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An overview of a quantum algorithm application for the identification
of causal singular configurations of multiloop Feynman diagrams is pre-
sented. The quantum algorithm is implemented in two different quantum
simulators, the output obtained is directly translated to causal thresholds
needed for the causal representation in the loop–tree duality.
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1. Introduction

Quantum computing is a natural advantageous framework for problems
where the quantum principles of superposition and entanglement can be
exploited. It is currently an approach with great potential in physics [1]
to tackle problems that are too demanding for classical computers because
they scale exponentially or superpolynomially.

Currently, quantum algorithms are becoming a focus of attention in high-
energy physics given the high demands that the field [2] will face in the
coming Run 3 of CERN’s Large Hadron Collider (LHC), the planned phase
of high-luminosity [3], and the different projects concerning future colliders
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[4–7]. The latest applications in this area consider lattice gauge theories
[8–11], the speed-up of jet clustering algorithms [12–14], jet quenching [15],
simulation of parton showers [16–19], determination of parton densities [20],
heavy-ion collisions [21], and quantum machine learning [22–24].

In this paper, the problem to be addressed is the determination of the
causal thresholds of multiloop Feynman integrals from the identification of
all internal configurations that fulfill causal conditions. This problem can be
targeted by applying a modified version of Grover’s quantum algorithm [25]
for querying multiple solutions over unstructured databases [26].

The LTD framework [27–33] opens any loop diagram into a sum of con-
nected trees. This methodology has been deeply studied [34–39] and many
applications have been developed [40–49]. In recent years, the LTD has
evolved in a significant way [50–59]. This progress was based on its most
remarkable property, the existence of a manifestly causal representation,
which was conjectured for the first time in Ref. [50].

In the direct LTD representation, noncausal singularities cancel explic-
itly among all dual terms, nevertheless, they lead to considerable numerical
instabilities. Regarding the causal LTD representation scenario, noncausal
singularities are absent and lead to more stable integrands [51, 52]. Thereby,
in this work, we combine the most recent developments in LTD with the
study of quantum algorithms in perturbative quantum field theory.

2. Loop–tree duality

Loop integrals and scattering amplitudes, with P external legs, in the
Feynman representation are denoted as integrals in the Minkowski space of
L loop momenta

A(L)
F =

∫
`1...`L

N ({`s}L, {pj}P )

n∏
i=1

GF(qi) . (1)

Equation (1) is written in accordance with Ref. [59]. The integration measure
in dimensional regularization [60, 61] is given by

∫
`s

= −ıµ4−d
∫

dd`s/(2π)d,
where d is the number of space-time dimensions, and µ is an arbitrary energy
scale. Feynman propagators are rewritten in such a way that the poles are
shown explicitly

GF(qi) =
1(

qi,0 − q(+)
i,0

)(
qi,0 + q

(+)
i,0

) , (2)

where q(+)
i,0 =

√
q2i +m2

i − ı0, with qi the spacial components of qi and
mi the mass of the propagating particle. From Eq. (2) it follows that the
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integrand in Eq. (1) becomes singular when the energy component qi,0 takes
one of the two values ±q(+)

i,0 , this action corresponds to set on shell the
Feynman propagator with positive or negative energy.

At one loop, the direct LTD representation of Eq. (1) is calculated by
straightforward applying Cauchy’s residue theorem; in a multiloop scenario,
it is obtained by the evaluation of nested residues [50, 52]. The selection of
the loop momenta component to be integrated is over the energy component
given the advantage to work in the integration domain of the Euclidean loop
three-momenta space instead of a Minkowski space.

To obtain the causal LTD representation, we sum over all the nested
residues, after this, the noncausal contributions are explicitly cancelled and
the loop integral in Eq. (1) takes the following form:

A(L)
D =

∫
~̀
1...~̀L

1

xn

∑
σ∈Σ

Nσ(i1,...,in−L)

λσ(i1) · · ·λσ(in−L)
+
(
λ+p ↔ λ−p

)
, (3)

with xn =
∏
n 2q

(+)
i,0 . The Feynman propagators from Eq. (1) are substituted

in Eq. (3) by causal propagators 1/λ±p , with

λ±p =
∑
i∈p

q
(+)
i,0 ± kp,0 , (4)

where p is a set of the on-shell energies, and kp,0 is a linear combination
of the external momenta energy components. Given the sign of kp,0, either
λ−p or λ+p becomes singular after all the propagators in p are set on shell.
The combinations of entangled causal propagators are collected in the set Σ,
which represent causal thresholds that can occur simultaneously.

