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We determine the likelihood distribution for the model parameters
describing the event-by-event fluctuating proton geometry at small x by
performing a Bayesian analysis within the Color Glass Condensate frame-
work. The exclusive J/ψ production data from HERA is found to constrain
the model parameters well, and we demonstrate that complementary con-
straints can be obtained from simulations of Pb+Pb collisions at the LHC.
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1. Introduction

Determining the partonic structure of protons and nuclei is one of the
main goals of future nuclear DIS facilities such as the Electron–Ion Col-
lider [1]. Determining the spatial distribution of gluonic matter at small x is
fundamentally interesting, and is also extremely important to provide input
to simulations of heavy-ion collisions at RHIC and at the LHC where the
final-state hydrodynamical evolution transforms the initial coordinate space
anisotropies into the momentum space correlations.

In Deep Inelastic Scattering, the simple structure of the photon probe
allows for a precise determination of the gluonic structure of protons and
nuclei. Exclusive processes such as the J/ψ production are especially im-
portant, as only in exclusive scattering it is possible to determine the total
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momentum transfer to the target hadron, which by definition is the Fourier
conjugate to the impact parameter, and as such, provides access to the target
geometry. In addition to the average geometry, it is important to understand
the shape fluctuations that can be expected to play a major role when look-
ing at fluctuation-dominated flow observables, e.g. in proton–lead collisions
at the LHC.

In our recent Letter [2], we performed a Bayesian analysis to extract
the likelihood distribution for the model parameters describing the event-
by-event fluctuating proton shape from HERA J/ψ production data [3],
assuming that the nucleon substructure can be described in terms of gluonic
hot spots as suggested in Ref. [4], see also Ref. [5] for a review.

2. Constraining model parameters using HERA data

The scattering amplitude for exclusive vector meson production in the
dipole picture can be written as [6]

Aγ∗+p→V+p = 2i

∫
d2r⊥ d2b⊥

dz

4π
e−i[b⊥−( 1

2
−z)r⊥]·∆⊥

× [Ψ∗
V Ψγ ]

(
Q2, r⊥, z

)
NΩ (r⊥, b⊥, xP) . (1)

Here, Ψγ is the photon light front wave function describing the γ∗ → qq̄ split-
ting, ΨV is the vector meson wave function for which we use the Boosted
Gaussian parametrization [6], and NΩ is the dipole–proton scattering am-
plitude, where Ω refers to a particular proton configuration. The transverse
size of the dipole is r⊥ and the proton-to-dipole distance is b⊥. The frac-
tion of the photon plus momentum carried by the quark is denoted by z,
and xP is the fraction of the target longitudinal momentum (in the infinite
momentum frame) transferred in the process.

The coherent cross section corresponding to the events where the proton
remains intact reads

dσγ
∗+p→V+p

d|t|
=

1

16π

∣∣∣〈Aγ∗+p→V+p
〉
Ω

∣∣∣2 , (2)

and is sensitive to the average dipole–proton interaction, and as such, to
the average geometry. Here, ⟨⟩Ω corresponds to an average over the target
configurations. On the other hand, calculating the total diffractive cross
section and subtracting the coherent contribution, one obtains the incoherent
cross section corresponding to events in which the proton breaks up

dσγ
∗+p→V+p∗

d|t|
=

1

16π

[〈∣∣∣Aγ∗+p→V+p
∣∣∣2〉

Ω

−
∣∣∣〈Aγ∗+p→V+p

〉
Ω

∣∣∣2] . (3)

As a variance, the incoherent cross section is sensitive to the amount of
fluctuations at distance scale ∼ 1/

√
|t| in the scattering amplitude.
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The dipole–proton scattering amplitude N is obtained using the same
approach as in the IP-Glasma calculation of the initial conditions for heavy-
ion collisions [7], following Ref. [4]. The local color charge density is assumed
to be proportional to the local saturation scale Q2

s (b⊥) extracted from the
IPsat parametrization, and as such, to the local density Tp(b⊥). We in-
troduce an event-by-event fluctuating density by writing the density profile
following Ref. [4] as:

Tp(b⊥) =
1

Nq

Nq∑
i=1

piTq(b⊥ − b⊥,i) , Tq(b⊥) =
1

2πBq
e−b2⊥/(2Bq) , (4)

and the coefficient pi allows for different normalizations for individual hot
spots. This coefficient is sampled from a log-normal distribution whose
width σ is taken to be a model parameter, as well as the hot-spot size Bq and
the proton size Bp, which is the width of a Gaussian probability distribution
for the hot-spot positions b⊥,i. We additionally include repulsive short-range
correlations between the hot spots by introducing a parameter dq,min which is
the smallest allowed distance between the hot spots. The remaining model
parameters are an infrared regulator m, the ratio between the local color
charge density and the saturation scale (Qs/(g

2µ)) that controls the overall
normalization, and the number of hot spots Nq.

