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New developments related to our recent study of the accretion of the
Vlasov gas onto a moving Schwarzschild black hole are presented. We
discuss the low-temperature limit of the mass accretion rate and a simple
Monte Carlo simulation used to check the results obtained in this limit.
We also comment on several numerical aspects related with momentum
integrals expressing the particle density current and the particle density.
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1. Introduction

Stationary accretion onto a moving black hole is a classic subject dating
back to seminal articles by Hoyle, Lyttleton, and Bondi [1–3]. Existing
relativistic models are mainly numerical [4–10], but there are also exact
analytic results, for instance, a solution representing stationary accretion of
the ultra-hard perfect fluid onto a moving Kerr black hole [11].

We have recently presented a new exact solution describing a collisionless
Vlasov gas accreted by a moving Schwarzschild black hole [12, 13]. The gas is
assumed to be in thermal equilibrium at infinity, where it obeys the Maxwell–
Jüttner distribution. The techniques used to obtain these solutions were
developed by Rioseco and Sarbach in [14, 15] in the context of a spherically
symmetric stationary Bondi-type accretion (see also [16] for the case in which
boundary conditions are imposed at a finite radius).

This short contribution presents a few new developments and ideas re-
lated to the results described in [12, 13]. In particular, we discuss the low-
temperature limit, in which the flow can also be described by a ballistic
approximation derived by Tejeda and Aguayo-Ortiz in [17].
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2. Accretion of the collisionless Vlasov gas onto a moving
Schwarzschild black hole: Solutions

We work in the horizon-penetrating Eddington–Finkelstein spherical co-
ordinates (t, r, θ, ϕ) and assume a reference frame associated with the moving
black hole — at infinity, the gas moves uniformly in a given direction with
respect to the black hole. The Schwarzschild metric has the form of

g = −N dt2 + 2(1−N) dtdr + (2−N) dr2 + r2
(
dθ2 + sin2 θ dϕ2

)
, (1)

where N = 1− 2M/r.
A collisionless Vlasov gas is composed of particles moving along geodesics.

It is described in terms of a distribution function f = f(xµ, pν), where xµ
denotes the position, and pµ is the four-momentum. The condition that f
should be conserved along geodesics yields the Vlasov equation, which we
write in the form of

∂H

∂pµ

∂f

∂xµ
− ∂H

∂xν
∂f

∂pν
= 0 , (2)

where H(xα, pβ) = 1
2g
µν(xα)pµpν is the Hamiltonian corresponding to the

geodesic motion. Important observable quantities can be computed as mo-
mentum integrals. The particle current density is given by the integral

Jµ =

∫
pµf(x, p)

√
−det[gµν(x)] dp0 dp1 dp2 dp3 . (3)

The particle number density can be defined covariantly as n =
√
−JµJµ.

In our analysis, we only take into account two types of geodesic orbits.
The first class consists of trajectories of particles that originate at infinity
and get absorbed by the black hole. They are denoted with the subscript
‘(abs)’. The second class is formed by trajectories which also originate at
infinity, but whose angular momentum is sufficiently high, so that they are
scattered by the black hole. These trajectories are denoted with the subscript
‘(scat)’. Integral quantities such as the particle current density are computed
as a sum Jµ = J

(abs)
µ + J

(scat)
µ .

A stationary solution is specified by asymptotic conditions, which we
assume in the form of the Maxwell–Jüttner distribution corresponding to
a simple, i.e., composed of the same-mass particles, non-degenerate gas,
boosted with a constant velocity v along the axis (θ = 0, θ = π). In the flat
Minkowski spacetime, it can be written as

f(xµ, pν) = δ
(√
−pµpµ −m

)
F (xµ, pν) , (4)

where

F (xµ, pν) = α exp

{
β

m
γ

[
pt − v

(
cos θpr −

sin θ

r
pθ

)]}
, (5)
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and the Dirac delta enforces the mass shell condition. Here, γ = (1−v2)−1/2
is the Lorentz factor associated with the velocity v and m denotes the rest-
mass of a single particle. The constant β is related to the temperature T of
the gas at rest by β = m/(kBT ), where kB denotes the Boltzmann constant.

We treat formulas (4) and (5) as providing asymptotic conditions for the
accretion solution in the Schwarzschild spacetime. The resulting formulas for
Jµ are lengthy and they involve double integrals (see Eqs. (29a)–(29d) of [12]
or Eqs. (36a)–(36d) of [13]). These integrals can be computed numerically
leading to solutions of the type shown in Fig. 2.