Before going forward, let us recall the concept of eloop [55, 56], a loop
diagram made of edges. We define an edge as the union of an arbitrary
number of propagators connecting two interaction vertices. The selected
multiloop topologies to work with are considered in terms of eloops given
that in the causality context, the only possible causal singular configurations
are those in which the momentum flow of all the propagators in an edge are
aligned in the same direction.

3. Modified Grover’s quantum algorithm

Feynman loop integrals can be seen from a quantum computing point
of view given the fact that a Feynman propagator has only two possible
on-shell states which can be encoded in a qubit, |1〉 representing states with
a specific initial momentum flow configuration and |0〉 for those with inverse
flow orientation.
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The identification of the causal singular configurations can be understood
as a query over unstructured datasets [26]. In this work, we have explored
the application of Grover’s quantum algorithm [25] through the selected
multiloop diagrams with the initial configurations shown in Fig. 1.
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Fig. 1. Selected multiloop topologies up to four eloops. The direction of the arrows
corresponds to the |1〉 states. External momenta are not shown.

3.1. Grover’s quantum algorithm

Grover’s quantum algorithm is based on three concepts: uniform super-
position of all the possible states, an oracle operator to identify the elements
searched, and a diffusion operator to amplify the probability of these ele-
ments.

1. The uniform superposition of all the N = 2n states is denoted by
|q〉 = 1√

N

∑N−1
x=0 |x〉 and can also be written as

|q〉 = cos θ |q⊥〉+ sin θ |w〉 , (5)

where |w〉 and |q⊥〉 are the uniform superposition of the winning
(causal) and orthogonal (noncausal) states respectively. A crucial el-
ement in the algorithm is the mixing angle between these two states,
θ = arcsin

√
r/N , with r the number of causal states.

2. The oracle operator, Uw = I − 2|w〉〈w|, flips the state |x〉 if x ∈ w,
Uw|x〉 = −|x〉; and if x /∈ w, Uw|x〉 = |x〉.

3. The diffusion operator, Uq = 2|q〉〈q| − I, amplifies the probability of
the causal singular configurations by performing a reflection around
the initial state |q〉.
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The iteration of the oracle and diffusion operators t times gives

(UqUw)t|q〉 = cos θt |q⊥〉+ sin θt |w〉 , (6)

with θt = (2t+ 1) θ. The mixing angle is critical to define a proper number
of iterations. In order to obtain orthogonal state probabilities much smaller
than causal state probabilities, θt has to be in accordance with

cos2 θt
N − r �

sin2 θt
r

. (7)

Based on Eq. (7), θ ≤ π/6 (r/N ≤ 1/4) allows for a good performance on
the amplitude amplification provided by the standard Grover’s algorithm,
in the opposite case, the algorithm does not perform well.

Given the selected topologies (see Fig. 1), we know for classical compu-
tation [51, 52] that the number of causal states is greater than N/4. Nev-
ertheless, there are two adjustments that can be implemented to reduce the
number of causal states. The first one previously discussed in Ref. [62] is to
introduce an ancillary quibit in the |q〉 register to increase the total number
of states without introducing additional solutions. The second one is to take
advantage of the causal configuration features; given one causal solution, the
mirror configuration with all the momentum flows reversed is also a causal
solution [59].

The proposal of the modified Grover’s quantum algorithm needs three
registers and one extra qubit used as a marker in the oracle. The register
encoding the n edges is given by qi. The second register is |c〉 which stores
binary clauses, these clauses are labelled cij or c̄ij and allow to compare the
orientation of two adjacent edges

cij ≡ (qi = qj) , c̄ij ≡ (qi 6= qj) , (8)

with i, j ∈ {0, . . . , n − 1}. The |a〉 register stands for loop clauses. This
register is applied with a multi-Toffoli gate (comparing qubits from |c〉),
used to corroborate if all subloop configurations generate a cyclic circuit.
The overall scheme of the algorithm is described below:

1. We have as a first step to initialize all the registers involved in the
algorithm. The registers |a〉, |c〉 are set to |0〉 and the qubits standing
for the edges are set in a uniform superposition through the Hadamard
gate, |q〉 = H⊗n|0〉. The remaining qubit, Grover’s marker is set to
the Bell state, |out0〉 = (|0〉 − |1〉) /

√
2.
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2. The states of adjacent edges are compared and the validation is stored
in the register |c〉. To implement c̄ij , we need two CNOT gates which
perform between qi, qj , and a qubit in the |c〉 register. For the binary
clause cij , an extra XNOT gate is needed to operate on the corre-
sponding qubit in |c〉.

