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We investigate the existence of far-from-equilibrium attractors in mo-
ments of the one-particle distribution function within the framework of a
3+1D Boltzmann transport approach at fixed η/s. We compare our re-
sults for a conformal and non-conformal gas for different values of η/s and
different initial anisotropy.
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1. Introduction

In recent years, viscous hydrodynamics approaches have been success-
ful in describing experimental data of ultra-relativistic heavy-ion collisions
(URHICs): hadron pT-spectra and anisotropic flows [1]. In recent years, col-
lective behavior like those observed in heavy-ion collisions has been also ob-
served in small collision systems. All these experimental results have raised
the question whether the QGP has been created in these small systems.
Recent theoretical calculations based on hydrodynamical simulations have
been successful in describing data when the system is far from equilibrium
which is outside their region of applicability. Therefore, understanding the
thermalization of systems which are far from equilibrium is of fundamental
importance in the context of URHICs. This necessity becomes increasingly
important in the case of small collision systems like the one produced in pp
and pA collisions, where matter most likely remains far from equilibrium
throughout its dynamical evolution. On the other hand, in recent years,
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it has been found by different models including AdS/CFT simulations, ki-
netic theory in Relaxation Time approximation (RTA) or QCD-based ki-
netic approaches that the dynamics show a universal behavior (denoted as
non-equilibrium attractor) which is possible to describe by viscous hydrody-
namics in a finite time [2–7].

In these proceedings, we discuss the existence of non-equilibrium attrac-
tors considering the behavior of general moments of the one-particle distri-
bution function in the case of conformal and non-conformal systems within
a Relativistic Boltzmann Transport approach.

2. Relativistic Boltzmann Transport

In this work we have employed the Relativistic Boltzmann Transport
(RBT) approach developed recently to perform studies of the quark–gluon
plasma dynamics in uRHICs for different systems from RHIC to LHC en-
ergies [8–16]. In our approach, we describe QGP matter with an on-shell
one-particle distribution function f , depending on space-time coordinates
xµ = (t,x) and 3-momentum p. The space-time evolution of f is governed
by the following Relativistic Boltzmann Transport (RBT) equation(

pµ∂µ + 1
2∂im

2∂i
(p)

)
f1 = C [f ]p , (1)

where p0 = Ep ≡
√

m2 + p2, ∂µ ≡ ∂/∂xµ, and ∂i
(p) ≡ −∂/∂pi. The quantity

C [f ]p is the collision integral which, considering only binary collisions as we
do in this work, is given by

C [f ]p =

∫
2

∫
1′

∫
2′

(f1′f2′ − f1f2) |M|2 δ(4) (p1 + p2 − p1′ − p2′) , (2)

with
∫
k =

∫ d3pk
2Epk

(2π)3
and M denoting the transition amplitude for the

elastic processes which is directly linked to the differential cross section
|M|2 = 16π s (s−4M2)dσ/dt with s the Mandelstam-invariant. In our calcu-
lations, the viscosity is fixed by determining the total isotropic cross section
according to the Chapman–Enskog approximation, for details see [17].

3. Results

We have employed the RBT to perform a study of the existence of far-
from-equilibrium attractors in the moments of the one-particle distribution
function. We have considered a system undergoing one-dimensional Bjorken
expansion in two different cases: the conformal limit where m = 0 and
the non-conformal limit corresponding to an equation of state of massive
particles m ̸= 0.
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In our calculations, the initial pressure anisotropy is modeled by setting
the initial phase-space distribution function f0 to be equal to the spheroidally
deformed thermal initial conditions referred to as Romatschke–Strickland
distribution for the ideal gas [18]

f0 =
g

(2π)3
exp

[
− 1

Λ0

√∑
i

p2i
αi

+m2

]
, (3)

where the parameter Λ0 corresponds to an effective initial temperature pa-
rameter that sets the magnitude of the initial energy density. In our calcu-
lation, Λ0 is fixed in order to have the initial energy density corresponding
to a gas with mass m at a temperature T = 0.5 GeV. In the results shown
in this paper, the parameters αi are fixed in the following way: αx = αy = 1
and αz is a free parameter chosen in order to fix the initial longitudinal to
transverse pressure ratio PL/PT. The isotropic Boltzmann distribution is
recovered with αx = αy = αz = 1, and in this limit, the parameter Λ0 is
the usual initial temperature. In all the calculations shown in this paper, we
have considered a 1+1D expanding medium which is obtained considering
an expanding cylinder in the longitudinal direction and where we impose
periodic boundary conditions in the transverse plane.

