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A new, rapidly convergent Fourier over spheroid parametrization is de-
veloped to describe the shape of a fissioning nucleus: its elongation, non-
axiality and left–right asymmetry, and neck formation. The 4D Potential
Energy Surfaces (PES) of even–even actinide nuclei are evaluated within
the macro–micro model. The Langevin trajectories generated on such PESs
allow for obtaining the fission fragments’ mass and kinetic energy yields.
The charge equilibration at the scission configuration and the post-scission
neutron emission are also discussed.
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1. Introduction

The nuclear fission phenomenon, discovered in 1938, is still very attrac-
tive to experimentalists and theoreticians. Accurate reproduction of such
observables as the mass and the total kinetic energy yields of fission frag-
ments or the multiplicities of emitted neutrons is a good test of any modern
theoretical model. A review of the existing fission models can be found, e.g.,
in Refs. [1–6]. Readers interested in the theory of nuclear fission can find
more details in the textbook [7].

The present research is a continuation of our previous works [9–13] in
which the fission fragment mass yields of nuclei from different mass regions
were obtained using the Fourier shape parametrization [14]. In the present
paper, we extend our 3D Langevin model by adding a mode responsible
for the charge equilibration of the fragments and a Master-type equation
describing the multiplicity of emitted neutrons. In addition, an innovatory,
better adopted to make the fission calculation on a grid, the Fourier-over-
Spheroid (FoS) shape parametrization (see also [15]) is used. One has to
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stress here that the nuclear shapes generated by FoS are equivalent to those
given by the Fourier parameterization [14]. The main features of our model
are described in Section 2, while the neutron emission from the fragments is
discussed in Section 3, followed by the summary in Section 4.

2. Nuclear shape parametrization

The potential energy surfaces of fissioning nuclei are obtained using the
macro–micro model. The macroscopic part of the energy is evaluated accord-
ing to the Lublin–Strasbourg-Drop (LSD) formula [16], while the microscopic
energy corrections are calculated using the Yukawa-folded single-particle po-
tential [17].

The surface of the fissioning nucleus is described in the cylindrical coor-
dinates (ρ, φ, z) by the following formula:
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where ρ(z, φ) is the distance from the z-axis to the surface. Function f(u)
defines the shape of the nucleus having half-length c = 1
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where −1 ≤ u ≤ 1. The first two terms in f(u) describe a sphere, the
third ensures volume conservation for arbitrary deformation parameters
{a3, a4, . . .}. The parameter c determines the elongation of the nucleus keep-
ing its volume fixed, while a3 and a4 describe the reflectional asymmetry and
the neck size, respectively. The half-length is z0 = cR0, where R0 is the ra-
dius of a sphere with the same volume. The z-coordinate varies in the range
of −z0 + zsh ≤ z ≤ z0 + zsh. The shift zsh = −3/(4π)z0(a3 − a5/2 + . . .)
places the nuclear center of mass at the origin of the coordinate system.
The parameter η describes a possible elliptical, non-axial deformation of a
nucleus.

Formula (1) is completely equivalent to those based on the Fourier ex-
pansion and is described in Ref. [14]. Here, the deviation from a sphere
with radius ρ = 1 is firstly expanded in the Fourier series, and subsequently
this deformed object of the length 2R0 is scaled to the elongation equal to
2cR0. Formula (1) is more adapted to the calculation of the PES made
on a mesh in the multidimensional deformation parameter (c, a3, a4, . . . , an)
space, since the range of variability of the ak coefficients does not depend on
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the elongation c. In addition, the mass ratio of the fragments, their relative
distance, and the radius of the neck between them, measured in z0 units, do
not depend on the elongation of the nucleus. It is also worth noticing that
for the reflection symmetric shapes, the geometrical scission points appear
when a4 = asc4 = 3

4 + 6
5a6 . . . independently of the elongation c. Such prop-

erties of the present FoS shape parametrization make it very useful for all
kinds of calculations related to nuclear fission.

