
Acta Physica Polonica B Proceedings Supplement 16, 1-A83 (2023)

PROTON NUMBER CUMULANTS AND
CORRELATION FUNCTIONS FROM

HYDRODYNAMICS AND THE QCD PHASE DIAGRAM∗

Volodymyr Vovchenkoa,b, Volker Kochb, Chun Shenc,d

aInstitute for Nuclear Theory, University of Washington
Box 351550, Seattle, WA 98195, USA

bNuclear Science Division, Lawrence Berkeley National Laboratory
1 Cyclotron Road, Berkeley, CA 94720, USA

cDepartment of Physics and Astronomy, Wayne State University
Detroit, Michigan 48201, USA

dRIKEN BNL Research Center, Brookhaven National Laboratory
Upton, NY 11973, USA

Received 3 August 2022, accepted 5 October 2022,
published online 14 December 2022

We analyze the behavior of (net-)proton number cumulants in central
collisions of heavy ions across a broad collision energy range by utilizing hy-
drodynamic simulations. The calculations incorporate essential non-critical
contributions to proton fluctuations such as repulsive baryonic core and
exact baryon-number conservation. The experimental data are consistent
with non-critical physics at collision energies of

√
sNN ≥ 20 GeV. The data

from the STAR and HADES collaborations at lower collision energies indi-
cate an excess of (multi-)proton correlations over the non-critical reference.
This observation is discussed in the context of different mechanisms, in-
cluding the possibility of a critical point in the baryon-rich region of the
QCD phase diagram.
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1. Introduction

Determination of the phase structure of QCD matter is one of the key
questions tackled by relativistic heavy-ion collisions at various energies [1].
Of particular relevance is the location (and even the existence) of the QCD
critical point at finite baryon density. Proton-number fluctuations are con-
sidered to be particularly sensitive probes of the QCD critical point [2],
especially the high-order non-Gaussian measures [3, 4]. Experimental mea-
surements have now been performed in a broad collision energy range by
multiple experimental collaborations, including ALICE [5], STAR [6–8], and
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HADES [9]. Measurements from the RHIC-BES program in particular in-
dicate a possible non-monotonic collision energy dependence of net-proton
kurtosis κσ2 [6] — a potential signature of the QCD critical point [10].
However, the experimental uncertainties are too large to make a definitive
conclusion on κσ2, this will be improved with the upcoming data from the
BES-II program. One can, however, ask a question if something can be
learned instead from the more accurate measurements of the second- and
third-order proton cumulants that are available.

Quantitative comparisons between experimental measurements and the-
oretical expectations of event-by-event fluctuations are challenging due to
the many caveats involved [11], and thus require extensive dynamical mod-
eling of heavy-ion collisions. In the context of the search for the QCD critical
point, one can consider different strategies. Ideally, one would incorporate
critical fluctuations into the hydrodynamic framework for heavy-ion colli-
sions, and make testable predictions based on the location of the critical
point. Such a framework is currently under development [12, 13]. Alterna-
tively, one could use a microscopic approach such as, for example, molecular
dynamics with a critical point. Some promising recent developments in that
regard can be found in Refs. [14, 15] which are, however, not yet ready
for applications to expanding systems created in heavy-ion collisions. Fi-
nally, one could study deviations in the experimental data from precision
calculations of non-critical contributions to proton-number cumulants. This
approach was adopted in [16] and is the focus of the present work.

2. Proton-number cumulants from hydrodynamics

Hydrodynamics provides a realistic background over which non-critical
contributions to proton-number cumulants can be calculated. These contri-
butions include (i) the exact conservation of baryon number [17] and (ii) the
repulsive core in the baryon–baryon interaction [18]. These effects are in-
corporated at the Cooper–Frye particlization stage, either through analytic
approximations [16] or by using Monte Carlo sampling [19].

2.1. LHC

The ALICE Collaboration has measured the normalized variance
κ2[p − p̄ ]/⟨p + p̄⟩ of the net-proton distribution in 2.76 TeV Pb–Pb colli-
sions [5]. The data show a subtle suppression of this quantity with respect
to the baseline of unity, which increases with the pseudorapidity acceptance.
Neglecting the dynamics of the hadronic phase, this suppression is consistent
with long-range, essentially global, conservation of the baryon number, while
the additional effect of excluded volume cannot be distinguished within the
presently available experimental uncertainties [19].
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However, the agreement with the data breaks down when baryon anni-
hilation in the hadronic phase modeled by UrQMD is incorporated simulta-
neously with global baryon conservation [20]. In this case, the agreement is
recovered if a more local (in the rapidity space) conservation of the baryon
number is imposed additionally. Both the range of exact baryon conserva-
tion and the role of baryon annihilation can be constrained experimentally
by a precise combined measurement of κ2[p−p̄ ]/⟨p+p̄⟩ and κ2[p+p̄ ]/⟨p+p̄⟩.
Additional constraints could be obtained from fluctuation measurements in-
volving light nuclei [21], as well as data-driven approaches [22].

