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I present an overview of recent developments in the microscopic descrip-
tion of the quark–gluon plasma. I will concentrate on the medium-induced
emission and transverse momentum broadening. These are two key ingre-
dients of the theory of jet modifications in the QCD medium and of the
kinetic theory used for transport and thermalisation. The main focus is on
the progress towards a better understanding of theory and its uncertainties.

DOI:10.5506/APhysPolBSupp.16.1-A11

1. Introduction

As per the abstract, my main driver in discussing recent developments
will be connecting the microscopic description to a better understanding and
control of theory uncertainties. For a connection of these developments to
jet quenching data — summarised at this conference in [1, 2] — I refer to [3].
Thermalisation and hydrodinamisation have been discussed in [4].

2. Medium-induced emission (MIE)

Hard jet partons of energy E much larger than the temperature T
propagating through the QCD medium experience frequent soft interac-
tions with the medium, which can eventually source collinear, medium-
induced radiation. Its long formation time makes it sensitive to the Landau–
Pomeranchuk–Migdal (LPM) effect, i.e. the quantum-mechanical interfer-
ence of many soft scatterings. These effective 1 ↔ 2 processes are not only
the key in jet modification; through their number-changing nature, they
ensure chemical equilibration and energy transport in bottom-up thermali-
sation [5].

The celebrated BDMPS-Z [6, 7] MIE probability, i.e.

dI

dx
=

αsP1→2(x)

[x(1− x)E]2
Re

∫
t1<t2

dt1dt2∇b2 ·∇b1

[〈
b2, t2|b1, t1

〉b1=0

b2=0
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]
(1)
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is factorised in a DGLAP splitting kernel P1→2(x) multiplying a propagator
⟨b2, t2|b1, t1⟩ that describes diffusion in transverse position space from the
emission in the amplitude at time t1 and vanishing b to the emission in the
conjugate amplitude at time t2. This propagator is a Green’s function of

H = −
∇2

b

2x(1− x)E
+

∑
i

m2
i

2Ei
−iC(b, xb, (1− x)b) . (2)

This 2D Hamiltonian has a real kinetic term with in-medium masses mi. The
imaginary part is the scattering kernel. It encodes jet–medium interactions
and it is tightly related to the transverse momentum broadening (TMB).

Determining the propagator from Eq. (2) is difficult. Historically, ap-
proaches concentrated on a few limiting cases. For thin media, one can
truncate the LPM resummation series at first order in the opacity expan-
sion [8], while for thick media, one can perform the harmonic oscillator
approximation, introducing the momentum broadening coefficient q̂, i.e.
C(b, xb, (1− x)b) ≈ CHO ≡ q̂

4 [b
2+(xb)2+((1−x)b)2] [6]. The determination

of the propagator simplifies also in an infinite, static medium [9].
The improved opacity expansion, introduced in [10, 11], is an economical,

analytical prescription for overcoming these limiting cases. It corresponds to
treating the non-harmonic parts of the scattering kernel as perturbations, i.e.
C = CHO+[C−CHO]. In this way, the Coulomb logarithm, C(b) ∝ b2 ln(b), is
captured, thus incorporating the rarer harder Molière scatterings. This new
prescription was recently tested against new numerical determinations of the
full propagator, obtained in [12–14], finding good, 10% or better agreement
over its validity range, as shown in Fig. 1.
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Fig. 1. The solid line is the numerical solution from [12, 13]. The LO+NLO is the
improved opacity expansion, LO is the harmonic oscillator, and GLV the first order
in opacity. Figure taken from [11].
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3. Transverse momentum broadening

The discussion so far was agnostic to the specifics of the TMB kernel C
and associated probability P(k⊥), other than featuring a 1/k4⊥ Coulomb tail
in the UV and a diffusive Gaussian in the IR. If we were to determine the
TMB kernel perturbatively, we would run into the known issues associated
with the Linde problem: soft gluons (ω ≪ T ) are classical high-occupancy
modes, distributed on the T/ω IR tail of the Bose distribution. As the ex-
pansion parameter becomes g2T/ω, convergence can be seriously hampered.

A breakthrough came from the realisation in [15] that these soft classical
modes at space-like separations become Euclidean. As C is determined from
Wilson lines at space-like separations, the large-distance contribution b ≳
1/gT can be determined non-perturbatively using the dimensionally-reduced
theory on the lattice [16, 17]. At shorter distance, one can use pQCD and
merge the two [18–20]1.