3. Monte Carlo and ballistic approximation

A simpler formula can be obtained for the mass accretion rate, defined as

Ṁ = −m
2π∫
0

dϕ

π∫
0

dθ r2 sin θ Jr , (6)

where the integral is taken over a sphere of constant radius r. It reads

Ṁ = ṀHL(1)×
β

4K2(β)

∞∫
1

dε e−βγελ2c(ε)
sinh

(
βγv
√
ε2 − 1

)
βγv
√
ε2 − 1

, (7)

where K2 is the modified Bessel function of the second kind and λc is de-
fined as

λc(ε) =

√√√√√ 12

1− 4(
3ε√

9ε2−8
+1

)2

. (8)

The dimensional factor ṀHL(1) = 4πM2ρ∞ is the (Newtonian) Hoyle–
Lyttleton accretion rate1

ṀHL(v) =
4πM2ρ∞

v3
(9)

corresponding to the speed of light v = 1. Here, ρ∞ = mn∞ denotes the
asymptotic rest-mass density of the gas.

In this short contribution, we are interested in the low-temperature limit
(β →∞). In this limit, Eq. (7) yields

Ṁ = ṀHL(1)×
λc(γ)

2

4γv
(10)

1 In the SI units, the Hoyle–Lyttleton accretion rate can be expressed as ṀHL(V ) =
4πG2M2ρ∞/V

3, where the uppercase V ≡ cv is the velocity in m/s, c is the speed
of light, and G denotes the gravitational constant.
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(see [13] for details). For low temperatures, thermal motions become negli-
gible and the particles at infinity move along lines parallel to the axis (θ = 0,
θ = π). As a consequence, the accretion can be simply described by ‘shoot-
ing’ at the black hole with particles moving along such geodesics at infinity.
This is the basic idea behind the ballistic approximation discussed in [17].
The resulting formula reads [18]

Ṁ = ṀHL(1)×

(
8v4 + 20v2 +

(
8v2 + 1

)3/2 − 1
)

8v3
√
1− v2

. (11)

Remarkably, expressions (10) and (11) are mathematically equivalent. Note
that Eq. (11) differs slightly from Eqs. (32) and (33) in [17]. The difference
is caused by a different criterion discriminating between the scattered and
absorbed trajectories used in [17].

Both formulas (10) and (11) can also be confirmed using a very simple
Monte-Carlo-type simulation. The procedure is as follows. We start with
the Schwarzschild metric in a quasi-Cartesian form

gµν =


−1 + 2M

R 0 0 0

0
R3−2M(y2+z2)
R2(R−2M)

2Mxy
R2(R−2M)

2Mxz
R2(R−2M)

0 2Mxy
R2(R−2M)

R3−2M(x2+z2)
R2(R−2M)

2Myz
R2(R−2M)

0 2Mxz
R2(R−2M)

2Myz
R2(R−2M)

R3−2M(x2+y2)
R2(R−2M)

 ,

where R =
√
x2 + y2 + z2, and generate corresponding geodesic equations

using the Copernicus Center General Relativity Package for Mathematica [19].
Since the problem is cylindrically symmetric with respect to, say z axis,
we can restrict ourselves to the x = 0 plane. In the next step, we cre-
ate a bundle of geodesics xµ(s) with initial positions x(0) = 0, y(0) = d,
z(0) = z∞, and initial 4-velocities uµ = (γ, 0, 0,−γv), where d is random.
Geodesic equations are solved numerically, and those geodesics which fall
into the black hole are counted as contributing to the accretion rate. In
practice, the condition y(s)2 + z(s)2 < 8M2 can be used to terminate the
integration, as massive particles which fall below the photon sphere r = 3M ,
eventually fall into the black hole. For the Schwarzschild spacetime, the pro-
cedure can be further simplified, because all particles with initial positions d
above some threshold value d∗ miss the black hole, while those for which
d < d∗ are accreted. The final formula for Ṁ can be also written as

Ṁ = πd2∗γv .

The threshold value d∗ can be computed analytically, leading to Tejeda’s
formula (11) [18]. Sample results obtained for z∞ = 1000M are depicted in
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Fig. 1 with open circles. The code used for this Monte-Carlo-type simulation
is remarkably simple — the entire code consists of less than 20 Mathematica
lines.

Fig. 1. (Colour on-line) Comparison of the mass accretion rates Ṁ obtained in
the low-temperature limit. Open circles denote the results of the Monte Carlo
simulation. Solid red and dotted black lines correspond to Eqs. (10) and (11),
respectively.

