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We apply and extend a novel approach to non-perturbatively estimate
the heavy-quark momentum diffusion coefficient κ, which is a key input
for the theoretical description of heavy quarkonium production in heavy-
ion collisions, and is important for the understanding of the elliptic flow
and nuclear suppression factor of heavy flavor hadrons. In the heavy-quark
limit, this coefficient is encoded in the spectral functions of color-electric
and color-magnetic correlators that we calculate on the lattice to high pre-
cision by applying gradient flow. In a recent study we have considered
quenched QCD at 1.5Tc, where we performed a detailed study of the lat-
tice spacing and flow time dependence of the color-electric correlator, and,
using theoretically well-established model fits for the spectral reconstruc-
tion, we estimated the heavy-quark diffusion coefficient. Equipped with
the experience obtained in quenched QCD, we estimate κ from 2+1 flavor
QCD ensembles at small but finite lattice spacing and flow time without
increasing systematic errors significantly.
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1. Introduction

A remarkable observation made in heavy-ion collision experiments is the
considerable participation of heavy quarks in the collective motion of the
produced medium. Evidence for this comes from the detection of decay
products of heavy flavor hadrons, which reveals a strong suppression of the
yields at high transverse momentum pT as well as a large azimuthal asym-
metry inferred from the elliptic flow parameter v2 [1, 2]. On hydrodynamical
grounds, these findings imply that heavy hadrons should equilibrate on time
scales of the medium’s formation, ∼ 1/T , which is unexpected as heavy
quarks should take a factor of M/T longer to thermalize compared to the
mostly light degrees of freedom in the bulk of the medium. From the theo-
retical side the kinetic equilibration time τkin can be accessed by describing
the behavior of heavy quarks with mass M in a hot medium with tempera-
ture T through a Langevin approach, given that M ≫ πT [3]. The Langevin
dynamics depend on a transport coeficient, κ, the heavy-quark diffusion co-
efficient. For a first-principles calculation of this transport coefficient, it is
necessary to facilitate a non-perturbative approach, as weak-coupling calcu-
lations not only disagree with a small equilibration time, but also turn out
to converge poorly [4]. In a recent lattice QCD study [5], κ was calculated
in the quenched approximation at T = 1.5Tc using a novel approach that
utilizes gradient flow. In this contribution, we want to take the first step to-
wards 2+1 flavor QCD by showing how little systematic error is introduced
when estimating κ from finite lattice spacing and flow time data.

2. Diffusion physics from color-electric correlations

On the lattice, it is not possible to calculate transport coefficients di-
rectly; instead, one calculates two-point functions G(τ) of conserved currents
whose spectral functions ρ(ω) encode them in their infrared limits [8–10].
By utilizing Heavy Quark Effective Theory, one can access κ through the
spectral function of a purely gluonic correlator of color-electric fields [11]

κ = lim
ω→0

2T
ρ(ω)

ω
, G(τ) =

∞∫
0

dω

π

cosh(ω(τ − β/2))

sinh(ωβ/2)
ρ(ω) , (1)

G(τ) = −1

3

3∑
i=1

⟨Re [tr [U(β, τ) gEi(0, τ) U(τ, 0) gEi(0, 0)]]⟩
⟨Re [tr[U(β, 0) ]]⟩

, (2)

with β = 1/T , the temporal Wilson line U(b, a), the color-electric field oper-
ator Ei, and the coupling g. The discretization of gEi in terms of link vari-
ables can be found in Eq. (7) of Ref. [5]. In the following figures, the corre-
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lator data will always be shown normalized to Gnorm(τ) ≡ GLO
cont(τ)/(g

2CF),
which captures the structure of the weak-coupling leading-order continuum
result for the color-electric correlator (see Eq. (3.1) of Ref. [11]).

In practice, a noise reduction method is needed to compute Eq. (2) with
sufficient precision as the long-distance correlation is overshadowed by high-
frequency gauge-field fluctuations. The solution to this problem is gradient
flow [5, 12], which, unlike other noise reduction techniques, does not depend
on the locality of the action, making it applicable also to 2+1 flavor ensem-
bles. The original idea of the flow method is to measure the correlator at
many successive and not too large flow times τF, and then, after a continuum
extrapolation at fixed flow time, to extrapolate back to the physical bound-
ary (τF = 0). The details of this procedure are explained and demonstrated
in reference [5].