The resulting kernel is shown in Fig. 2 from [19]: a transition from 1/q4⊥
Coulomb in the UV into a non-perturbative 1/q3⊥ behaviour in the IR takes
place, providing the bare minimum of “screening” to make q̂, the second
moment of the kernel, IR finite. In the q⊥ ∼ gT range, the non-perturbative
curve differs appreciably from either the LO or NLO curves. References [18–
20] further analysed the impact of the non-perturbative kernel on MIEs, both
for infinite and finite media. They find that an O(1) difference between the
MIE rates with NLO and non-perturbative kernels, a much larger effect than
the improved opacity expansion compared to the full numerical propagator.
See [24–29] for other non-perturbative approaches to q̂ and transport.
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Fig. 2. The LO perturbative line comes from [30, 31], the NLO includes the O(g)

corrections from [15] following [32]. Figure taken from [19].
1 The same method is also being applied to in-medium masses [21–23].
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Let us now shift to quantum corrections. In [33, 34], it was pointed out
that radiative corrections to TMB from the recoil off the radiated gluon are
responsible for a double-log enhanced, O(αs) correction to q̂, arising from
soft and collinear logarithms in the single-scattering regime, i.e.

δq̂ =
αsNc

π
q̂0

τ∫
τ0

dτ

τ

k2⊥∫
q̂0τ

dk2⊥
k2⊥

, (3)

where the q̂0τ boundary keeps the phase space away from the k2⊥ ∼ q̂τ
multiple scattering regime. This double-log correction can be understood
as renormalizing q̂0, the LO value of q̂. By promoting q̂0 to a variable and
moving it (and the coupling) within the double integral, one obtains the re-
summation equation for these logs [35]. It was solved numerically and semi-
analytically in [36–38], finding how an initial q̂(τ0, k2⊥ 0) evolves to a q̂(τ, k2⊥)
resumming arbitrary numbers of long duration, quantum fluctuations. One
of the main results is that the non-local nature of these fluctuations affects
the UV tail of the TMB probability, shifting it from its tree-level P ∝ k−4

⊥
Coulomb form to a less steep P ∝ k

−4+2αsNc/π
⊥ . This larger probability for

wider-angle scatterings corresponds to more efficient diffusion.
These quantum, radiative corrections are universal: as shown in [35, 39,

40], they also arise in the case of a double MIE with overlapping formation
times in the soft limit. Over the past years, there has been an ongoing
effort [41–46] to determine all these double-splitting real and virtual correc-
tions, beyond the soft limit. The underlying goal is understanding whether
the assumed Markovian nature of the MIE kernel holds when used to con-
struct in-medium cascades. In the most recent developments [45, 47, 48], it
was shown that, with some caveats, also the single-logarithmic radiative cor-
rections determined in [33] are universal, in that they apply also to double
splitting, opening a promising pathway for their resummation.

4. Kinetic theory, transport and thermalisation

As mentioned, MIE and TMB are the key ingredients of the kinetic
description of QCD media. They are complemented by drag, longitudinal
momentum broadening, and identity-change processes in the leading-order
effective kinetic theory of QCD [49]. We refer to [50–54] for recent applica-
tions of the kinetic framework to jet modifications. Here, we instead connect
the previous sections with transport coefficients and thermalisation.

Let us consider the shear viscosity η, which damps flow gradients. It is
then clear that microscopic processes that isotropise momentum are dom-
inant contributions. Hence, the direct isotropizing effect of TMB is more
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important for η than its indirect effect as the driver of MIEs, as seen also in
the LO determination of η [55]. These were recently extended to (almost)
NLO in [56]. These corrections are large — they reduce η/s by a factor of a
few in the phenomenological T ∼ few Tc range — and are dominated by the
O(g) classical corrections to q̂ of [15] shown in Fig. 2. What should we make
of this? Recently, it was pointed out in [57] that the problem might lie in
the LO determination of TMB, which then affects η at LO. If that determi-
nation has excessive screening — see Fig. 2 — it underestimates broadening,
potentially explaining qualitatively this LO–NLO discrepancy.

Several applications of kinetic theory to thermalisation have been dis-
cussed at this conference [58–65]. Can similarly problematic perturbative
expansions arise in these kinetic frameworks? What are the systematics of
extrapolations to αs = 0.3 (g ≈ 2)? In [66, 67], NLO corrections to thermal-
isation for isotropic systems have been presented. Figure 3 shows the LO
and NLO thermalisation times for an overoccupied initial condition. Two
different NLO collision operators have been constructed, which resum dif-
ferently higher-order effects. Their spread, indicated by the shaded band, is
a proxy for the size of even higher-order corrections. This band is smaller
than its spread from the LO result, as expected for a convergent expansion.
Moreover, the extrapolation to intermediate coupling seems controlled, with
a 40% correction for g2Nc = 10. However, these isotropic systems are by
their nature insensitive to the isotropizing effect of TMB, which we argued
to play a determining role in corrections to transport. It remains then to be
understood how reliable the extrapolation could be in situations typical of
heavy-ion collisions with anisotropic initial conditions and expansions.5

FIG. 3.