4. Numerical aspects

In this section, we discuss improvements concerning numerical computa-
tions of the particle current density Jµ and the particle density n. Originally,
several computational hours on a 56-core modern PC were required to create
a single image depicting Jµ or n in [13], similar to Fig. 2. Calculations were
progressively more demanding for the increasing values of v. The graphs for
v > 0.95 were blurred, indicating poor numerical precision; no results were
obtained in a realistic time for v > 0.99. This forced us to look closer at the
implementation details.

The integral expressions for Jµ derived in [12, 13] contain several special
functions, which sometimes must be computed by integration as well. An
example is provided by the elliptic X function

X(ξ, ε, λ) = λ

∞∫
ξ

dξ′

ξ′2
√
ε2 − Uλ(ξ′)

. (12)

While the above integral can be computed analytically, the result is a com-
bination of other elliptic integrals and involves roots of the polynomial ap-
pearing in the integrand of (12). A straightforward implementation basing
on such expressions works only in Mathematica, and it is slow.
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Fig. 2. Particle number density map for β = 1 and v = 0.9. The black hole moves
to the right. Note over-density protrusions in front of the black hole, extended
disk-like feature perpendicular to the black hole velocity, and a long rarefaction
tail behind the black hole. Circles depict the horizon r = 2M (solid), the photon
sphere r = 3M (dot-dashed) and the innermost stable circular orbit r = 6M

(dotted). Spatial coordinates are expressed in geometrical units (M = 1).

To make calculations faster, and to enable an implementation in lower-
level programming languages, we created a double exponential integration
[20] routine computingX(ξ, ε, λ). It can be written in C or FORTRAN, and it
is effectively ∼ 1000 × faster than the Mathematica internal implementation
based on elliptic functions. To our surprise, this improvement had little effect
on the overall computational time. Another place in which we hope for a
performance improvement is the implementation of modified Bessel functions
I0 and I1 appearing in expressions for Jµ. A very fast implementation based
on the algorithm described in [21] is ready but has to be tested.

A 78 × speed-up has been finally achieved in Mathematica by a combina-
tion of several methods. First, double integration was carefully implemented
as nested integrals, avoiding unnecessary error handling and symbolic pro-
cessing. This required double ‘encapsulation’ of inner integrals, for example
as:
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JrInnerAbsF = Function[{ξ, θ, ε}, NIntegrate[integrand, {λ, 0, λc[ε]}]];JrInnerAbsF = Function[{ξ, θ, ε}, NIntegrate[integrand, {λ, 0, λc[ε]}]];JrInnerAbsF = Function[{ξ, θ, ε}, NIntegrate[integrand, {λ, 0, λc[ε]}]];
JrInnerAbs[ξ_?NumericQ, θ_?NumericQ, ε_?NumericQ] := JrInnerAbsF[ξ, θ, ε];JrInnerAbs[ξ_?NumericQ, θ_?NumericQ, ε_?NumericQ] := JrInnerAbsF[ξ, θ, ε];JrInnerAbs[ξ_?NumericQ, θ_?NumericQ, ε_?NumericQ] := JrInnerAbsF[ξ, θ, ε];
JrAbs = Function[{ξ, θ}, NIntegrate[JrInnerAbs[ξ, θ, ε], {ε, 1, ∞}]];JrAbs = Function[{ξ, θ}, NIntegrate[JrInnerAbs[ξ, θ, ε], {ε, 1, ∞}]];JrAbs = Function[{ξ, θ}, NIntegrate[JrInnerAbs[ξ, θ, ε], {ε, 1, ∞}]];

Inner functions can be ‘memoized’ [22], but this is pointless in massively-
parallel calculations used in practice. Secondly, the integration in some
regions is unnecessary, as the result is known to be zero. For instance,
a contribution in Jµ corresponding to scattered particles vanishes for r ≤
3M . Thirdly, the integration in Mathematica turns out to be numerically
problematic at the horizon and the photon sphere (although the integrands
are manifestly regular there). In order to improve the performance, we do
not evaluate Jµ at the horizon and the photon sphere. Finally, the requested
precision for the outermost integral can be safely reduced from the initial
value of 10−16 to 10−4.

We expect that the performance improvement achieved so far (by nearly
2 orders of magnitude) should allow for a very detailed analysis of the flow.
As an example, we present in Fig. 2 a graph of the particle density n obtained
for β = 1 and v = 0.9.

We would like to thank Emilio Tejeda for a fruitful correspondence. P.M.
was partially supported by the National Science Centre, Poland (NCN) grant
No. 2017/26/A/ST2/00530.
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