To determine the likelihood distribution for the model parameters, we
employ the Bayesian Inference. It is a general and systematic method to
constrain the probability distribution of model parameters θ by comparing
model calculations y(θ) with experimental measurements yexp [8] (J/ψ pro-
duction data at W = 75 GeV measured by H1 [3]). According to Bayes’
theorem, the posterior distribution of model parameters satisfies

P(θ|yexp) ∝ P(yexp|θ)P(θ) . (5)

Here, P(yexp|θ) is the likelihood for model results with parameter θ to agree
with the experimental data that we calculate using the Gaussian process em-
ulators. The final posterior distribution is determined by using the Markov
Chain Monte Carlo sampling. For more details, see Ref. [2] and references
therein.

3. Results

The determined posterior distribution of model parameters is shown in
Fig. 1. The HERA data used to constrain the parameters corresponds to
xP ≈ 10−3. We show separately results from two analyses, one with a fixed
number of hot spots Nq = 3 with results shown in red/gray and in the upper
right corner of the figure, the second with Nq a free parameter, and results
shown in blue/black and in the lower left corner of the figure.
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Fig. 1. (Color online) Posterior distribution of the model parameters.

Most model parameters can be constrained well, except the parameter
dq,min describing the repulsive short-range correlations between the hot spots
that were found in Ref. [9] to be necessary to describe high-multiplicity
proton–proton collisions. This means that the J/ψ production data form
HERA allows but does not require such repulsive correlations. Similarly, the
number of hot spots is not constrained by the data. This can be understood
by noticing that there is a strong positive correlation between the number of
hot spots Nq and the hot-spot density fluctuations σ. With large Nq, there
are also very large density fluctuations which means that only a few hot
spots actually dominate. Additionally, with large Nq, the hot spots start to
overlap which further reduces the “effective number of hot spots”.

With both variables Nq and Nq = 3, we get an equally good descrip-
tion of the HERA data, which implies that the HERA data alone does not
completely constrain the fluctuating geometry. Additional constraints can
be obtained from heavy-ion collisions. As a proof-of-concept, we take maxi-
mum likelihood parametrizations with Nq = 3 and Nq = 9, and use those to
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construct an initial condition for Pb+Pb collisions at
√
s = 5.02 TeV. The

initial condition and early evolution before the QGP phase is described using
the IP-Glasma framework [7]. It is then coupled to MUSIC [10] hydrody-
namical simulations of the plasma evolution, and to the UrQMD afterburner
describing the more dilute hadronic phase [11] (see [12] for a description of
the entire framework).

The multiplicity distribution in Pb+Pb collisions is shown in Fig. 2. Note
that the multiplicities in the most central bin match by construction. We find
that the ALICE data [13] prefers the Nq = 3 parametrization. Similarly the
centrality dependence of the flow harmonics v2{2} and v2{4} shown in Fig. 3
and compared with the ALICE data [14] prefers this parametrization. These
results clearly indicate that the LHC data can provide further constraints
on the fluctuating shape of the nucleons.
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Fig. 2. Multiplicity distribution in Pb+Pb compared to the ALICE data.
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Fig. 3. Flow harmonics in Pb+Pb collisions compared to the ALICE data.

4. Conclusions

We have performed a Bayesian analysis to extract the posterior likeli-
hood distribution for the non-perturbative parameters describing the event-
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by-event fluctuating proton geometry using the HERA J/ψ production data.
Most of the model parameters are well constrained by the data, except that
the potential repulsive short-range correlations cannot be determined from
this data. The obtained likelihood distribution can be used to systemati-
cally take into account uncertainties in the proton geometry when calculating
any other observable that depends on the event-by-event fluctuating geom-
etry. We have further demonstrated that complementary constraints can be
obtained from simulations of heavy-ion collisions where the initial nucleon
geometry affects the space-time evolution of the produced QGP.
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