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It is well known that gravity in 2+1 dimensions can be recast as the
Chern–Simons theory, with the gauge group given by the local isome-
try group, depending on the metric signature and the cosmological con-
stant. Point particles are added into spacetime as (spinning) conical de-
fects. Then, in principle, one may integrate out the gravitational degrees
of freedom to obtain the effective particle action; the most interesting con-
sequence is that the momentum space of a particle turns out to be curved.
This is still not completely understood in the case of a non-zero cosmolog-
ical constant.
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1. Prelude

The counting of degrees of freedom shows that 3D gravity is a topological
theory, with no action at a distance or wave solutions. If no other fields are
included, dynamics can only be introduced into it by non-trivial (spatial)
topology or conical defects, interpreted as point particles [1]. Consequently,
depending on the cosmological constant, spacetime is locally isometric to 3D
Minkowski or (anti-)de Sitter space. Non-charged black hole solutions exist
only in the adS case [2], as an extension of the family of particle solutions,
and they have the topology of a handle. In this short paper, we will restrict
to particles living on a (closed) spatial surface of genus 0.

2. Local isometry groups and spinning conical defects

Instead of the metric gαβ , gravity can be described in terms of the viel-
bein e µ

α and spin connection ω µν
α , defined by the formulae

e µ
α e ν

β ηµν = gαβ , ω µν
α = e µ

β ∂αe
βν + e µ

β Γ β
αγe

γν . (1)
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In (2+1)D, they neatly combine into a gauge field with values in the lo-
cal isometry algebra g (3D Poincaré or (anti-)de Sitter, depending on the
cosmological constant Λ), which is the Cartan connection

A = −1

2
ϵµνσω

νσ
α Jµdx

α + e µ
α Pµdx

α , (2)

and Jµ, Pµ are generators of g. As a result [3], the Einstein–Hilbert action
can be rewritten as the action of Chern–Simons theory

S =
1

16πG

∫ (
⟨dA ∧A⟩+ 1

3
⟨A ∧ [A,A]⟩

)
(3)

if the inner product on g is given by (η denotes Minkowski metric)

⟨Jµ, Pν⟩ = ηµν , ⟨Jµ, Jν⟩ = ⟨Pµ, Pν⟩ = 0 . (4)

More generally, the inner product can be a linear combination of (4) and

⟨Jµ, Pν⟩alt = 0 , ⟨Jµ, Jν⟩alt = −Λ−1 ⟨Pµ, Pν⟩alt = ηµν (5)

but the theory with the latter turns out to be not the ordinary gravity [4].

2.1. Coupling a particle to the Chern–Simons action

A neighbourhood of a massive point-particle in (2+1)D is described [5, 6]
by the vacuum spacetime-interval

ds2 =
(
1− Λr2

)
dt2 −

(
1− Λr2

)−1
dr2 − r2dϕ̃2 (6)

if the polar angle is rescaled to ϕ̃ := (1 − 4Gm)ϕ (this is what we call a
conical defect). The particle’s spin ̸= 0 induces a similar jump in the time
coordinate, hence the geometry becomes that of a helical cone.

Let spacetime have the topology R × S. The model of a single particle
on a closed surface S is not well defined globally for any value of Λ but may
be used as a step in solving the multiparticle case (as well as models with
open S), see Subsection 3.2. Then, the field A = Atdt+ AS and the action
of gravity coupled to a particle (at x⃗∗) is [4, 7]

S =

∫
dt L , L=

1

16πG

∫
S

〈
ȦS ∧AS

〉
−
〈
c0h

−1ḣ
〉

+

∫
S

〈
At

(
1

8πG
FS−hc0h

−1δ2(x⃗−x⃗∗) dx
1 ∧ dx2

)〉
.(7)

Mass m ̸= 0 and spin s of a particle are encoded in c0 = mJ0 + s P0 ∈ g,
while a gauge group element h acting via hc0h

−1 = p + j determines its
momentum p = pµJµ and (generalized) angular momentum j = jµPµ.
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Furthermore, At acts as a Lagrange multiplier imposing a constraint on
the curvature of spatial connection (FS = dAS + [AS , AS ])

FS = 8πGhc0h
−1δ2(x⃗− x⃗∗) dx

1 ∧ dx2 . (8)

Definition (2) leads to the relation FS = RS +TS +CS from which it follows
that the spatial Riemann curvature and torsion are given by

RS = −CS + 8πGp δ2(x⃗− x⃗∗) dx
1 ∧ dx2 ,

TS = 8πG j δ2(x⃗− x⃗∗) dx
1 ∧ dx2 , (9)

i.e. they vanish (on the constant background RS = −CS , where CS is a
Λ-dependent term) everywhere except singularities at the particle’s world-
line.

