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We review the recently proposed perfect-fluid spin hydrodynamic for-
malism, which provides a new tool for the description of the spin polar-
ization of Λ(Λ̄) particles. This formalism is based on the de Groot–van
Leeuwen–van Weert definitions of the energy-momentum and spin tensors.
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1. Introduction

Relativistic hydrodynamics has been quite successful in describing phe-
nomena in various areas of physics [1–4], consequently making the path in
explaining the interesting properties of quark–gluon plasma [5]. Spin po-
larization measurements in relativistic heavy-ion collisions [6–10] provided
a new area for study [11]. These measurements initiated vast theoretical
developments concerning spin-vorticity coupling [12–40]. However, after ex-
plaining global spin polarization, spin-thermal-based frameworks have not
been able to explain longitudinal spin polarization [7, 20, 41]. This discrep-
ancy instigated a new formalism of spin hydrodynamics, first proposed in
Ref. [42], see also Refs. [30, 43–70] for further developments and new ap-
proaches. The evolution of spin polarization in spin hydrodynamics [42–44]
is controlled by an antisymmetric spin polarization tensor ωαβ (independent
of thermal vorticity), introducing six spin polarization components which
need to be determined along with the background parameters from the con-
servation laws. The framework of spin hydrodynamics [42, 43] uses the de
Groot–van Leeuwen–van Weert (GLW) [71] definitions of energy-momentum
and spin tensors. Keeping in mind the smallness of spin polarization mag-
nitude in the experiments, the spin polarization tensor [42, 43] is assumed
to be of leading order, hence having contributions only in the spin tensor,
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making the spin dynamics decouple from the perfect-fluid background dy-
namics [44, 45, 63]. After obtaining the dynamics of spin, we then move
on to calculate the mean spin polarization per particle in the particle rest
frame (PRF) to be compared with the experimental data [63].

2. Spin hydrodynamic equations

The formalism of the perfect-fluid spin hydrodynamics for particles with
spin-1/2 is based on the conservation of charge, energy-momentum, and an-
gular momentum with the GLW [71] definitions of the energy-momentum
tensor, Tαβ

GLW, and spin tensor, Sαβγ
GLW

1, such as [42, 43, 45]

∂µN
µ = 0 , ∂µT

µν
GLW = 0 , ∂λS

λ,αβ
GLW = T βα

GLW − Tαβ
GLW , (1)

where
Nα = nUα , Tαβ

GLW = (ε+ P )UαUβ − Pgαβ , (2)

with Nα being the net baryon charge current while ε, P , and n are the
energy density, pressure, and baryon density, respectively. Uβ represents
the four-vector fluid flow which is time-like, hence U · U = 1.

The symmetric nature of GLW energy-momentum tensor (1) implies sep-
arate spin conservation [44, 45] with the spin tensor expressed by Sα,βγ

GLW =

cosh(ξ)
(
n(0)(T )U

αωβγ + Sα,βγ
∆GLW

)
, where [43, 45]

Sα,βγ
∆GLW=A(0)U

αU δU [βω
γ]
δ+ B(0)

(
U [β∆αδω

γ]
δ+ Uα∆δ[βω

γ]
δ+ U δ∆α[βω

γ]
δ

)
,

and the thermodynamic coefficients are B(0) = − 2
m̂2 s(0)(T ) and A(0) =

−3B(0) + 2n(0)(T ), with n(0)(T ) and s(0)(T ) being the number density and
entropy density for the case of neutral and massive spin-less Boltzmann
particles, ∆αβ is the spatial projector operator transverse to U , ξ denotes
the ratio between the baryon chemical potential (µ) and temperature (T )
whereas m̂ denotes the ratio between the mass of the particle and temper-
ature [45, 63]. The quantity ωµν is called the spin polarization tensor ωµν ,
antisymmetric and rank-two, that can be written in terms of κµ and ωµ

four-vectors [42, 63]

ωµν = κµUν − κνUµ + ϵµναβU
αωβ . (3)

κµ and ωµ being parallel to fluid flow have no contribution to the R.H.S. of
Eq. (3), thus they fulfill2

κ · U = 0 , ω · U = 0 (4)
1 Spin polarization is assumed to be small (|ωµν | < 1) in this formalism.
2 κµ and ωµ together form six independent components of ωµν [63].
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allowing us to write these four-vectors as [44, 45, 63] κµ = ωµαU
α, ωµ =

1
2ϵµαβγω

αβUγ κµ, and ωµ can be decomposed again in terms of the basis vec-
tors X,Y, Z 3 and scalar spin coefficients (CκX , CκY , CκZ , CωX , CωY , CωZ)
after using orthogonality conditions (4) as [63]

κα = CκXXα + CκY Y
α + CκZZ

α , ωα = CωXXα + CωY Y
α + CωZZ

α ,
(5)

which then help us to obtain the general form of ωαβ [63]

ωαβ = 2
(
CκXX[αUβ] + CκY Y[αUβ] + CκZZ[αUβ]

)
+ϵαβγδU

γ
(
CωXXδ + CωY Y

δ + CωZZ
δ
)
. (6)

3. Spin polarization of particles at the freeze-out

With the information about the evolution of the spin polarization compo-
nents and background parameters, we can now calculate the mean spin po-
larization per particle defined as ⟨πµ⟩p = Ep

dΠ∗
µ(p)

d3p
/Ep

dN (p)
d3p

, where [44, 63]

Ep

dΠ∗
µ(p)

d3p
= − 1

(2π)3m

∫
cosh(ξ)∆Σλp

λ e−β·p
(
ω̃µβp

β
)∗

, (7)

Ep
dN (p)

d3p
=

4

(2π)3

∫
∆Σλp

λ cosh(ξ) e−β·p , (8)

and Ep
dΠ∗

µ(p)

d3p
is the total Pauli–Lubański (PL) vector in the PRF (after inte-

grating over the freeze-out hyper-surface element ∆Σλ) for particles having
momentum p, while Ep

dN (p)
d3p

represents the momentum density of all parti-
cles [45, 63]. The quantity ⟨πµ⟩p, the average spin polarization per particle,
is a function of momentum coordinates px, py, pz [63] which will allow us to
obtain the local spin polarization (polarization along the beam direction),
whereas to calculate the global spin polarization (along the −y axis) we must
integrate over the momentum variable such as [63]

⟨πµ⟩ =

∫
dP ⟨πµ⟩pEp

dN (p)
d3p∫

dPEp
dN (p)
d3p

≡

∫
d3p

dΠ∗
µ(p)

d3p∫
d3p dN (p)

d3p

. (9)

3 X,Y, Z are the space-like four-vectors which span the space transverse to U [63].
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4. Summary

In this article, we have reviewed the theoretical aspects of the spin hydro-
dynamic formalism [42–44]. Considering the spin polarization tensor of the
leading order, we find the decoupling nature between the background and
the spin dynamics. We then put forward the expressions required to calcu-
late the mean spin polarization of the particles for the comparison with the
experimental data [63].
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