
Acta Physica Polonica B Proceedings Supplement 16, 5-A29 (2023)

PSEUDO- AND QUASI-PDFs
IN THE BFKL APPROXIMATION∗

Giovanni Antonio Chirilli

Institut für Theoretische Physik, Universität Regensburg
Universitätsstrasse 31, 93040 Regensburg, Germany

Received 1 December 2022, accepted 13 December 2022,
published online 25 May 2023

I will present the formalism one may use to study the behavior of the
Ioffe-time distribution at large distances and show that the pseudo-PDF
and quasi-PDF are very different in this regime. Using light-ray operators,
I will also show that the higher twist corrections of the quasi-PDF come in
not as inverse powers of P but as inverse powers of xBP .
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1. Introduction

The Euclidean formulation of the lattice gauge theory does not allow for
direct calculations of the PDFs. So far, the most successful procedure to
overcome this difficulty is given by the study of equal-time correlators in
coordinate space called the Ioffe-time distributions. Two different Fourier
transforms of the Ioffe-time distributions lead to the quasi-PDF [1] and the
pseudo-PDF [2].

For the first time, in Ref. [3], we obtained the behavior of the gluon
Ioffe-time distribution at large longitudinal distances as well as the low-xB
behavior of the quasi-PDF and pseudo-PDF. Using the light-ray operators,
obtained as an analytic continuation of local twist-two operators [5, 6], we
extracted also the leading twist (LT) and next-to-leading twist (NLT) con-
tributions.

2. Pseudo-PDF and quasi-PDF from Ioffe-time distribution

The pseudo-PDF and quasi-PDF are obtained from two different Fourier
transforms of the Ioffe-time distributions. As we will see, these differences
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will lead to two completely different behaviors at small-xB. The gluon bi-
local operator, Mµα;λβ ≡ ⟨P |Gµα(z)[z, 0]Gλβ(0)|P ⟩, defining the Ioffe-time
distribution, can be decomposed in terms of six tensor structures propor-
tional to invariant amplitudes of the type M(z2, P 2), using the proton mo-
mentum Pµ, the coordinate zµ, and the metric tensor gµν . The light-cone
gluon distribution is determined from gαβ⊥ M+α;+β(z

+, P ) with z taken on
the light-cone and proportional to the invariant amplitude

gαβ⊥ M+α;+β(z
+, P ) = 2(P−)2Mpp(z · p, 0) . (1)

As usual, we define the light-cone coordinates x± = x0±x3
√
2

, and light-cone
vectors nµ and n′µ such that n · n′ = 1, n · x = x−, and n′ · x = x+.

The relation between the gluon PDF Dg(xB) and the amplitude Mpp is
given by

Mpp(z ·P, 0) = 1
2

1∫
−1

dxB eiz·P xB xBDg(xB) . (2)

The gluon Ioffe-time distribution Mpp(z · P, z2), with z ·P the Ioffe-time
parameter, is given in terms of the zeroth and transverse components as
(subscript pp indicates projection along the proton momentum Pµ)

M0i;i0 +Mji;ij = 2P 2
0Mpp . (3)

Since in the high-energy (Regge) limit the transverse components are sup-
pressed, while the 0th and 3rd components cannot be distinguished, calculat-
ing the behavior of the left-hand side (LHS) of (1) will be equivalent, at high-
energy, to calculating the behavior of RHS of (3). The momentum-density
pseudo-PDF is defined as the Fourier transform with respect to z · P , i.e. a
Fourier transform with respect to P keeping its orientation fixed. Thus, we
define the gluon pseudo-PDF as

Gp

(
xB, z

2
)
=

∫
dϱ

2π
e−iϱ xBMpp

(
ϱ, z2

)
, (4)

where we defined ϱ ≡ z · P , and the subscript p stands for pseudo. The
momentum-density quasi-PDF is defined, instead, as the Fourier transform
with respect to zµ keeping its orientation fixed. Let us define the vector
ξµ = zµ

|z| , and Pξ = P · ξ. The quasi-PDF is then defined as

Gq (xB, Pξ) = Pξ

∫
dς

2π
e−iς PξxBMpp

(
ςPξ, ς

2
)
, (5)

where the subscript q stands for quasi. We will calculate the large distance
(large ϱ) behavior of the Ioffe-time distribution Mpp(ϱ, z