3. A function encoding all the causal restrictions is defined, f(a, q). If
the causal state conditions are satisfied, then f(a, q) = 1, if not,
f(a, q) = 0. In addition to the causal restrictions, this function may
consider further constraints related to the adjustment in the number
of causal states. After defining all the winning conditions, the oracle
is implemented as follows:

Uw|q〉|c〉|a〉|out0〉 = |q〉|c〉|a〉|out0 ⊗ f(a, q)〉 , (9)

with

|out0 ⊗ f(a, q)〉 =

{−|out0〉, if q ∈ w ,
|out0〉, if q 6∈ w . (10)

At this point, the causal states are marked and the operations of the
oracle are applied in the opposite order.

4. Prior to measuring, the diffuser operator is applied to |q〉. The defini-
tion of this operator is taken from the IBM documentation provided
in the website of IBM Qiskit (https://qiskit.org/).

3.2. One eloop

The first topology to work with is the one-eloop topology consisting of
three vertices connected with three edges along one loop. The binary clauses
needed are 2 and there is only one Boolean condition that has to be validated

a0({cij}) ≡ ¬ (c01 ∧ c12) . (11)

The qubit a0 is set to one if all the edges are not oriented in the same direc-
tion. This condition is implemented by imposing a multicontrolled Toffoli
gate followed by a XNOT gate.

We know that in this case this condition is fulfilled for 6 states, therefore,
the initial Grover’s angle tends to π/2. In order to achieve the suppression
of the orthogonal states, we introduce one ancillary qubit, q3, and select one
of the states of one of the qubits representing one of the edges. The required
Boolean marker is given by

f (1)(a, q) = a0 ∧ q0 ∧ q3 , (12)

which is also implemented through a multicontrolled Toffoli gate.

https://qiskit.org/
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For an arbitrary number of edges, the Boolean conditions are set as

a0({cij}) ≡ ¬ (c01 ∧ c12 ∧ . . . ∧ cn−2,n−1) ,
f (1)(a, q) = a0 ∧ q0 ∧ qn . (13)

The corresponding quantum circuits with and without ancillary quibit
are depicted in Fig. 2. Together with the qubits representing the edges,
the ancillary qubit is set in superposition but is not measured given the
irrelevance of the information. The output of the given algorithm and the
directed configurations interpreted in terms of causal thresholds are illus-
trated in Fig. 3.
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Fig. 2. Quantum circuits, with (top) and without (bottom) an ancillary qubit,
used to bootstrap the causal configuration of a three-vertex one-eloop Feynman
diagram.

An alternative to generate the causal thresholds is through the output
of the quantum algorithm, taking into account all feasible cuts with aligned
edges that are compatible with each other. This information can be trans-
lated directly into the LTD causal representation in Eq. (3); the on-shell
energies q(+)

i,0 that contribute to a specific causal propagator (λ±p ) are those
related through the same threshold.
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Fig. 3. From left to right, probability distribution with (blue) and without (purple)
an ancillary qubit for a three-vertex one-eloop topology and its translation in terms
of causal thresholds.

3.3. Two eloops

There is analyzed the first nontrivial configuration at two eloops, the one
that involves five edges (two of the sets containing two edges). The diagram
is depicted in Fig. 1 (B) and is composed of three subloops, therefore, the
combination of binary clauses required are

a0 = ¬ (c01 ∧ c13 ∧ c34) , a1 = ¬ (c01 ∧ c̄12) , a2 = ¬ (c23 ∧ c34) .
(14)

From a classical computation [51], we have that the proportion between
causal solutions and the total of states is 18/32 ∼ 1/2, therefore, the use of
an ancillary qubit is not needed. The strategy followed is to fix the state
associated to q2, giving as a Boolean condition

f (2)(a, q) = (a0 ∧ a1 ∧ a2) ∧ q2 . (15)

The output in IBM’s Qiskit simulator and the causal thresholds interpre-
tation are shown in Fig. 4. The number of states selected is 9, corresponding
to 18 causal states when the mirror configurations are considered.
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Fig. 4. Probability distribution output of the quantum circuit (top) and the asso-
ciated entangled causal thresholds (bottom) for a two-eloops (MLT) topology.

