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Based on a recently developed relativistic density functional approach
to color-superconducting quark matter and a novel quark–hadron transition
construction which phenomenologically accounts for the effects of inhomo-
geneous pasta phases and quark–hadron duality, we construct a class of
hybrid equations of state applicable at the regimes typical for compact star
astrophysics and heavy-ion collisions. We outline that early quark decon-
finement is a notable consequence of strong diquark pairing providing a
good agreement with the observational data and driving the trajectories of
the matter evolution during the supernova explosions toward the regimes
typical for the compact star mergers and heavy-ion collisions.
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1. Introduction

The puzzling question of the origin of compact stars (CS) with masses
exceeding 2M⊙ can be successfully addressed at present only within the su-
pernova (SN) explosion mechanism based on quark deconfinement in the
stellar matter [1]. This serves as an indirect argument in favor of the ex-
istence of quark matter in cores of heavy CS. Binary CS mergers could
produce a distinct postmerger gravitational wave signal [2]. These interest-
ing applications are summarised in [3]. They are based on a hybrid equation
of state (EoS) that has been constructed from hadronic and quark matter
EoS developed within relativistic density functional (RDF) approaches. In
this contribution, we summarize recent developments of the RDF approach
to quark matter which address beyond confinement also the aspects of chiral
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symmetry breaking and color superconductivity. In particular, the occur-
rence of a large diquark pairing gap modifies the phase structure and EoS of
QCD at low temperatures, and is thus of central interest for the discussion
of the existence and location of one or more critical endpoints (CEPs). A
developed constructive scheme generates thermodynamically consistent EoS
with multiple or absent CEPs and provides a solid basis for discussing their
effects in simulations of astrophysical phenomena and heavy-ion collisions
(HIC).

2. Relativistic density functional for quark matter

The RDF approach from Ref. [4] is represented by the Lagrangian

L = q̄(i/∂ −m)q −GV(q̄γµq)
2 +GD(q̄iγ5τ2λAq

c)(q̄ ciγ5τ2λAq)− U (1)

with two-flavor quark field qT = (u d), current quark mass m, and GV, GD

being coupling constants in vector repulsion and diquark pairing channels,
respectively. A chirally symmetric generalization of the potential energy
density functional inspired by the string-flip model (SFM) [5] reads

U = D0

[
(1 + α)⟨q̄q⟩20 − (q̄q)2 − (q̄iγ5τ⃗ q)

2
] 1
3

≃ UMF + (q̄q − ⟨q̄q⟩)ΣMF −GS (q̄q − ⟨q̄q⟩)2 −GPS (q̄iγ5τ⃗ q)
2 . (2)

Here, α and D0 are constants and ⟨q̄q⟩0 is the chiral condensate in the
vacuum. The last line in Eq. (2) corresponds to the second-order expan-
sion of U around the mean-filed solutions ⟨q̄q⟩ and ⟨q̄iγ5τ⃗ q⟩ = 0 labeled
with the subscript index MF. This expansion brings the present model to
the form of the NJL model with the mean-field scalar self-energy of quarks
ΣMF = ∂UMF/∂⟨q̄q⟩ and effective couplings in scalar GS = −∂U2

MF/∂⟨q̄q⟩2/2
and pseudoscalar GPS = −∂U2

MF/∂⟨q̄iγ5τ⃗ q⟩2/6 channels. In Ref. [4], model
parameters m = 4.2 MeV, Λ = 573 MeV, α = 1.43, and D0Λ

−2 = 1.39 were
fixed in order to reproduce the pion mass Mπ = 140 MeV and decay constant
Fπ = 92 MeV, with the scalar meson mass Mσ = 980 MeV and the vacuum
value of the chiral condensate per flavor ⟨l̄l⟩0 = −(267 MeV)3. We note that
Λ is a three-momentum scale which occurs in the smooth momentum cut-off
by a Gaussian form factor which regularizes divergent zero-point terms. The
behavior of GS and GPS as well as the effective quark mass m∗ = m+ΣMF

is shown in Fig. 1. The dynamical breaking of chiral symmetry leads to
GS ̸= GPS in the vacuum, while its dynamical restoration at high temper-
atures and/or densities is manifested by the asymptotic coincidence of the
scalar and pseudoscalar couplings. This is reflected in the melt-down of m∗.
Its vacuum value m∗