A typical PES of a fissioning nucleus is shown in Fig. 1. It is a projection
of the 4D PES onto the (c, a4) plane, i.e., each energy point in the (c, a4)
map of 236U is minimized with respect the non-axial η and reflectional a3
deformation parameters. The ground state (g.s.), first (A), and second (B)
saddle points, as well as the exit points from the fission barrier leading to
the asymmetric (C) and symmetric (D) fission valleys, are marked. The
upper value of the neck parameter a4 = 0.72 corresponds to the neck radius
approximately equal to the nucleon radius. The non-axial degree of freedom
is important at a smaller elongation of the nucleus until the neighborhood
of the second saddle. At larger deformation, their effect is negligible, which
allows us to restrict the Langevin calculations to 3D when discussing the
dynamics of fission. Moreover, the role of the higher-order deformation
parameters a5 and a6 is rather small even in the region of well-separated
fission fragments as it was shown in Ref. [13].
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Fig. 1. Potential energy surface of 236U on the (c, a4) plane. Each point is mini-
mized with respect to the non-axial (η) and the reflectional (a3) deformations.
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2.1. Mass and TKE yields obtained within 3D Langevin calculation

The Langevin equation governs the dissipative fission dynamics. In the
generalized coordinates ({qi}, i = 1, 2, . . . , n), it has the following form [7]:

dqi
dt

=
∑
j

[
M−1(q⃗ )

]
i j

pj ,

dpi
dt

=−1

2

∑
j,k

∂
[
M−1

]
jk

∂qi
pj pk−

∂V (q⃗ )

∂qi
−
∑
j,k

γij(q⃗ )
[
M−1

]
jk

pk+Fi(t) . (3)

Here, V (q⃗ ) = Epot(q⃗ )−a(q⃗ )T 2 is the free-energy of fissioning nucleus having
temperature T and the single-particle level density a(q⃗ ). In the present
calculation, the inertia Mjk and the friction γij tensors are evaluated in the
irrotational flow and the wall approximation, respectively, as described in
Refs. [8, 13].

The vector F⃗ (t) stands for the random Langevin force, which couples
the collective dynamics to the intrinsic degrees of freedom and is defined as

Fi(t) =
∑
j

gij(q⃗ ) Gj(t) , (4)

where G⃗(t) is a stochastic function whose strength g(q⃗ ) is given by the
diffusion tensor D(q⃗ ) defined by the generalized Einstein relation

Dij = T ∗γij =
∑
k

gik gjk , where T ∗ = E0/tanh

(
E0

T

)
. (5)

Here, E0 = 1 MeV is the zero-point collective energy. The temperature T
is obtained from the thermal excitation energy (E∗) equal to the difference
between the initial (Einit) and the total collective energy, being the sum of
the kinetic (Ekin) and potential (V ) energies of the fissioning nucleus at a
given deformation point (q⃗ )

a(q⃗ )T 2 = E∗(q⃗ ) = Einit − (Ekin + V ) . (6)

Running thousands of random Langevin trajectories, which end at the scis-
sion configuration, one can estimate the distribution of the mass and total
kinetic energies of the fragments. An example of our estimates of the fis-
sion fragment mass yields obtained in the thermal neutron-induced fission
of 235U is shown in Fig. 2.
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Fig. 2. Fission fragment mass yield of 235U + nth as a function of the mass of
the fragment. The l.h.s. figure shows the yields obtained assuming the constant
(solid line) and the proportional to the surface of the nucleus (dashed line) pairing
strength. Similar results obtained assuming two different neck radii (radius of
nucleon or alpha-particle) at which the fission occurs are shown in the r.h.s. panel.
The experimental data are taken from Ref. [18].