3.4. Three eloops

The N2MLT multiloop topology appears for the first time at three loops,
characterized by four vertices connected through six sets of edges. The
algorithm applied for the multiloop topology shown in Fig. 1 (C), with one
edge by set, requires to test the following loop clauses:

a0 = ¬ (c01 ∧ c12) , a1 = ¬ (c̄04 ∧ c̄34) ,
a2 = ¬ (c̄15 ∧ c̄45) , a3 = ¬ (c̄23 ∧ c̄35) . (16)
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The final Boolean condition is

f (3)(a, q) = (a0 ∧ . . . ∧ a3) ∧ q0 . (17)

The probability distribution and the associated causal thresholds are shown
in Fig. 5. The total number of causal configurations is 24 out of 64 total
configurations. For three-eloop configurations with several edges in each set,
an extra binary clause and testing loop clauses involving four edges may be
needed.
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3.5. Four eloops

The study of the topologies at four loops is done through the multiloop
N3MLT and t, s, and u channels depicted in Fig. 1 from (D)–(G), respec-
tively. The N3MLT multiloop topology is characterized by 8 sets of edges
connected through 5 vertices. For a single edge by set the loop clauses are

a
(4)
0 = ¬ (c01 ∧ c12 ∧ c23) ,
a
(4)
1 = ¬ (c̄05 ∧ c̄45) , a

(4)
2 = ¬ (c̄16 ∧ c̄56) ,

a
(4)
3 = ¬ (c̄27 ∧ c̄67) , a

(4)
4 = ¬ (c̄34 ∧ c̄47) . (18)

and the Boolean test function

f (4)(a, q) =
(
a
(4)
0 ∧ . . . ∧ a

(4)
4

)
∧ q0 . (19)

Some of the loop clauses in Eq. (18) are common to the t, s, and u channels.
The channel-specific loop clauses needed are

a
(t)
1 = ¬ (c̄05 ∧ c̄45 ∧ c̄48) , a

(t)
3 = ¬ (c̄27 ∧ c̄67 ∧ c̄78) ,

a
(s)
2 = ¬ (c̄16 ∧ c̄56 ∧ c̄68) , a

(s)
4 = ¬ (c̄34 ∧ c̄47 ∧ c̄78) ,

a
(u)
3 = ¬ (c̄27 ∧ c78 ∧ c̄68) , a

(u)
4 = ¬ (c̄34 ∧ c̄48 ∧ c78) ,

a
(u)
5 = ¬ (c01 ∧ c̄16 ∧ c̄46) , a

(u)
6 = ¬ (c12 ∧ c̄27 ∧ c̄57) ,

a
(u)
7 = ¬ (c23 ∧ c̄34 ∧ c̄46) , a

(u)
8 = ¬ (c03 ∧ c̄05 ∧ c̄57) . (20)

The specific Boolean conditions for each of the t, s, and u channels are

f (4,t)(a, q) =
(
a
(4)
0 ∧ a

(t)
1 ∧ a

(4)
2 ∧ a

(t)
3 ∧ a

(4)
4

)
∧ q0 ,

f (4,s)(a, q) =
(
a
(4)
0 ∧ a

(4)
1 ∧ a

(s)
2 ∧ a

(4)
3 ∧ a

(s)
4

)
∧ q0 ,

f (4,u)(a, q) =
(
a
(4)
0 ∧ a

(t)
1 ∧ a

(s)
2 ∧ a

(u)
3 ∧ . . . ∧ a

(u)
8

)
∧ q0 . (21)

The number of qubits that the algorithm requires for each configuration is
25, 28, 28, and 33, respectively. The multiloop N3MLT probability of the
causal states and representative entangled causal thresholds are shown in
Fig. 6. The t and s channels are also well supported by the capacity of
IBM’s Qiskit simulator. For the u channel, the number of qubits needed
exceeds Qiskit capacity, in this case, the algorithm was implemented within
the QUTE Testbed framework [63] which supports up to 38 qubits.
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Fig. 6. Probability of causal configurations (top) and representative entangled
causal thresholds (bottom) from the quantum algorithm applied to the N3MLT
topology with one edge by set.

4. Conclusions

An application of a quantum algorithm to Feynman loop integrals has
been described in detail. There has been used a modified Grover’s quan-
tum algorithm to the identification of the causal singular configurations of
selected multiloop topologies up to four loops. The proposed algorithm,
through the IBM Qiskit and QUTE Testbed quantum simulators, efficiently
identifies all causal states for all the multiloop configurations considered.

The performance of this proposal is of great relevance to the LTD formal-
ism, as it helps to bootstrap the causal representation of mutiloop scattering
amplitudes in the loop–tree duality.
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