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We briefly review the thermal model predictions related to the longi-
tudinal spin polarization of Λ hyperons emitted from a hot and rotating
hadronic medium produced in non-central relativistic heavy-ion collisions.
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1. Introduction

Recent experiments by the STAR Collaboration at RHIC, BNL have suc-
cessfully measured the global polarization of the Λ, Ξ, and Ω particles [1, 2].
Theoretically, the measured global spin polarization of the Λ hyperons, inte-
grated over all momenta, has been successfully described by the relativistic
hydrodynamic models [3, 4]. In this approach, the basic quantity that dic-
tates the spin polarization effects is the thermal vorticity tensor [5]. Surpris-
ingly, predictions of hydrodynamic models [6] based on the thermal vorticity
fail to reproduce the local spin polarization (the momentum dependence of
the longitudinal spin polarization) of Λ’s [7, 8].
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Recently, it has been suggested that the thermal vorticity is not the
only hydrodynamic quantity that contributes to the local spin polarization.
In fact, symmetric hydrodynamic gradients defined by the quantity called
the thermal shear, ξµν = 1

2(∂µβν + ∂νβµ), also contribute to the local spin
polarization [9, 10]. Interestingly, by taking into account the thermal shear
contribution, hydrodynamic model predictions are found to be in agreement
with the data only if the contribution from the temperature gradients in
thermal vorticity and thermal shear are neglected [11] or the mass of the
Λ hyperon is replaced by the constituent strange quark mass [12]. This kind
of behavior motivated us to include the effect of thermal shear in our previous
work [13] that used a thermal model with the single freeze-out [14]. In this
contribution, we report on our recent predictions on the longitudinal spin
polarization arising from various contributions included in thermal vorticity
and thermal shear within the thermal model with a single freeze-out [15].

2. Thermal model, thermal vorticity and thermal shear tensors

A typical thermal model with the single freeze-out uses four parameters:
temperature T , baryon chemical potential µB, proper time τf , and system
size rmax. The thermodynamic parameters T , µB are fitted from the ratios
of hadronic abundances measured in experiments. The geometric ones, τf
and rmax, characterize the freeze-out hypersurface (defined through the con-
ditions: τ2f = t2 − x2 − y2 − z2 and x2 + y2 ≤ r2max) and are obtained by
the fits of experimental transverse-momentum spectra. The hydrodynamic
flow is assumed to be of the Hubble-like form uµ = xµ/τ . Herein, we use
the extended thermal model with single freeze-out, where phenomena such
as elliptic flow are included by taking into account the elliptic deformations
of both the emission region in the transverse plane and of the transverse
flow [16] by means of the following parameterization:

x = rmax

√
1− ϵ cosϕ , y = rmax

√
1 + ϵ sinϕ , (1)

uµ =
1√

τ2 − (x2 − y2) δ

(
t, x

√
1 + δ, y

√
1− δ, z

)
, (2)

where ϕ is the azimuthal angle, while δ and ϵ are the model parameters. For
ϵ > 0, the system formed in the collisions is elongated in the y direction.
The parameter δ accounts for the anisotropy in the transverse flow. For
δ > 0, there is more flow in the reaction plane (positive elliptic flow). The
parameter τ is the proper time, τ2 = t2 − x2 − y2 − z2. The values of
the parameters ϵ, δ, τf , and rmax were determined in the past to describe
the PHENIX data for three different centrality classes at the beam energy√
sNN = 130 GeV for the freeze-out temperature Tf = 165 MeV [17, 18] and

are listed in Table I of Ref. [15]. Equations (1) and (2) can be directly used
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to obtain the velocity gradient terms (ϖI
µν , ξIµν) of the thermal vorticity

(ϖµν) and thermal shear (ξµν), as defined by Eqs. (7) and (11) of Ref. [15],
while the temperature gradient terms (ϖII

µν , ξIIµν) can be obtained using the
expression ∂αT = T

(
Duα − c2su

α∂µu
µ
)

(here cs = 1/
√
3 is the speed of

sound) derived using the perfect-fluid hydrodynamic equations as discussed
in Appendix A of Ref. [13].