The fission fragments’ total kinetic energy (TKE), shown in Fig. 3, is
approximately given by their Coulomb repulsion energy. This energy is
equal to the difference between the total Coulomb energy of the nucleus at
the scission configuration and Coulomb energies of both deformed fragments

TKE =
3e2

5r0

[
Z2

A1/3
BCoul(q⃗sc)−

Z2
h

A
1/3
h

BCoul(q⃗h)−
Z2
l

A
1/3
l

BCoul(q⃗l)

]
, (7)

where r0 = 1.217 fm is the same as in the LSD mass formula [16]. It
is undoubtedly a more accurate estimate of the fission-fragment kinetic
energy than the frequently used its point-charge approximation: Ekin =
e2ZhZl/R12, where R12 is the distance between the fragment mass-centers.
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Fig. 3. Total kinetic energy of fission fragments of 235U + nth as a function of
the fragment mass. The solid and the dashed lines correspond to the constant
and the proportional to the surface of nucleus pairing strength, respectively. The
experimental data (+) are taken from Ref. [19].
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2.2. On the charge equilibration at scission

Knowing the fragment deformation at scission, it is possible to find a
preferred charge for each fragment. In the majority of Langevin-type cal-
culations, one assumes that the ratio N/Z of the fragments is the same as
the one of the fissioning nucleus. Looking at the proton and neutron mi-
croscopic density distributions, one could obtain better estimates, which is
rather hard to do. Below, we propose a simple model for the proton–neutron
equilibrium at scission based on the LD and the pairing correlation energy.
Such charge equilibration can be determined by looking at the change of the
total energy of the fissioning system with the charge number of the heavy
fragment Zh

E(Z,A,Zh;Ah, q⃗h, q⃗l) = ELD(Zh, Ah; q⃗h) + ELD(Z − Zh, A−Ah; q⃗l)

+ e2Zh(Z − Zh)/R12 − ELD(Z,A; 0) , (8)

where Z,A, and Zh, Ah are the charge and mass numbers of the mother
nucleus and the heavy fragment, respectively. The mass as well as the de-
formation parameters of the heavy (Ah, q⃗h) and the light fragments (Al, q⃗l)
are fixed by the shape of the nucleus at scission corresponding to the end of
each Langevin trajectory.

The total energy as a function of the fragment charge number is shown
in the l.h.s. of Fig. 4. The distribution of the heavy-fragment charge number
can be estimated using a Wigner function corresponding to the energy E
given by Eq. (8) for different values of Zh

W (Zh) = exp
{
− [E(Zh)− Emin]

2 /E2
W

]
, (9)

which gives the distribution probability of the fragment charge shown in the
r.h.s. of Fig. 4. Emin in Eq. (9) is the lowest discrete energy as a function
of Zh. Furthermore, the following random number decides about the charge
number Zh of the heavy fragment, with Zl = Z − Zh. The energy EW

should be comparable with the energy distance ℏω0 between harmonic os-
cillator shells since we have here a single-particle (proton) transfer between
the touching fragments.

The above charge equilibration effect has to be considered at the end
of each Langevin trajectory when one fixes the integer fragment mass and
charge numbers of the fission fragments. The resulting fission fragment yield
is compared with the data [5] in the l.h.s. part of Fig. 5, while the correlation
between the fragment mass and charge is displayed in the r.h.s. figure.



Fission Fragments Mass Yields of Actinide Nuclei 4-A21.7

-20

-15

-10

-5

 0

 51  52  53  54  55  56  57  58

240Pu

Ah=140
Z

. A
h
/A

E
LD

(s
ci

ss
) 

- 
E

LD
(s

p
h
) 

 [
M

e
V

]

Zh

LSD+Eodd
LSD

 0

 0.2

 0.4

 0.6

 0.8

 1

 51  52  53  54  55  56  57  58

240Pu

Ah=140

LSD

EW = 6 MeV

C
h
a
rg

e
 d

is
tr

ib
u
ti

o
n

Zh

Fig. 4. Energy of 240Pu at scission as a function of the heavy fragment charge num-
ber in the LSD mass formula [16] (l.h.s.) and the Wigner distribution probability
of the fragment charge number (r.h.s.).
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Fig. 5. The fission fragment yield of 235U + nth (l.h.s.) as a function of the fragment
charge. The solid and the dashed lines correspond respectively to the constant and
the proportional to the surface of nucleus pairing strength. The experimental data
(+) are taken from Ref. [5]. The correlation between the fragment mass and charge
is displayed in the r.h.s. figure.