Firstly, we present results for the time evolution of PL/PT ratio for a
gas of massless particles for different anisotropic initial conditions in the
momentum distribution and in a range of η/s explored in uRHIC’s. In Fig. 1,
it is shown the PL/PT evaluated at mid-rapidity and as a function of proper
time scaled by the typical interaction time τR ≡ 4π (η/s) /T (τ). Notice that
here T is the effective temperature calculated from the energy density. As
shown, we observe a rapid information loss of the initial condition leading
to a universal behavior in ∼ 3, 4 particle collisions. Independently of the
initial anisotropy of the system, all curves converge on a unique attractor,
as observed in other works [2, 3].

In a systematic way, we can perform a similar calculation that has been
proposed in [7]. In a similar way, we define a general set of moments in kinetic
theory related to the distribution function for on-shell particles given by

Mmn(τ) =

∫
d3p

(2π)3
pn−1p2mz f(τ, p) , (4)

where one can reduce powers of the energy and powers of the longitu-
dinal momentum. The study of all the moments in 1D can encode all
the information of the distribution function. Following Ref. [7], the mo-
ments will be scaled by their corresponding equilibrium values Mmn

eq =

Tn+2m+2Γ (n + 2m + 2)ζ(n + 2m + 2)/[2π2(2m + 1)], where T is the tem-
perature.
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Fig. 1. PL/PT as a function of the scaled time τ/τR for massless particles. Different
curves correspond to different initial anisotropies and different η/s ratios.

Different moments probe different regions of the phase-space distribution
function. In particular, larger moments give information about the high mo-
mentum part of the phase-space distribution function. In Fig. 2, it is shown
the time evolution of the scaled moments M01/M01

eq and M21/M21
eq. Notice

that M01/M01
eq = PL/PL,eq, where PL,eq is the longitudinal pressure at the

equilibrium. Different lines refer to different initial values of PL/PL,eq which
in our choice of the distribution function, correspond to different momen-
tum anisotropy parameter αz. As shown in Fig. 2, the evolution of all the
various different initial conditions eventually approaches a universal curve
that corresponds to the late-time attractor similar to that observed by other
models [2, 4–7]. Comparing the universal curve where all the calculations
collapse, which is the solution of the attractor with the attractor obtained in
viscous hydrodynamics framework and shown by solid smooth (blue) curve,

Fig. 2. (Color online) Time evolution of the scaled moments M01 (left panel)
and M21 (right panel). Different colors refer to different initial longitudinal
anisotropic parameter values that we have fixed to the following values αz =

0.2, 0.3, 0.4, 1.0, 2.5. The solid smooth (blue) line is the vHydro attractor [19].
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we observe that for low moments, the kinetic attractor is well described
by viscous hydrodynamics already for τ/τR ∼ 0.8. On the other hand, for
higher moments, we can see that the kinetic attractor approaches the solid
smooth (blue) curve at a later time τ/τR ≥ 3. This suggests that particle
with larger momenta need larger time to reach the equilibrium and this is
related to the fact that higher moments approach the solid smooth (blue)
curve later.

Finally, in Fig. 3, we have shown the PL/PT ratio for the massive case
at mid-rapidity and for η/s = 1/(4π). We observe that for τ/τR ≤ 2 differ-
ent calculations with different masses and corresponding to different initial
anisotropic parameters approach the universal attractor.

Fig. 3. PL/PT as a function of the scaled time τ/τR for m = 0.2 GeV (left panel)
and m = 0.5 GeV (right panel). Different curves correspond to different initial
anisotropic parameters. In these calculations, η/s = 1/(4π).

4. Conclusion

We have investigated the existence of far-from-equilibrium attractors
within the framework of a 3+1D Boltzmann transport approach at fixed
η/s. We have shown results for conformal and non-conformal gas and for
different initial anisotropies and different η/s ratios. In the conformal limit,
we have studied the moments decomposition of the distribution function
introduced in Ref. [7]. We observe that for the moments considered, our
solution converges to the attractor solution at a finite time: higher mo-
ments approach slower the viscous hydrodynamical attractor for τ ∼ 3τR
while lower moments faster in τ ∼ τR. This suggests that the distribution
function should show an attractor-like behavior.
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