3. Predictions of various spin polarization observables

The spin-polarization of particles with a given four-momentum p is ob-
tained by calculating the mean Pauli–Lubański (PL) vector ⟨π⋆

µ(p)⟩ in their
local rest frame. The mean PL vector ⟨πµ(p)⟩ of particles with momentum p
emitted from a given freeze-out hypersurface is calculated by the formula

⟨πµ(p)⟩ =
Ep

dΠµ(p)
d3p

Ep
dN (p)
d3p

, (3)

where

Ep
dΠµ(p)

d3p
= −cosh(ξ)

(2π)3m

∫
e−β·p∆Σ · p ω̃µβp

β , (4)

Ep
dN (p)

d3p
=

4 cosh(ξ)

(2π)3

∫
e−β·p∆Σ · p . (5)

Here, ∆Σλ is an element of the freeze-out hypersurface. We assume that
the spin polarization tensor ωρσ at the local equilibrium is given by the
combination of thermal vorticity and thermal shear terms, ωρσ = ϖρσ +
2t̂ρ pλ

Ep
ξλσ [9, 11]. Since we have already calculated various components of

the thermal vorticity and thermal shear tensors in the thermal model, there-
fore, we can determine various components of the spin polarization tensor
ωρσ. Finally, using the parameterization of the particle four-momentum
pλ=

(√
m2+p2T cosh yp, px, py,

√
m2+p2T sinh yp

)
in terms of rapidity yp and

transverse momentum pT=
√

p2x+p2y, and assuming that the freeze-out takes
place at a constant value of the proper time (τ=τf) we can easily carry out
integration over freeze-out hyper-surface and obtain ⟨πµ(p)⟩ defined by Eq. (3).
This formula can be subsequently used to plot the (px, py) dependence of
the longitudinal spin polarization in the rest frame of particles (⟨π⋆

z(p)⟩).
In recent experiments, the quantities of interest are: the azimuthal-

angle dependence of pT-integrated longitudinal spin polarization ⟨P (ϕp)⟩,
n = 2 azimuthal harmonic of the longitudinal spin polarization (polariza-
tion anisotropy) ⟨P2⟩, and its transverse momentum dependence ⟨P2(pT)⟩.
These quantities can be obtained using Eqs. (21), (20), and (22) of Ref. [15],
respectively.
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4. Results

Here, we discuss our numerical results for the (px, py) dependence of
the longitudinal spin polarization (⟨π⋆

z(p)⟩) of the Λ hyperons (mass mΛ =
1.116 GeV), and other experimental observables as given by Eqs. (21), (20),
and (22), respectively, in Ref. [15] for the centrality class c = 30–60% at
yp = 0. From Figs. 1 (a) and 1 (b), we observe that the thermal vorticity and
thermal shear lead to the opposite sign patterns of the quadrupole structure
of the longitudinal component of the Λ spin polarization, while their sum, as
shown in Fig. 1 (c), gives a sign pattern of the quadrupole structure such that
it depends on the values px and py. At larger values of px and py, we obtain
the polarization sign pattern as observed in experiments. A similar pattern,
as shown in Fig. 1 (d), is also observed for the net polarization when we

-3 -2 -1 0 1 2 3
-3

-2

-1

0

1

2

3

px [GeV]

p
y
[G
eV

]

〈πz
*〉ϖI+ϖII

-0.020

-0.015

-0.010

-0.005

0

0.005

0.010

0.015

0.020

(a)

-3 -2 -1 0 1 2 3
-3

-2

-1

0

1

2

3

px [GeV]

p
y
[G
eV

]

〈πz
*〉ξI+ξII

-0.02

-0.01

0

0.01

0.02

(b)

-3 -2 -1 0 1 2 3
-3

-2

-1

0

1

2

3

px [GeV]

p
y
[G
eV

]

〈πz
*〉ϖI+ϖII+ξI+ξII

-0.006

-0.004

-0.002

0

0.002

0.004

0.006

(c)