3. Neutron emission from the fission fragments

The maximal energy of a neutron emitted from a fragment (mother) can
be obtained from the energy conservation law

ϵmax
n = MM + E∗

M −MD −Mn , (10)

where MM, MD, Mn are the mass excesses of mother and daughter nuclei,
and of the neutron, respectively. These data can be taken from a mass
table [21]. The thermal excitation energy of the daughter nucleus is

E∗
D = ϵmax

n − ϵn . (11)

Here, en is the kinetic energy of the emitted neutron.
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One assumes that the thermal energy of a fragment E∗
i in the scission

point is proportional to its single-particle level density

E∗
l

E∗
h

=
a(Zl, Al; def l)

a(Zh, Ah; defh)
and E∗ = a(Z,A; def)T 2 = E∗

l + E∗
h . (12)

The deformation energy of each fragment can be evaluated in the LD model

E
(i)
def ≈ ELD(Zi, Ai, defi)− Eexp(Zi, Ai, g.s.) . (13)

The total excitation energy (E(i)
exc) of fragment i is then the sum of its thermal

and its deformation energy

E(i)
exc = E

(i)
def + E∗

i . (14)

This energy is converted into heat due to the presence of the friction force,
which allows to evaluate the effective temperature Ti of each fragment

E(i)
exc = a(i)T 2

i , (15)

where a(i) is the single-particle level density of the ith fragment. These data
enable us to estimate the number of neutrons emitted from each fragment.

The neutron emission probability is given by the Weißkopf formula [22]

Γn(ϵn) =
2µ

π2ℏ2ρM
(
E∗

M

) ϵn∫
0

σinv(ϵ) ϵ ρD(E
∗
D) dϵ . (16)

Here, µ is the reduced mass of the neutron, σinv is the neutron inverse cross
section [23]

σinv(ϵ) =
[
0.76 + 1.93/A1/3 +

(
1.66/A2/3 − 0.050

)
/ϵ
]
π
(
1.70A1/3

)2
,

(17)
while ρM and ρD are, respectively, the level densities of mother and daughter
nuclei

ρ(E) =

√
π

12a1/4E5/4
exp

(
2
√
aE

)
. (18)

Here, the single-particle level density parameters a of the mother and the
daughter are taken from Ref. [24].

Our estimates of the neutron multiplicity obtained for 235U + nth is
compared in Fig. 6 with the experimental data [20]. The calculation was
performed using the PES evaluated with the constant pairings strength (G =
G0) [11] and the strength proportional to the surface of the deformed nucleus
(G = G0 · S). In addition, we have assumed that at the fragment excitation
energy smaller than Eγ = 6 MeV, no neutrons are emitted and the system
deexcite by the gamma-radiation only.
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Fig. 6. Multiplicity of neutrons emitted by the fission fragments of 235U + nth as
a function of the mass of the fragment. The solid and the dashed lines correspond
respectively to the constant and the proportional to the surface of nucleus pairing
strength. The experimental data (*) are taken from Ref. [20].

4. Summary

We have shown that our 3D model based on the Fourier-over-Spheroid
shape parametrization describes reasonably the main features of the low-
energy fission of atomic nuclei. Typical results for the thermal neutron-
induced fission of 235U shown above illustrate well the quality of our ap-
proach. The following conclusions can be drawn from our investigation:

— Fourier expansion of nuclear shape offers a very effective way of describ-
ing the shapes of fissioning nuclei both in the vicinity of the ground-
state as well as in the scission point.

— The potential energy surfaces are evaluated in the macro–micro model
using the LSD formula for the macroscopic energy and the Yukawa-
folded single-particle to obtain the microscopic energy correction.

— It was shown that a 3D Langevin model, which couples the fission,
neck, and mass asymmetry modes, describes the main features of the
fragment mass and kinetic energy yields.

— The distribution of the multiplicity of neutrons emitted by the frag-
ments are reproduced well in our model.

Further calculations for wider mass and excitation energy ranges of fissioning
nuclei are in progress.
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