2.2. Structure of the gauge algebras and groups

For any value of Λ, the brackets of generators of g have the form

[Jµ, Jν ] = ϵ σ
µν Jσ , [Jµ, Pν ] = ϵ σ

µν Pσ , [Pµ, Pν ] = −Λ ϵ σ
µν Jσ . (10)

The identification Pµ ≡ θJµ, θ2 = −Λ allows [8] to represent each g as an
extension of o(2, 1) over the ring of elements a+ θb, a, b ∈ R.

On the other hand, introducing a vector n ∈ R2,1 (timelike for Λ > 0,
lightlike for Λ = 0, or spacelike for Λ < 0), n2 = Λ, one may define

Sµ := Pµ + ϵ σ
µν nνJσ , (11)

which are generators of the so-called ann(2) algebra. Then, we obtain

[Jµ, Jν ] = ϵ σ
µν Jσ , [Jµ, Sν ] = ϵ σ

µν Sσ + nνJµ − ηµνn
σJσ ,

[Sµ, Sν ] = nµSν − nνSµ , (12)

and the Lie group corresponding to g will reveal an interesting structure.
Namely, for each gauge group G, g ∈ G has the Iwasawa decomposition

g = u s ∈ SL(2,R) ▷◁ ANn(2) , (13)

under the condition s3 +
1
2n · s > 0 (in parametrization (15)), and/or

g = r v ∈ ANn(2) ▷◁ SL(2,R) , (14)

under the condition r3− 1
2n·r > 0 [8]. Instead of 3D Lorentz group SO↑(2, 1)

(generated by Jµ), we use here its double cover, SL(2,R) or SU(1, 1). The
double product ▷◁ means that both components act on each other in a
complicated manner. In the case of Poincaré group and n = 0, ANn(2)
reduces to R2,1 and ▷◁ to ▷< (i.e. the semidirect product).
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The conditions below Eqs. (13), (14) are given in terms of the “quater-
nionic” parametrization (1 and {Jµ} form a basis of pseudo-quaternions)

u = u31+ uµJµ , u23 = 1− 1

4
u2 ;

s = s31+ sµSµ , s23 = 1 +
1

4
(n · s)2 , (15)

where u3, u
µ, s3, s

µ ∈ R (and analogously for v and r). Explicitly, SL(2,R)
can be expressed in a 2× 2 representation of its algebra

J0 =
1

2

(
0 1
−1 0

)
, J1 =

1

2

(
1 0
0 −1

)
, J2 =

1

2

(
0 1
1 0

)
, (16)

while the representation of ANn(2) is obtained by applying (16) to the for-
mula Sµ = θJµ + ϵ σ

µν nνJσ. In our context, this approach is more useful
than to consider an exponential map g = exp(ξµJµ) exp(ε

µSµ) to define a
4× 4 representation of SO↑(2, 1) ▷◁ ANn(2) via (e.g., for Λ > 0)

J0 =


0 0 0 0
0 0 1 0
0 −1 0 0
0 0 0 0

 , S0 =
√
Λ


0 0 0 −1
0 0 0 0
0 0 0 0
−1 0 0 0

 ,

J1 =


0 0 −1 0
0 0 0 0
−1 0 0 0
0 0 0 0

 , S1 =
√
Λ


0 1 0 0
1 0 0 1
0 0 0 0
0 −1 0 0

 ,

J2 =


0 1 0 0
1 0 0 0
0 0 0 0
0 0 0 0

 , S2 =
√
Λ


0 0 1 0
0 0 0 0
1 0 0 1
0 0 −1 0

 . (17)

Representation (17) also does not preserve the relation Pµ ≡ θJµ.