2.2. RHIC-BES

At RHIC-BES energies we calculate the (net-)proton cumulants analyti-
cally [16], based on MUSIC simulations of 0–5% central Au–Au collisions [23].
As before, the calculations incorporate the effect of baryon repulsion by
means of excluded volume, as well as correction for global baryon conser-
vation by a method called SAM-2.0 [24]. The results are shown in Fig. 1.
Experimental data on the net-proton cumulant ratio κ3/κ1 [6] show sup-
pression of this ratio relative to the uncorrelated proton production baseline
of unity at all collision energies. At

√
sNN ≥ 20 GeV, the data are quantita-

tively described by our calculation when both baryon repulsion and baryon
conservation are incorporated simultaneously. The data at lower collision en-
ergies, however, indicate an excess of κ3/κ1 over our non-critical reference,
indicated by the green dashed circle in Fig. 1.
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Fig. 1. Beam energy dependence net-proton cumulant ratio κ3/κ1 (left panel) and
proton scaled variance κ2/κ1 (right panel) as calculated based on hydrodynamics
framework MUSIC and correction for baryon conservation via a method SAM-2.0.
The symbols correspond to experimental data from the STAR [6, 7] and HADES [9]
collaborations. Adapted from Ref. [16].
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It can be even more instructive to look at the second-order cumulants,
namely the scaled variance of proton-number distribution which has been
measured more accurately. As in the case of κ3/κ1, our model calculations
are in good agreement with the STAR data [7] at

√
sNN ≥ 20 GeV. However,

the excess of two-proton correlations at lower collision energies is evident,
where the model fails to capture both the magnitude and the slope of the
collision energy dependence. This is especially true as one goes to even lower
collision energies such as

√
sNN = 3 GeV from STAR-FXT [8] or

√
sNN =

2.4 GeV from SIS-HADES [9]. The non-critical calculations, extended down
to

√
sNN = 3 GeV by means of the blast-wave model, show no change in the

trend for κ2/κ1, whereas the experimental data, in particular at HADES,
show a dramatic enhancement of the scaled variance of proton number.

Our calculations have neglected the possible effect of volume fluctua-
tions [25, 26]. The description of the RHIC-BES data at

√
sNN ≤ 20 GeV

could be improved by adding volume fluctuations via additional parameters,
but this would then spoil the agreement at higher collision energies. No im-
provement can be obtained by incorporating the additional effect of exact
conservation of electric charge [16].

It should also be noted that the experimental data from RHIC-BES indi-
cate sizable negative two-particle correlations among the antiprotons. This
behavior is reproduced qualitatively by baryon conservation and excluded
volume effects, but the magnitude of the correlations is notably underesti-
mated at most of the collision energies.

2.3. SIS-HADES

The strong increase in proton κ2/κ1 at
√
sNN = 2.4 GeV warrants a

closer look at the HADES data. In [27], these data were analyzed as a
function of rapidity cut ycut within the framework of a Siemens–Rasmussen-
like fireball model, with chemical and kinetic freeze-out parameters based
on Refs. [28, 29]. The modeling also incorporates the fact that a significant
fraction of protons are bound into light nuclei and do not contribute to the
measured cumulants of proton number. The analysis found that the HADES
data [9] on the rapidity acceptance of the proton cumulant ratios up to the
fourth order can be described by assuming a thermal emission of nucleons
from a grand-canonical heat bath (Fig. 2), provided that the corresponding
baryon-number susceptibilities of QCD matter characterizing the emitting
source are highly non-Gaussian and exhibit the following hierarchy: χB

4 ≫
−χB

3 ≫ χB
2 ≫ χB

1 . Naively, this observation could point to the presence
of the QCD critical point close to the HADES chemical freeze-out at T ∼
70 MeV and µB ∼ 850–900 MeV, given that the critical point is one such
potential source of non-Gaussian fluctuations [3].
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However, the grand-canonical picture can only be applicable when the
effect of exact baryon conservation is small, for instance by considering small
rapidity acceptance cuts ycut ≤ 0.2. When the exact baryon conservation
is incorporated into the calculations, here done by means of the SAM-2.0
method [24], the description of the data becomes challenging for ycut ≥
0.2 (dashed red/gray lines in Fig. 2). This indicates that more theoretical
and experimental effort is required to reach a firm conclusion.
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Fig. 2. Rapidity cut dependence of proton number cumulants κ2/κ1 (left panel)
and κ3/κ2 (right panel) in 0–5% central Au–Au collisions at

√
sNN = 2.4 GeV

calculated assuming thermal emission from a Siemens–Rasmussen-like fireball with
and without the effect of exact baryon conservation. Adapted from Ref. [27].

3. Summary

The available experimental data on (net-)proton cumulants in central
collisions of heavy ions are shown to be consistent at

√
sNN ≥ 20 GeV with

non-critical physics such as baryon-number conservation and short-range
repulsion incorporated on top of the standard hydrodynamical description.
The data from STAR and HADES collaborations at lower collision energies,
on the other hand, indicate an excess of (multi-)proton correlations over
the non-critical reference. The critical point in the baryon-rich region of
the QCD phase diagram has been discussed here as a possible mechanism
behind the excess, while pointing out that other possible explanations such
as volume fluctuations have to be carefully analyzed as well. It is also noted
that the large non-Gaussian fluctuations observed in the HADES experiment
are challenging to describe in the context of baryon number conservation
irrespective of the underlying model.
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