-3 -2 -1 0 1 2 3
-3

-2

-1

0

1

2

3

px [GeV]

p
y
[G
eV

]

〈πz
*〉ϖI+ξI

-0.006

-0.004

-0.002

0

0.002

0.004

0.006

(d)

Fig. 1. Contributions due to various terms in thermal vorticity and thermal shear to
the longitudinal component of the mean spin polarization three-vector of Λ hyperon
as a function of its transverse momentum at yp=0 with the model parameters used
for the centrality class c=30–60% at

√
sNN =130GeV (see Table I of Ref. [15]).

neglect the temperature gradients. In Table 1, we show our results for ⟨P2⟩
obtained by carrying out the pT integration in the range from 0 to 3 GeV. It
can be noticed that the contributions from the total thermal vorticity and
thermal shear to the n = 2 harmonic of the longitudinal spin polarization
are of the opposite signs but close in magnitude. Their net contributions
give a very small negative polarization value. If the temperature gradients
are excluded, the sign of the net polarization changes, but the value remains
an order of magnitude smaller than the individual contributions from the
thermal vorticity or thermal shear. In Fig. 2 (a), we present the plots for
azimuthal-angle dependence of the pT-integrated (range 0–3 GeV) longitu-

Table 1. n=2 azimuthal harmonic due to various terms in thermal vorticity and
thermal shear with model parameters used for c=30–60% at

√
sNN =130 GeV [15].

c% ⟨P2⟩ϖI+ϖII ⟨P2⟩ξI+ξII ⟨P2⟩ϖI+ϖII+ξI+ξII ⟨P2⟩ϖI+ξI

30–60 −0.000292 0.000275 −0.0000172 9.8× 10−6
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dinal spin polarization ⟨P (ϕp)⟩. The black dashed and blue dotted curves
correspond to the thermal vorticity and thermal shear contributions, while
the red double dotted-dashed and purple double dot- double dashed curves
show the net contribution with and without the temperature gradients. It
can be noticed that with temperature gradients included, the net result is
practically zero. However, if the temperature gradients are excluded, we get
the net polarization sign the same as from the thermal shear. To make a
comparison with the experimental results, we also plot the experimental data
for azimuthal angle dependence of the longitudinal spin polarization of Λ and
Λ̄ for the centrality class c = 20–60% measured by the STAR experiment
at

√
sNN = 200GeV [7]. The net results obtained from our model (with

or without the temperature gradients contribution) are too small to explain
the experimental data. Next, following the idea discussed in Ref. [12], we
replace the mass of the Lambda hyperon (mΛ = 1.116 GeV) by the strange
quark mass (ms = 0.486 GeV). In this case, as shown in Fig. 2 (b), we are
able to fit the data. In Fig. 2 (c), we have shown the pT-dependence of n = 2
azimuthal harmonic of the longitudinal spin polarization ⟨P2(pT)⟩. As ex-
pected, the contribution from thermal vorticity and thermal shear follows
the opposite trends. At low momenta (pT < 1GeV), the thermal vorticity
contribution is larger, while for larger momenta, pT > 1GeV, the thermal
shear contribution becomes dominant.
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Fig. 2. (Color online) (a) and (b) show azimuthal angle dependence of pT-integrated
(range pT = 0–3 GeV) longitudinal spin polarization for c = 30–60% due to various
terms of thermal vorticity and thermal shear tensor when the particle’s mass is
taken to be Λ-hyperons mass and s-quark mass. (c) Dependence of n = 2 harmonic
of longitudinal spin polarization on particle’s transverse-momentum.

5. Summary and conclusions

We briefly presented calculations of the various experimental observables
related to the longitudinal spin polarization of Λ hyperons in a single freeze-
out thermal model. Our analysis suggests that the contributions of thermal
vorticity and thermal shear to the azimuthal angle dependence of the lon-
gitudinal polarization are of the opposite sign and nearly identically cancel
each other leading to disagreement with the data. However, upon changing
the mass of Λ hyperons to its constituent strange quark mass, we found that
our results agree with the experimental data.
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