0 is controlled by the parameter α so that, m∗
0 → ∞

at α → 0. For the mentioned set of parameters, m∗
0 = 718 MeV and the
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pseudocritical temperature at µB = 0 defined by the peak of the chiral sus-
ceptibility is Tχ = 163 MeV. The quark matter EoS is obtained by treating
the present model within the mean-field approximation. It is remarkable
that the BCS relation between the mass gap in the vacuum and the critical
temperature for its restoration, which holds for the (P)NJL model in the
chiral limit, is violated for this class of quark matter models.
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Fig. 1. (Color online) Scaled effective scalar GSΛ
2 and pseudoscalar GPSΛ

2 cou-
plings as functions of temperature T at µB = 0 (left panel), baryonic chemical
potential µB at T = 0 (middle panel), and effective quark mass m∗ as functions of
baryon density nB (right panel). Dashed lines in the left and right panels represent
the NJL value GΛ2 = 2.14 from Ref. [6]. Dotted curves in the middle panel in-
dicate the unstable parts that are removed by applying the Maxwell construction.
The blue/black sparsely dotted line in the right panel is obtained within the SFM
with αSFM = 0.39 fm−3 [5]. Calculations are performed for symmetric quark mat-
ter, GV = GD = 0, α specified in the legend and the rest of the model parameters
with the values mentioned above.

3. Phase diagram of strongly interacting matter

High values of the effective quark mass at low T and µB represent phe-
nomenological confinement in the RDF approach. This makes description of
strongly interacting matter in terms of quark degrees of freedom inadequate
in the confinement region and requires matching the quark matter EoS to
the hadron one yielding a hybrid quark–hadron EoS. Within the Maxwell
construction of quark–hadron transition, the matching point is defined by
the baryon chemical potential µmax

B at which the pressures of two phases
coincide, while the baryon density discontinuously jumps from nh

B|max on
the hadron side to nq

B|max on the quark one. This picture ignores inhomo-
geneous structures in the quark–hadron interface known as pasta phases [7]
and corresponds to a sharp interface between two phases. Accounting for
those, pasta phases would wash out the sharp quark–hadron interface al-
lowing for the existence of a mixed phase, which is restricted by the baryon
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chemical potentials µh
B and µq

B (corresponding to nh
B and nq

B) from the
hadron and quark sides, respectively. In Ref. [8], the EoS of the pasta phase
was parameterized by two pieces of parabolic functions. In Ref. [9], such a
two-zone interpolation scheme (TZIS) was further developed to the case of
arbitrary fractions of electric charge and applied at finite temperatures. The
parameters of these two parabolic functions were defined so that both the
pressure p and the baryon density nB remain continuous at the mixed phase
boundaries. Continuity of p is also required at the matching point of two
parabolas µc

B = (µh
b + µq

B)/2, while nB experiences a discontinuous jump of
∆nB. The TZIS is given a closed form with the parameterization

µh
B = µmax

B |T=0(1− x)
√
1− T 2/T 2

0 , µq
B = µmax

B (1 + x) , (3)

∆nB = n∗ (Tcep1 − T )β (T − Tcep2)
β θ (Tcep1 − T ) θ (T − Tcep2) , (4)

where x = 0.01, n∗ = 0 or 0.15 fm−3, Tcep1 = 90 MeV and Tcep2 = 15 MeV
correspond to high- and low-temperature CEPs, and β = 0.3265 is the
critical exponent of the 3D Ising model universality class [10]. The TZIS
allows us to construct a hybrid quark–hadron EoS at arbitrary entropy per
baryon s/nB. Figure 2 compares such an EoS to the one obtained within the
Maxwell construction. Furthermore, having the edges of the mixed quark–
hadron phase defined, we can construct the phase diagram of strongly in-
teracting matter that is shown in Fig. 3. It is remarkable that the transi-
tion from quark to hadron matter leads to a growth of T along adiabates
s/nB = const. being a direct consequence of the reduction of the number
of accessible microstates due to the transition to the color superconducting
phase of quark matter [4].