3. Spectral reconstruction from correlators
at finite lattice spacing and flow time

The technique to invert Eq. (2) and obtain ρ(ω) that is used in our recent
study [5] makes use of theoretically motivated models that constrain the
form of the spectral function in the low- and high-frequency regimes, which
enables the extraction of the heavy-quark momentum diffusion coefficient κ
through a least-squares fit of the discrete correlator data.

On paper, the connection between the correlator and spectral function
is valid in the continuum on the physical boundary (zero flow time) [5]. Our
current ensemble of 2+1 flavor gauge configurations (see below) does not
yet allow for a continuum extrapolation; this will happen in the near future
in a separate publication. In the meantime, however, we notice that the
color-electric correlator G(τ) does not appear to be very sensitive to finite
lattice spacing and flow time effects, especially for larger distances. One
reason for this is the tree-level improvement (see appendix A.1 of [5]) ob-
tained from calculating the perturbative lattice correlator. In a recent work
[6], this calculation was extended to various combinations of discretization
schemes for the flow action (here: Zeuthen flow) and gluon propagator (here:
Wilson action for quenched QCD, Fig. 1, Symanzik-improved for 2+1 flavor,
Fig. 2). This prompts us to try constraining κ from the data we already have.
However, for a given nonzero flow time, one always encounters one of two
problems: either the small distances are too distorted, or the large distances
are too noisy, making a fit unreasonable in both cases. The solution is to
consider each distance individually by fixing the smoothing radius in terms
of distance according to

√
8τF = τ/const. ≲ τ/3 (see also [13])1. In this

1 In practice, we find
√
8τF/τ ∈ [0.20–0.25] to exhibit a particularly good balance

between noise reduction and flow distortion. Systematic errors for κ/T 3 from the
choice of this value turn out to be negligible if the signal is good enough.
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Fig. 1. This figure shows data from quenched QCD at T = 1.5Tc from the same
gauge configurations used in [5]. Left: comparison of tree-level improved color-
electric correlators G divided by Gnorm at different lattice spacings a and flow
times τF. Dashed lines depict fits to the model given at the top of the figure. The
fit ranges can be inferred from the figure on the right. Right: fit results for κ/T 3

for the corresponding data and model from the left figure. Results are set into the
context of the total systematic uncertainty for κ/T 3 (grey band) from the model
choice, obtained from the a → 0, τF → 0 data. Note: the correlator data and total
uncertainty for κ/T 3 slightly differ compared to [5], as we make use of tree-level
improvement at nonzero flow time [6] and improved the model choices (more details
will be given in an upcoming publication).

way, finite flow time effects can be thought of as small corrections to the
zero-flow-time correlator. In fact, fitting the long-distance data (τT ≥ 0.35)
using this approach, even at nonzero lattice spacing a, we find the additional
systematic error for κ/T 3 to be well below the total systematic error coming
from different spectral function models, as can be seen in Fig. 1.

Equipped with this knowledge, we fit correlators calculated on 2+1 flavor
configurations using the Highly Improved Staggered Quarks (HISQ) action
with physical strange quark masses ms and light quark masses ml = ms/5
(pion mass mπ ≈ 320MeV). We consider temperatures of 196, 220, 251, 296,
and 352 MeV with temporal lattice extents of Nτ = 36, 32, 28, 24, and 20,
respectively; the spatial lattice volumes are fixed to 963 and the lattice
spacing is a = 0.028 fm (the scale is set via r1 using data from Ref. [14]).
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Fig. 2. This figure shows data from 2+1 flavor QCD (see Section 3). Left: com-
parison of tree-level improved color-electric correlator G divided by Gnorm at small
but nonzero lattice spacing a = 0.028 fm and flow time τF. Dashed lines depict
fits to the model given at the top of the figure. Right: fit results for κ/T 3 for the
corresponding data and model from the left figure. Note that only a single model
is shown here, meaning that the errors depict just the statistical uncertainty from
this specific model. A systematic analysis will follow in an upcoming publication.
AdS/CFT estimate is taken from [7].

The results are shown in Fig. 2. Due to the change in the coupling the
correlators are now an overall factor ∼ 2 larger than the quenched results
when normalizing to Gnorm (cf. Fig. 1). The most striking observation is
that κ/T 3 is also increased by roughly 2× compared to results of quenched
QCD. In the near future, we will provide a detailed systematic analysis of
the spectral function model choice, and move to continuum- and flow-time-
to-zero extrapolated correlators.
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