2), and the low-xB
behavior of the gluon pseudo-PDF (4), and of the gluon quasi-PDF (5).
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3. Low-xB behavior from high-energy OPE

To get the low-xB behavior of the gluon pseudo- and quasi-PDF we
should first consider the behavior of the Ioffe-time distribution for large
values of the ϱ parameter using the high-energy operator product expansion
(HE-OPE) (see [7] for review).

The HE-OPE procedure requires that one calculates the coefficient func-
tion (Impact Factor) first, and then the resummation of the relevant loga-
rithms is obtained through the evolution with respect to the rapidity param-
eter of the resulting operators. The aforementioned procedure in the saddle
point approximation is [3]

Mpp

(
ϱ, z2

)
≃ 3N2

c

128 ϱ

Qs σ0

|z|η1/2

(
2 ϱ2

z2M2
N

+ iϵ

)̄αs2 ln 2

e
− 1

η
ln2

Qs|z|
2 , (6)

where we defined η ≡ 7ζ(3)ᾱs ln
(
2 ϱ2/(z2M2

N ) + iϵ
)
, ᾱs = αNc

π and Qs is
the saturation scale, as the subscript indicates, from the Golec-Biernat–
Wüsthoff [8] model used. In Eq. (6) (plotted in Fig. 1), the first thing we
should notice is that the logarithms resummed by BFKL are ᾱs ln

( √
2ϱ

|z|MM

)
.

The second is that the Ioffe-time ϱ acts like a rapidity parameter. We evolve
the distribution in ϱ as long as ᾱs ln

( √
2ϱ

|z|MM

)
is of the order of 1, i.e. we

start the evolution at large values of ϱ and end at smaller ones. The dipole
at the smallest value of ϱ is evaluated in the GBW model [8].
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Fig. 1. In the left panel, the orange curve is the numerical evaluation of the real
part of Eq. (6), the green dashed curve is the real part of the LT term only, while
the red dashed one is the real part of the LT+NLT of Eq. (7). In the right panel
we plot the imaginary parts.

Considering the case 0 < Q2
s |z|2
4 < 1, which corresponds to the typical DIS

region, taking the first two leading residues, we obtain the twist expansion
as [3]
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Mpp

(
ϱ, z2

)
=

N2
c

8π2ᾱs

Q2
sσ0
ϱ

 4ᾱs

∣∣∣ln Qs|z|
2

∣∣∣
ln
(

2 ϱ2

z2M2
N
+ iϵ

)

1
2

I1
(
t̃
)(

1 +
Q2

s |z|2

5

)
, (7)

with t̃ =
[
4ᾱs

∣∣∣ln Qs|z|
2

∣∣∣ ln( 2 ϱ2

z2M2
N
+ iϵ

)]1
2 .

3.1. Gluon pseudo- and quasi-PDF with BFKL resummation

The pseudo-PDF is obtained from Eq. (4) performing the Fourier trans-
form with respect to ϱ. In the saddle point approximation, the result is

Gp

(
xB, z

2
)
≃−i

3N2
c

128π

Qsσ0
|z|

Γ (ᾱs4 ln 2) sin
(
π
2 ᾱs4 ln 2

)√
7ζ(3)ᾱs ln

(
2

x2
Bz2M2

N
+ iϵ

)sign(xB)

× exp

 − ln2 Qs|z|
2

7ζ(3)ᾱs ln
(

2
x2
Bz2M2

N
+iϵ

)

(

2

x2Bz
2M2

N

+ iϵ

)ᾱs2 ln 2

. (8)

In result (8) one can immediately observe the typical low-xB resummation of
logarithms ᾱs ln 1/xB with ᾱs2 ln 2 the famous Pomeron intercept. Similarly,
we can perform the Fourier transform (4) in the leading and next-to-leading
twist approximation:

Gp

(
xB, z

2
)
=

N2
cQ

2
sσ0

16π3ᾱs

(
1 +

Q2
s |z|2

5

)
I0(h) +O

(
Q4

s |z|4

16

)
, (9)

with h =
[
2ᾱs

∣∣ln 4/(|z|2Q2
s )
∣∣ ln 2/(x2B|z2|M2

N )
]1
2 , and I0 the modified Bessel

function. In Fig. 2, we plot the gluon pseudo-PDF with the BFKL resum-
mation Eq. (8) (orange curve), and the LT term and the LT plus NLT (green
dashed and red dashed curves respectively). We observe that the BFKL re-
summation result agrees with the LT and LT+NLT result in the region of
moderate xB. When we move into the low-xB region, we notice a strong dis-
agreement which confirms the necessity of a ln 1

xB
resummation represented

by the BFKL equation.
For the quasi-PDF case, we need to perform a Fourier transform with

respect to a different parameter. Let us introduce the real parameter ς such
that −z2 = ς2 > 0, and the four-vector ξµ ≡ zµ

|z| = zµ

|ς| with |z| =
√
−z2.

The quasi-PDF are defined as the Fourier transform of the coordinate-space
gluon distributions keeping, this time, the orientation of the vector zµ fixed.
Thus, using the definition of the gluon quasi-PDF Eq. (5), performing the
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Fig. 2. In the left panel, we plot the pseudo-PDF with BFKL resummation (orange
curve), and the LT (green dashed curve) and LT+NLT (red dashed curve) of the
pseudo-PDF result. In the right panel, we plot quasi-PDF with BFKL rsummation
(real part), the LT and LT+NLT (real part). The curves are plotted in the range
xB ∈ [0.01, 0.1] with Pξ = 4 GeV. The value of xB is between 0.1 to 0.01 in both
plots.

integration over ς (recall that we are using γ = 1
2 + iν) and then taking the

saddle point approximation for the last integration over ν, we get

Gq(xB, Pξ) ≃
−3N2

cQsσ0
256(Pξ|xB|)−1

(
−
2P 2

ξ

M2
N

+ iϵ

)ᾱs2 ln 2
1
√
χ
e
− 1

χ
ln2 Qs

2Pξ|xB | . (10)

where we defined χ ≡ 7ζ(3)ᾱs ln

(
−2P 2

ξ

M2
N
+ iϵ

)
. We notice that, in the gluon

quasi-PDF case, the usual exponentiation of the Pomeron intercept (the LO
BFKL eigenvalues ℵ(γ)), which indicates the resummation of large loga-
rithms of 1

xB
, is absent.

The result for the leading and next-to-leading twist gluon quasi-PDF is

Gq(xB, Pξ) = −N2
c Q

2
s σ0

16ᾱ2
sπ

3

1

2πi

1+i∞∫
1−i∞

dω ω

(
−
2P 2

ξ

M2
N

+ iϵ

)ω
2

×

(
−
4P 2

ξ x
2
B

Q2
s

+ iϵ

)ᾱs
ω
(
1 +

2ᾱsQ
2
s

5ωP 2
ξ x

2
B

)
. (11)

What one should notice in result (11) is the strong enhancement of the NLT
term with respect to the LT term due to the 1

P 2
ξ x

2
B

factor which increases as
xB decreases.
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4. Conclusions

We may conclude that the pseudo-PDF and the quasi-PDF have very
different behavior at low-xB. The physical origin of the difference between
the two distributions is due to the two different Fourier transforms under
which they are defined. Indeed, in the pseudo-PDF case, the scale is the res-
olution, i.e. the square of the length of the gauge link separating the bi-local
operator. On the other hand, in the quasi-PDF case, the scale is the energy,
i.e. the momentum of the hadronic target (the nucleon) projected along the
direction of the gauge link. Therefore, if on one hand, the pseudo-PDF has
the typical behavior of the gluon distribution at low-xB, on the other hand,
the quasi-PDF has a rather unusual low-xB behavior (see figure 2).
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