Tews	et	al.,

Hebeler	et	al.,
Miller	et	al.,

p
	[M

eV
	fm

-3
]

1

10

100

1000

ε	[MeV	fm-3]

100 1000

Maxwell
s/nB	=	0
s/nB	=	0.5
s/nB	=	1.0
s/nB	=	1.5 Tews	et	al.,

Hebeler	et	al.,
Miller	et	al.,

p
	[M

eV
	fm

-3
]

1

10

100

1000

ε	[MeV	fm-3]

100 1000

								TZIS
n*	=		0.15	fm-3

s/nB	=	0
s/nB	=	0.5
s/nB	=	1.0
s/nB	=	1.5

Tews	et	al.,

Hebeler	et	al.,
Miller	et	al.,

p
	[M

eV
	fm

-3
]

1

10

100

1000

ε	[MeV	fm-3]

100 1000

	TZIS
n*	=		0

s/nB	=	0
s/nB	=	0.5
s/nB	=	1.0
s/nB	=	1.5

Fig. 2. Pressure p of electrically neutral β-equilibrated quark–hadron matter vs.
energy density ε along the isentrops s/nB = const. found within the Maxwell con-
struction (left panel), and the TZIS with n∗ = 0.15 fm−3 (middle panel), and n∗ = 0

(right panel). The shaded areas represent the cold nuclear matter constraints.
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Fig. 3. (Color online) Phase diagram of β-equilibrated electrically neutral quark–
hadron matter in the µB–T (left panel) and nB–T (central and right panels) planes.
The black dotted, dashed, and solid curves correspond to the phase boundaries and
the matching chemical potential discussed in the text. The color mapping of phases
corresponds to the TZIS. The filled black circles show the CEPs, which in the right
panel are to guide the eye. The colored solid, dashed, and dotted curves show
adiabates s/nB = const. calculated within the Maxwell construction, the TZIS
with n∗ = 0.15 fm−3 and n∗ = 0, respectively. The green/dark gray shaded area
in the middle panel shows the region, where nB discontinuously jumps within the
TZIS with n∗ = 0.15 fm−3.

4. Compact stars at vanishing and finite entropy

Entropy of the quark–hadron matter in the interiors of the proto NS
remains approximately constant during SN explosions [1]. Therefore, isen-
tropic EoS of quark–hadron matter is phenomenologically interesting. We
applied such EoSs shown in Fig. 2 to solving a problem of relativistic hy-
drostatic equilibrium [9]. The corresponding mass–radius relations of cold
NS (s/nB = 0) and warm proto NS (s/nB ̸= 0) are shown in Fig. 4. In
the case of cold NS, our approach provides agreement with the constraints
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Fig. 4. Mass–radius relation of hybrid NS with the isentropic quark–hadron EoS
presented in Fig. 2. Black solid curves obtained with the DD2 EoS of cold hadron
matter are given for the sake of comparison. The astrophysical constraints depicted
by the colored bands and shaded areas correspond to the case of cold neutron stars.
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from Refs. [11–16] and gives the tidal polarizability of 1.4M⊙ mass stars
Λ1.4 = 540–550 agreeing with Ref. [14]. Finite s/nB increases the radius of
NS but leaves their maximal mass almost unchanged.

5. Conclusions
We developed a confining RDF for color-superconducting quark matter

and produced a family of hybrid quark–hadron EoS with or without (multi-
ple) CEPs. Due to the large values of the diquark pairing gap, our approach
favors early quark deconfinement, provides good agreement with the present
astrophysical constraints, and drives trajectories of the evolution of stellar
matter during SN explosions toward the temperatures range of HIC.
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