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