3. Effective particle actions and properties of particles

The Alekseev–Malkin construction is a way [9] to integrate the gravita-
tional degrees of freedom. To this end, we decompose space S into a disc
containing the particle D and the empty region E , sharing the boundary Γ .
From the constraint in (8), it follows that the connection on E has the form

AS
∣∣
E = γdγ−1 , (18)
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while on D (in coordinates ρ ∈ (0, 1], ϕ ∈ [0, 2π)), it is

AS
∣∣
D = γ̄ 4Gc0dϕ γ̄−1 + γ̄dγ̄−1 , γ̄(ρ=0) = h . (19)

The continuity of AS across Γ leads to the sewing condition (in particular,
γ ∈ G has a jump at ϕ = 0 ∼= 2π, due to the conical defect on D)

γ−1
∣∣
Γ
= α e4Gc0ϕγ̄−1

∣∣
Γ
, dα = 0 . (20)

Applying Iwasawa decompositions (13) to Eq. (20) and performing further
manipulations, we can express our Lagrangian as a boundary integral

L = κ

∫
Γ

〈
∂0
(
ū−1u

)
u−1ū

(
ds̄ s̄−1 − s̄

c0
2πκ

dϕ s̄−1
)
+

c0
2πκ

dϕ s̄−1 ˙̄s
〉
, (21)

where κ ≡ 1
8πG . However, apart from the case of Λ = 0 and n = 0, the

formula for u is too unwieldy to proceed further [10].

3.1. Results for Poincaré group

For this particular group, we are able [11] to perform the integration
in Eq. (21) and (after fixing the gauge as γ(0) = 1) obtain the effective
Lagrangian, which agrees with the one derived in the metric formalism [12]

L = κ
(
Π̇−1Π

)
µ
xµ + s

1

2
ϵ ν
0µ Λ̇µ

σ

(
ū−1
)
Λσ

ν (ū) ,

= −1

2
ϵ σµ
ν Λ̇ν

ϱ (ū)Λ
ϱ
σ

(
ū−1
)
Υµ . (22)

It is given in terms of the particle’s momentum Π ≡ ū e
m
κ
J0 ū−1 ∈ SL(2,R)

and position x ≡ ū s̄ ū−1 ∈ R
2,1, or angular momentum Υ ≡ κ (x −

Π xΠ−1 + ū s
κP0 ū

−1) ∈ R
2,1, as well as a Lorentz transformation Λµ

ν(ū)

corresponding to ū, Λµ
ν(ū) Jµ := ū Jν ū

−1.
Parallel transport around the particle is described by holonomy of the

connection AS along the boundary Γ , which is a gauge group element

P e
∫
Γ AS = γ(ϕ=0) γ−1(ϕ=2π) = Π

(
1+ 1

κΠ
−1ΥΠ

)
. (23)

It shows that the (extended) momentum space is indeed SL(2,R), i.e. 3D
anti-de Sitter manifold. Using the parametrization Π = p31 + 1

κ pµJµ
(cf. Eq. (15)), we uncover deformations of the mass shell condition

pµp
µ = 4κ2 sin2

m

2κ
(24)

and of the angular momentum

Υµ = p3 ϵ
µ
νσx

νpσ +
1

2κ
(xµpνp

ν − xνpνp
µ) +

s

m
pµ . (25)
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However, variation of the action determined by Lagrangian (22) still leads
to the conservation law j̇µ = 0, while imposing Eq. (24) as a constraint, we
find that the equations of motion are also unaffected (cf. Eq. (29) below).

Equations (24) and (25) for a free particle are recovered in the limit of
κ → ∞. Similarly, Lagrangian (22) can be reduced to the free-particle case

L = pµẋ
µ + s

1

2
ϵ ν
0µ Λ̇µ

σ

(
ū−1
)
Λσ

ν (ū) =
〈
c0α

−1α̇
〉

(26)

coinciding with the second term in Eq. (7) (the spin term may seem unusual
but has the same form as for a particle in 4D [7]).

3.2. Generalization to multiple particles

In an n-particle case (if n ≥ 3, S can be a closed surface even for Λ ≤ 0,
while for Λ > 0, topology forces n to be even), Lagrangian (7) becomes

L =
1

16πG

∫
S

〈
ȦS ∧AS

〉
−

n∑
i=1

〈
c(i)h

−1
i ḣi

〉

+

∫
S

〈
A0

(
1

8πG
FS −

n∑
i=1

hic(i)h
−1
i δ2(x⃗− x⃗i) dx

1 ∧ dx2

)〉
, (27)

where c(i) = m(i)J0 + s(i)P0. Dividing space S into n particle discs Di and
an empty polygon E , with the common boundary Γ =

⋃
i Γi, we can follow

the earlier example of a single particle and, if Λ = 0, derive the effective
Lagrangian for each i. Then, we impose the continuity of γ at the vertices
of E (except a jump between Γn and Γ1), and finally obtain [10]

L =

n∑
i=1

(
κ
(
Π̇−1

i Πi

)
µ
(xi)

µ + s(i)
1

2
ϵ ν
0µ Λ̇µ

σ

(
ū−1
i

)
Λσ

ν (ūi)