The e↵ective medium-induced collinear split-
ting/merging matrix element � is given by [10, 27]

�p

p0,k0(m,T⇤) =
�

32⇡4p

1 + x4 + (1� x)4

x3(1� x)3
Im(rb · F (0)),

(A4)
with the momentum fraction x = k/p and where F (b)
resums an arbitrary number of soft elastic scatterings in
the medium. It depends on two dimensionless variables

M̂ ⌘ 1� x+ x2, ⌘ ⌘
px(1� x)�T⇤

m2
g

, (A5)

where m2
g
= m2/2 is the LO mass for gluons with p � m.

Parametrically ⌘ is the ratio squared of the formation

time of the splitting process ⌧form ⇠
p
E/q̂ ⇠

q
x(1�x)p

�T⇤m2

and of the elastic scattering rate ⌧el ⇠ 1/�T⇤. F (b) is
the solution to this di↵erential equation [10, 22, 27]

�2irb�
2(b) =

i

2px(1� x)
(M̂m2

g
�r

2

b)F (b)

+
1

2

⇣
C(b) + C(xb) + C((1� x)b)

⌘
F (b),

(A6)

C(b) is the Fourier transform of the soft scattering rate,

C(b) =

Z
dq2?
(2⇡)2

(1� eib·q?)
d�(q?)

d2q?
. (A7)

In an isotropic medium it reads

C(b) =
�T⇤
2⇡

✓
K0(bm) + �E + log

✓
bm

2

◆◆
. (A8)

By rescaling b = b̃/mg and F = 2px(1 � x)/m2
g
F̃ , the

coe�cient of the second line fo Eq. (A6) becomes propor-
tional to ⌘. The method presented in [28] is then used
for the numerical solution.

2. Next-to-leading order kinetic theory

Let us start by discussing the corrections to Eq. (A4).
As shown in [22], its form remains valid at NLO, but
the LPM resummation in Eq. (A6) must include two
O(�T⇤/m) corrections. The dispersion relation gets
shifted to m2

gNLO = m2
g
+ �m2

g
and the soft scattering

kernel is modified in CNLO(b) = C(b) + �C(b). For an
isotropic state with an IR T⇤/p occupancy, the equilib-
rium results for �m2

g
[13] and �C(b) [12, 14] can be used

with the replacement T ! T⇤, mD ! m. The former
reads

�m2

g
= �

�T⇤m

2⇡
. (A9)

In our first implementation, i.e. scheme 1, we treat �m2
g

and �C(b) as perturbations to their LO counterparts.
Hence F is perturbed as FNLO = F + �F , and the lat-
ter is computed exactly as in App. E of [22].4 The re-
sulting �NLO = � + �� can become problematic when
extrapolated to large values of ⌘ and �T⇤/m. As per
its definition, large values of ⌘ correspond to formation
times larger than the mean free time for soft scatterings,
so that rarer, harder scatterings, which are not included
in the form (A8) of the scattering kernel, would have
a chance to occur. As shown in [18], for ⌘ & (T⇤/m)4

scatterings with q? ⇠ T⇤ would need to be included,
which is far from trivial in an o↵-equilibrium setting. At
LO one can however expect, as in equilibrium, that the
approximation introduced by extrapolating Eq. (A8) to
⌘ & (T⇤/m)4 amounts in an overestimate of � at the 10-
20% level. That happens because large value of ⌘ privi-
lege the small-b form of C(b), which at leading order is ap-
proximated by �T⇤m2b2 ln(1/bm), with a coe�cient that

4 b here corresponds to pb there, FNLO here corresponds to

p3(F0 + F1) there. �C(b) can be found in [14].
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g2Nc

Fig. 3. Thermalisation time as a function of the coupling λ = g2Nc for an overouc-
cupied initial condition. Figure adapted from [66].
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In these systems, plasma instabilities [68–70] — another classical phe-
nomenon — prevent at the moment consistent LO kinetic treatments. Re-
cently, the instability-subtracted TMB kernel, together with a recipe for
dealing with the unstable modes, was provided in [71], finding that anisot-
ropy reduces the scattering kernel in the QGP phase. In the earlier glasma
phase, large anisotropic TMB effects have been reported in [72–76].

5. Summary

The reviewed advances in the microscopic description of QCD media
are instrumental in a better quantification of theory uncertainties and in
narrowing the gap between the QCD Lagrangian and phenomenology.
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