−
(
∂0
(
Π−1

i−1 . . . Π
−1
1

)
Π1 . . . Πi−1

)
µ
(Υi)

µ
)
. (28)

Each ith summand differs from the case in (22) by an extra “interaction
term” in the second line. However, after adding the mass-shell conditions
(analogous to Eq. (24)), we are still led to the free-particle equations of
motion

ẋµ(i) = λ(i) cos
m(i)

2κ
pµ(i) , ṗµ(i) = 0 , (29)

where λ(i) cos
m(i)

2κ is just a rescaled Lagrange multiplier. The lack of actual
interactions reflects the topological nature of the theory. (Interestingly, if
S is an open surface, the spatial infinity can be contracted into a fictitious
extra particle, capturing the boundary conditions [9].)
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A holonomy calculated by circumventing j ≤ n particles is given by

P e
∫
Γ (j) AS = γ(ϕ1=0) γ−1(ϕj=2π) = Π1 . . . Πj

×
(
1+ 1

κΠ
−1
j . . . Π−1

1 Υ1Π1 . . . Πj + . . .+ 1
κΠ

−1
j ΥjΠj

)
. (30)

In particular, Π1 . . . Πj is the total momentum of j particles. Holonomies
are not invariant under permutations of particles (gi, gi+1) → (gi+1, gi) but
under their right- or left-handed braids (here gi ≡ Πi(1+ Υi))

(gi, gi+1) →
(
gi+1, g

−1
i+1gigi+1

)
,

(gi, gi+1) →
(
gigi+1g

−1
i , gi

)
, (31)

which is a straightforward consequence of living in 2 spatial dimensions and
should heavily influence the predictions of the quantum theory [11].

3.3. Contraction to a deformed Carrollian theory

The Poincaré (gauge) group is equivalent to the limit of a group contrac-
tion SL(2,R) ▷◁ ANn(2) → SL(2,R) ▷< R

2,1. On the other hand, one may
try to consider the Chern–Simons theory for the complementary contrac-
tion SL(2,R) ▷◁ ANn(2) → R

2,1 >◁ ANn(2) (with the help of appropriate
rescalings by Λ). We discovered [10, 13] that it leads — but only for Λ > 0
— from Eq. (7) to the effective particle Lagrangian

L = κ
(
ΠΠ̇−1

)
µ
xµ + s

(
s̄−1 ˙̄s

)
0
, (32)

with Π ≡ s̄ e
m
κ
P0 s̄−1 ∈ AN(2) and x ≡ ū ∈ R2,1. The derivation follows the

same steps as for Eq. (22) but with ANn(2) playing the role of SL(2,R),
while mass and spin are swapped due to the rescalings.

Calculation of the holonomy leads to the result analogous to Eq. (23)
(but we do not define the quantity Υ here, since its meaning is unclear)

P e
∫
Γ AS = γ(ϕ = 0) γ−1(ϕ = 2π) =

(
1+ (1−Ad(Π))x+

s

κ
J0

)
Π . (33)

Π is thus interpreted as momentum. Meanwhile, in terms of the parametriza-
tion Π = e

1
κ
paSae

1
κ
p0S0 , we find the mass shell condition p0 = m and, after

including the latter as a constraint, rewrite Lagrangian (32) as

L = ẋ0p0 + ẋapa + κ−1xapaṗ0 −
λ

2

(
p20 −m2

)
. (34)

The spin term has now been omitted since it does not contribute to the
equations of motion, which turn out to be given by

ẋ0 = λm , ẋa = 0 , ṗµ = 0 . (35)

Therefore, surprisingly, the particle is always at rest.
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In the context of special relativity, a particle satisfies such equations
in the limit of vanishing speed of light, known as the Carrollian limit [14].
Equation (34) differs from the Lagrangian of a Carroll particle [15] by a term
proportional to κ−1, which means that, apparently, our model describes
a particular deformed version of the Carroll particle (see its symmetries
in [13]).

The generalization to multiple particles works as in the Poincaré case
discussed in the previous subsection, see [10].

4. Towards deformed symmetries

Quantisation of the theory of 3D gravity consists in the Hopf-algebraic
deformation of the Poisson structure, which is determined by a given classical
r-matrix associated with the gauge algebra. All such possible r-matrices have
recently been classified [16]. One of the remaining open questions is whether
the widely-studied κ-Poincaré algebra (associated with non-commutative
κ-Minkowski space) actually plays a physical role here. This is the sub-
ject we studied in [17] but did not manage to discuss our results during the
current conference due to the running out of time.
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